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Muxaua Bacuasesux Jlomonocos 
(K 250-aemut co OHA poocoeHus) 


196i BECTHHK_JIEHHHI'PANCKOFO YHHBEPCHTETA No 19 


B. B. tlaponone 
MHUXAHJ BACHJIBEBHY JIOMOHOCOB KAK ACTPOHOM 


Texyuinit 1961 rog sHaMeHaTewleH TEM, UTO Ha Hero NPHXOMATCA Cpasy 
Be BaxKHeHIUMe MaMsATHbIe WaTbl, CBASAHHbIe C KM3HbIO UH JLeATeMbHOCTbIO 
Be anwe©ro IpeACTaBUTela PyCCKOl KYJIbTY Pb XVIII B., ocHoponooxHH- 
Ka MHO'HX OTpaCJleli 3HAHHA He TOJIbKO B Hallleli CTpaHe, HO MB MMPOBOl 
Hayke, —Muxanja Bacnabesuya Jlomonocosa. 19 Hoa6psa 1961 r. Hayunan 
OOULeCTBEHHOCTH Halleli CTpaHbl WHPOKO H PpasHOCTOpOHHe OTMe4aerT 250-s1e~ 
THe CO JHA pOwKMeHHA STOTO THraHTa pycCKOM HayyHOH MbICIH. 6 HIOHS 
1961 r. ucnowHHNOCch 200 meT cO MHA 3HAMCHHTOTO NMpOXxo*wKDeHHA Beneppr 
Hepe, COJHEYHBIM JLMCKOM, HaOMOAeHHA KOTOPOTO ABMJIMCbh KYJIbMHHAalMOR- 
HbIM HYHKTOM JeATeJIbHOCTH JIOMOHOCOBAa B OONACTH ACTPOHOMHYCCKHX Hayk. — 

M. B. JIomonocos 6bI1 BEMMKHM SHUMKJONeAHCTOM B CaMOM IHpOKOM 
CMbICJIe STOFO cl0oBa. Ero Tpybl H OTKPbITHA KaCalOTCA CAMBIX pa3sHooOpas- 
HBIX OTPacweH KYJIbTYPbl, HAUMHAA C 093MM H KOHYaA HHKeCHEPHBIM MesOM. 
JIOMOHOCOB O6bIt OAHOBPeMeHHO (uMOCOOM-MaTepHaHCTOM HM MeTaJyp- 
TOM, (usOMOrOM H XHMHKOM, HCTOPHKOM H (H3HKOM. OH coueTan B cebe 
KavyeCTBa NaTpHOTa-OOUleCTBeHHUKa, HEYTOMHMO OopoBileroca MpOTHB HHO- 
3eEMHOFO 3aCHJIbA B HayKe, 3a CO32aHHe CBOeH CaMOOBbITHOM pyCccKOH HayKu. 
M yueHOoro-vccemoBaTetH. BewHKH MpOCBeTHTeIb HW TYMAHHCT, OH BCe CHVJIbI 
PIMABA PasBATHIO KYyJbTypbl CBoero Haposa OyKBaJIbHO BO BCeX ee 
OOMacTAX. 

Heso3MO%KHO B ORHOM OYePKe OCBETHTb BCIO MHOrorpaHHyio [eATCMb- 

HOCTb yesloBeKa Takoro MaciuTaOa. ToJlbKO cepHa cTaTeH, HallMCaHHBbIX KaxK- 
Had cilelwMamucTOM WaHHoK OTpacIM 8HaHHA, MOXKET B KaKOH-TO Mepe IIpH- 
OJIM3HTbCA K BbITMOJIHEHHIO TAKOM 3aaun. 
_. Mbt 3mecb nocTtapaeMca B lipesesiaX BOSMOXKHOPLO OCBETHTb TPYAbI Jlomo- 
HOCOBa B OOACTH acCTPOHOMUH. Tpya 9TH CTOJIb OOWHPHbI HW Pe3yJIbTAaThi 
AX CTOJIb 3HAUHTCJIbHbI, YTO OTHOKW eaTenbHocTH JIoMOHOCOBa Kak aCcTpo- 
HOMA ObIWIO SbI BUOMHeE MOCTATOYHO, TOOL! MPHSHATb ero KPYNHeHWHM a 
HbIM CBOeroO BPeMeHH. 

Os3a6o0ueHHEI B MepBylo OvePeAb NpakTHUeCKHMHM 3akayaMM OCBOeHHA 
OrpOMHbIX TeppHTOpHH cTpaHbl, JIOMOHOCOB B OCHOBy CBOHX aCTPOHOMH- 
FECKUX PaOOT NOMOKU MpOOMeMbI KapTorpaduw HW HaBuraunu. CytlecTBo-- 
BABIUMe B TO BPeMA reorpauyecKhe KapTbl NO CBOeH HUSKOM TOUHOCTH Hi 
OOHIMIO OWIMOOK yxKe He yCBeTBOPAIH TEM TpeOOBaHHAM, KOTOPHle Mpedb- 
ABIANA 9KOHOMUKA XVIII B., cBA3aHHAA C Pa3BUTHeEM TOPHOTO Aesla HM OCBOe- 
HHEM HOBbIX HEOOKUTHIX elle TeppHTOpHH Ha BocToKe. B KayecTBe TvlaBbi 
feorpacdbuueckoro memapTamenta AkafemMuu Hayk JIOMOHOCOB TpeqUpHHH- 
MaeT CJIOKHOe H OTBETCTBEHHOe esO: CO3aHHe HOBOLO. yTOUHEHHOrO aTaca 
eTpanni. Jleo TO TpeOoBao0 B NepBylo OYePeb HOBbIX AaACTPOHOMHMYCCKHX 
DaOOT M10 OlIpeeeHH!0 TOTO, UTO MbI TellePpb Ha3bIBAeM «aCTPOHOMM4CCKHMHA 
IYHKTAMH>, T. €. TOK 3EMHOH MOBePXHOCTH, JIA KOTOPBIX NlyTeM Hao iO fe- 
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Heo ae . B. B. Ilaponos 


Hii HEOeCCHbIX CBETH OMpeeeHbI WIHMPOTa, MOMTOTa WU a3HMYyTbI OKPyKalo— 
WHX IIpeMeTOB. [ostomy JIOMOHOCOB BBIABHraeT PAX MpOeKTOB No opra 
HH3alMU SKCHeLMUMH B yLaJieHHble H MamOO0Oc/1eqOBaHHble PaMOHbI TOcy— 
napcTBa. OH 3a60THTCH O MOMTOTOBKe KaMpow AA 9THX SKCMeAMUMM, CaM 
mMIleT pyKOBOACTBa H HacTaBseHua Jaa ux pador. IIpHpoqHbIM NOMOp, OH 
BbICTYMaeT CO CMeJIbIM IIaHOM HCIOIb30BaHHA CeBepHoro MOpCcKOoro IyTH 
JWI WwiaBanua u3 Bemoro Mops B THxXHM -OKeaH, OCYIeECTBJICHHbIM TOJIbKO- 
B Hallie BpeMA. 

Bee 9TH MepOnpHATHA 3aCTaBAAIOT JIoMoHOCOBa 3aHHMAaTbCA BonpocaMM 
mupakTuueckolt aCTPOHOMHH HC YNCTO Hay4HO cTOpOHbI. OH IpesmaraeT HO~ 


BbIM MeTO HaxXOXKeHHA NOJYLeHHOH AMHUMH, B KOTOPOM BMeCTO COOTBeT- 


CTBCHHBIX BbICOT COuIHILa HaOJOMawWTCA SOHTAUMM 3Be3, H paspabaTHIBaer 
HeEOOXOJUMBIM LIA TaKHX HaOJOeHH cCNelMaIbHbIh mpHo6op. OH yka3bi- 
BaeT HOBLIM CNOCOO MOyYeHHA KOOPAHHAT MecTa MyTeM HaOsmI0eHHA OLHO- 
BPe€MeHHOrO NPOXOKMeHHA ABYX CBeTHJI Yepe3 ODMH H TOT Ke BepTHKad; 
JIA TOM 2Ke 3aauu OH KOHCTPyHpyeT HOBbIe MpHOOphI: yCOBepMIeHCTBOBAaH- 
HbIM KBaqpaHT HM «Ke3 MOPCKOM». OH 3aO0THTCA 06 YyCOBeplIeHCTBOBaHHA 
ACTPOHOMHUeCKHX 4acOB, ITOTO OCHOBHOTO MpHOopa acTpoHOMa-HaOsoqa- 
Tema. B o6ujel coxHOcTH JIOMOHOCOBHIM JIA HYKZ MpakTHyeckOH acTpo- 
HOMHH Tpeso*KeHoO Oosee 20 HOBLIX NPHOOPOB. 

JIoMOHOCOB MO MpaBy MOXKeT CUHTATHCA TakxKe OCHOBATeJIeEM TpaBuMeT- 
PHM B HallleH cTpaHe. OH CTPOHT MaATHUKOBbIe IpPHOOPbl, C KOTOPBIMH TIpo- 
BOJIMT MHOFOUHCJIeHHbIe HaOJIORCHHA, MMeOWHe IesbIO UCCIeAOBaTb M0- 
CTOAHCTBO CHVJIbI TAXKECTH M0 BeJIMYNHE WM HallpaBJeHHt0. 

Bompmoh uHTepec mpekcraBaAtoT TakxKe paOorTl Jlomonocosa B 06- 
actu acrpopu3uKu. Ero B3riadbl Ha upHpoxy Gonna, H30%eHHbIe B CTH- 
XOTBOPHOH (opMe, HaMHOTO OMepeKaloT MPHMHTHBHbIe TeOPHH YUeHbIX 
XVIII B., HekOTOpble H3 KOTOPHIX, HallpHMep, LoMyckasu, YTO TOM COMHEYHOU 
otrocepok cyuiecTByeT XOOJHAA MOBeEPXHOCTb, HacesIeHHad YeMOBeKOMO- 
MOOHBIMH CylllecTBaMH. 

O6cyxaa npuposy komet, JIoMoHOCOB BLINBHHYJ1 cMesloe Tipewnomo0xe- 
Hve, UTO B CBEYeCHHH STHX HeEOeCHHIX Te HapAY C pacCeAHHbIM COHEUHLIM 
CBeETOM COJlepxKHTCA H COOCTBeHHAad JIOMHHECIEHUHA Taso0B, OOPasytolllHx Lro- 
JIOBy HU XBOCT KOMeTHI. JIOMOHOCOBy IIpHHaeKUT TakKe WIMpOKO O6cyx- 
Wawoulaaca CpetH HalHX ACTPOHOMOB MbICJIb, YTO 3CMHOM Wap MO2KET uMeTB 
KOMETOTIONOOHBIH XBOCT. \ 


CopepWleHHO OpHrHHasbHa UpewwowKeHHas JIOMOHOCOBLIM MeTOHKAa 


‘CpaBHeHHA WHTerpaJIbBHOTO CBeTa 3Be3], CO CBeETOM CouHia, OCHOBaHHadwA Ha 


IpHMeHeHHH paspaooraHHolt HM «CBeTOMepHOH TpyOKu» (1763) u uMeroUlad 

KOHeCYHOHM Weblo HaliTH cpeHee 3Ha¥YeHHe MOMepeyHHKOB 3Be3 I. 
HeoyHOKpaTHo H COBepleHHO CIIpaBeAMIHBO YKasbiBalOCb, TO JIOMOHO- 

COB ABJIACTCA TaKKe OJHHM H3 CO3aTeseH HayuHOll KOCMOrOHHH — HOBOrO 


. pasfea 3HaHHA, BOSHHKIWero B CepenuHe XVIII Beka. IIpapga, Jiomonocos, 


B OTJMUHE OT SMManyusna Kauta u biwddoua, He npeqioxus KOHKpeTHOH 
KOCMOPOHHYCCKOH THMOTeSb, OAHAKO OOMIMe Hen, BbICKAasaHHbIe UM B eLO 
coumnenuu «<O coax 3eMHEIX» (1763), LameKo BBIXOMAT 3a PaMKu TeOJIOrH- 
4eCKUX HayK H COMep%xKaT B Cee TIyOOKOe H3M02%KeHHe MPHAUANOB KOCMO- 
rOHHH Kak Hay4HOH AMCIUHMIMHBI. 

K o6OmactTn acCTpOHOMHH MpHMbIKaloT HM MHOrHe padoTH JIOMOHOCOBa HO 
ONTHKe, B YACTHOCTH ePO YCOBeEPIWIeHCTBOBaHHble MOJeIM TeeCKONOB: «Houe: 
3pHTebHad TpyOa>, MpemcraBsAloulad coOoI0 petpakTOP MOBBILIeHHOM CBe- 
TOCHJIbI, IpeqHa3sHayeHHBI JIA PaCCMaTPHBaHHA OObEKTOB HHSKOM APKOCTH, 
M HOBBIT BapHaHt pe@aekTopa c riaBHbIM 3epKasiOM, CjlerKa HaKJOHEHHBIM 
K OMNTHYECKON OCH ,YTO MO3BOAANO OGXOANTHCA 6e3 WHAroHabHOrO TMwOCcKOrE 
3epKayia cxeMb! HpioTona. 
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MM, B. Jlomonocos ‘Kak aCTpOHOM. HY). 


Ho KaK HM BeJIMKO HaydHoe 3HayeHHe BCexX MepeyHCeHHEIX TpyLOB 
OTKPBITHH, Ha IepBOe MeCTO BCe 2%Ke HEOOXOAHMO MOcTaBHTb padorTH! Mo Ha- 


Ono AeHuIO peAKoro ABeHUA — NpoxXOXxKLeHUA MiaHersl Benepb nepex cou- 


HeuHbIM JMCKOM, — HMeBllee MecTO 6 niOHA (26 Mas cr.ct.) 1761 r. MKOTOpoe 
MpuBelO K KpyMHeHeMy HayyYHOMy pesyJIbTaTy — OTKPBITHIO aTMOCHepbI 


ae ps 
Cepegquna XVIII B. Oba snOXxoH AeTambHOTO u3yueHHA WiaHeT Kak 


KOCMHUNECKHX Te. Te BeJIMKMe OTKPbITHA ABYX TIpeAUecTBOBaBIUMX cTOme- 
THH, KOTOpble Jain YemoBeyecTBy reHHaJIbHble TpybI Konepnuka, Panunen, 
Kensepa u Hpiorona, nomnoctbio paspemuan Bce NPHHWHNMabHbIe BOMpOCHI 
CTPOeHHA COMHEYHONM CHCTeMBI. Bb OKOHUATeIbHO BbIACHEHbI MeCTO HM pOwb 
SeMJIM, NaHeT M MWaHeTHBIX CIyTHHKOB B OOMel cHcTeMe MHpoO3aHua. 
Ilyrem Teneckonnueckux HaOmOLeHHi Obluia NoxTBepweHa cbusuuecKkaa 
OOuHOcTh SeMsIM HM pyrHx naaHer. Bbwid 3a0%KeHbI OCHOBLI TeopeTH- 
4eCKOH aCTpOHOMUH H HeOeCHOl MeXaHHKH, MOMHOCTHIO paspelllaBlive Mpo- 
OuleMy J[BHXKeHHA KaK TaHeT, Tak HM CHYTHNKOB. OcTaBaoch -3anOuHUTb 


‘STY paHAMO3Hyi0 CX€My KOHKPeTHbIM MaTepHasIOM, B MepBy1O oOvepedb — 
-TOUHBIMH KOJIMYCCTBEHHBIMH JLaHHbIMH, OTHOCALLMMHCA KO BCeM 3JIeEMeHTaM 
CTPOeHHA TaHeTHOH CHCTeMBI. 7 N 


Tperui saxon Kenmnepa, Bbiparkaioululi cpequue paccrosHua maner OT — 


ComHua vepe3 slerko ONpesenaemble 13 HaGOLeHHH' MepHomb OOopota ma- 


HeT 110 UX OPOHTaM, NO3BOUAN WIA KAaKMOU WaHeTbI HaMTH TOUHOe 3Haye- 
HHe ee CpefHero pacCTOAHHA HJIH, YTO TO we CaMOe, GOsbIOH NOTyoCcH 
SIMMMCa OPOUTHI, OTHECeHHOe K CpeHeMYy paccTosHHIO SemMas-ComHye Kak 
eHHUIle. ITO cpesnee paccTosHHe Semuu oT ComHila WH ObINO NpPHHATO 3a 
OCHOBHY!IO CMHUILY WIMHbI Avid TeopeTuyecKoit aCTpOHOMHH TO HasBaHHeM © 
«aCTpOHOMHYecKand eXHHUWa». Ho naa TOTO YTOObI BbIPASHTb MaHeTHEIe. pac- 


-CTOAHHA B AOCOJIOTHBIX 3€MHbIX CAHHHWUAX, HANpMMep B (yTax, MHJIAX WIM 


Toa3ax (MeTpMyuecKad CHCTeMa EHH B TO BpeMA elle He CylecTBOBada) ; 


- ObIIO HEOOXOAUMO NOMYYNTb TOUHOe COOTHOLMIeHNe MEKTY aCTPOHOMHYECKOH 
MepOH JLIMHbI UM 3€MHBbIMH MpakTHYeCKHMH CLHHHWAaMH. eg 


Kak H3BeCTHO, OlpesemeHHe paCcCTOAHHA JO HEKOTOPOLO, He CIMLIKOM 
ylaJleHHoro, CBeTHa H, B YacTHOCTH, 1o CouHa, CBOLMTCA K OMpeeseHHIO 
TOPH3OHTaAbHOrO Mapassakca. lon 3THM TePMHHOM NOHMMAIOT TOT YyTOU, 
TOM KOTOPbIM H3 IleHTpa CBeTHJIa BUeH pawuyc 3emHoro wapa. M3mepenue | 
Mapaawmakca TeXHHYeCKH CBOMMTCA K CpaBHeHHlO BHAMMOFO MOJIOKeHHA CBe-- 
Tua (Hanpumep, JlyHbl) H3 AByX yameHHbIx TOUeK 3eMHOro mapa. aa 
pacueta paccrosHuA HeOOXOAMMO elle 3HaTb LIMHy panuyca SemMvIM, KOTOPHI 
TYT HIpaeT POb NPOMEXYTOUHOM Mepbl. | ee: ee a 

Omnako NpAMbIe ONpekeeHuA CONHEYHOFO Mapasiakca WyTeM HaOJIO-— 
JeHvA [uCcKa CosHia H3 AByX yLasleHHbIxX OOCepBaTOpHH B TO BPeMA OKa3a- 
JIMCb OUCHb HETOUHBIMH: NOWyuaeMble 3HaYeHHA Napaakca 3akIOUAIHCb 


_ Mexyiy 5” 4-15”, 7. e. MaBauM pacxoxeHHa nouTH B 3 pasa! Bpixoy 43 Mouo- 


ey 


2KeHHA Obl YKa3aH M3BECTHbIM AHIIMACKUM aCTPOHOMOM TOTO BpeMeHH 
Samyuaom [Tammeem, TeM CaMbIM, HMA KOTOPOTO HOCHT BCeCM H3BeCTHad 
«Kometa I amen». 

Tamme ipeqioxH 3aMeHHTb TpyAHble H HeTOUHbIC HaOJOJeHHA Kpyti- 
HOFO COJIHeEUHOFO THCKa HaOMIORCHHAMH TaHeT, KOTOPble, BO-MepBbIxX, HMCIOT 


 WMCK 3Ha4HTebHO MeHbINero BUMMMOrO (yrOBOrO) MoMepeyHHKa, BO-BTO- 
_ pbIX, MOryT HaOmiosaTbcA HOUbIO Ha Mone sBe3sqHoro HeOa HU, B-TPeTbHX, 


6Oymyun pacnouoxeHb K Semae O1HxKe, Yem CouHie, MaloT SHAadHTeJIbHO 
Gombluiee MapammakTuyeckoe cmMeueHHe. [lepexoy OT Napamiakca MaHeTbl 


“kK Mapannakcy CovHia ocyulecTBineTca yxe Ha OCHOBe TeopeTH¥eCKUXx 
_ pacueros, H3iaraeMbIxX B HeOeCHOM MexaHHkKe. 


Kak Ha ocoOeHHO yHOOHBIK Cuyyal AIA OMpewemeHHA COHeYHOrO Mapas 


BV oes B. B. IMlapoxoe 


Goble H paccTOAHNe OyeT onpeweseHO TeM TOUHEee, 4YEM Aasbule pacwo- 
JOXKEHI OHA OT Apyro Ha6sofaTembuble cranmmu. Ho B XVIII B. o6cep- 
BaTOPHH C JIYYLHMH MO TOMY BpeMeHH HHCTPyMeHTaMH ObINH COCpeAOTOYeHEL 
B Espoue H NOTOMY, ONMMpaadch Ha HHX, NOJYYHTb LOCTATOYHO OOVIbINON Oa3sHc 
IIA ONpekeeHHA Napasakca Oblo Hesb3A. TaKHM OOPa30M, BO3HHKJa He- 


OOXOJUMOCTb MpeAMIPHHHMAaTb IKCUeAMUNN B YAaJIeHHble CTPdaHbl. OWHaKO - 


YCOBHA COOOULeEHHH Tora ObIVIM elle ONCHb HECOBEPLICHHEI; BOSHTb C COOOr 
KPYNHbIe HW CIOXKHbIe HHCTPYMeHTbI ObIIO TPyHO, a MOTOMY HY2KHO ObIIO 
npHOerath K CaMbIM MpocTbim cnoco6amM HaGwjOeHHH. Tako cmoco6 # 
npeqiokua Tantei. 

Ilpu HaOmogeHun Benepbl W3 pa3HbIX MeCT 3eMHOrO Wapa BHJHMbIM 
HyTb YepHoro- H3800paxKeHHA WiaHeTbl OyLeT MpOXOAUTb OT WeHTpa CcomHed— 
HOrO JMCKa Ha pa3Hbix paccTosHuAx. Wem Aasiblile OT WeHTpa, TeM KOpOoye Ta 
xopfa, no KoTopol Benepa nepecekaeT CoviHlle H, CuleMOBaTeJIbHO, TEM M€Hb- 
Ie JIHTeIbHOCTh Mpoxom enna. M3 sTOrO BbITeKAeT BOSMOXHOCTH OMpese-— 
J€HHA COHEYHOTO Mapadaakca MyYTeM CpaBHeHHA JWIHTeJIbHOCTH IIpOxXomTe— 
HHA B PasHbIX NyHKTax. HeoOxoJHMble yCOBHA WIA ITOTO HaOMIOLeHHA 
OUeHb MPOCThI: HYKHO TOJbKO C BO3MOXKHO OOJbIUIeH TOUHOCThIO OTMeTHTb. 
MOMEHTHI TaK Ha3bIBAeMbIX <KOHTAKT@B», T. €. TepBOoro H NocmeqHero TpH- 
KOCHOBeHHH yepHoro WHcKa BeHepbl K APKOMY Kpalo fuCcKa Coanua. Ilo- 
CKOJIbKY JIHTCIbHOCTh MpOXOKACHHA MpecTaBsAeT COOOIO PasHOCTb 3ace- 
4YeHHbIX MOME€HTOB, HeT axKe HaJOOHOCTH 3HATb 9TH MOMEHTHI B aOCcOOT- 
HOM BpeMeHH. 

[IpaBaa, Reo OCMOXKHAMOCL TEM, UTO WIA NocweayrouleH OOpaboTKH He- 
OOXO2UMO ObIIO TOUHO 3HaATb WHPOTY UH OUrOTy MyHKTa HaOwOLeHuA- 
Tlockoubky B Te BpeMeHa ONpeeTeHHH WHPOT MH WOMFOT B YaJIeHHbIX CcTpa- 
HaX NOUTH He NPOH3BOAMOCh, HAOMOAATeMb MOJKeH Ob 3TO BbIMOJHUTb- 


nakca Tanei yKa3a1 Ha Mpoxox ene aneTbl BeHepbl Neped COWHE4HEIM 
mucKoM. Jleio0 B TOM, 4TO MapasmakTHYeCckOe CMelleHHe CBeTHJa OyheT TEM 


caM. HM ecu WIHpoTb! TOMMa ONpeesAIMCb yKe NpOcTO H c OOMbUIOH TOU-— 


HOCTbIO, TO OllpeeylenHHe JOJITOT, HbIHe CTOJIb JIETKO OCYITeCTBJIACMOe O1aro- 
AapA PaNHOCHTHaJlaM BDeCMeHH, ObIUIO OUeHb 3aTPYTHUTCJIBHBIM, 


Apyroli BapHauT cnoco6a olpesesenHA COHeYHOTO Mapasakca mpel- — 


noxuT uieH Ilerep6yprekou AKaqeMHH Hayk, DepBblii akaqeMuK — acTpo- 
HOM B Poccuu, Ppanuy3s No HawHoHabHOCTH, Jlenub. B 93TOM cnoco6e Ma- 
PaNaKC BbIBOMHTCA He H3 MPOMOJKUTEMbHOCTH. IpOXoO*KAeHUuA, a 10 abco- 
JHOTHbIM MOMe€HTAM OTJ@JIbHbIX KOHTAKTOB. OTO TpeOyeT HeCKObKO Oonee 
CJIOMKHIX HAOJIOMeHHH, TAK KaK HalO MOJy¥YaTb TOUHbIE MOMCHTEI B BEPHOM 
BPeMeHH, HO 3aTO TAKOH CHOCOO NO3BOJIAeT HCMOMbSOBaTb Te CyuaH, KOrWa 
HO YCJIOBHAM MOroAbl HJIH HHbIM IPpHunHaM BHAeTh MpoOxoxAeHHe Bevepbt 
MOJIHOCTbIO He yaJlOCb H HaOJNOMaJlOCb HJM TOJIbKO BCTYMeHHe NwaHeTh Ha 
COJIHCUHBIN JHCK WIM ee CXO*XKMeHHe C 9TOrO ANCKa. BnocmexcTBUH MpakTHKa. 
oOpa6oTKH HaGmOLeHHH MpoxoK Tenn Benepbl noKasana, uTo MeTon Jie- 
JIMJIA HMeeT OOIbIUNHe IpeHMyllecTBa. 

YcOBHA BUAMMOCTH MpoxoxjeHua Benepp B 1761 r. 6bImH TAKOBBbI, 4TO 
ocoOeHHO OObuIoe 3HaAYeHHe HMeIH Obl HaGIONeCHHA, MPOHSBeMeHHbIe B- 
Poccuu. Jeno B TOM, TO Aa CpeqHell H 1oxKHON Esponpi serynmenue Bene- 


PbI Ha COJIHEUHBIN HCK NpOHCXOAHMIO TO BOCXOsla CouHia MU, CJC ROBATEeJIBHO,. © 


ObIIO HEBUAUMO, TaK 4YTO HAOMIOLATb MOXHO ObWIO TOMbKO CxoxTeHHe Be- 
Hepbl. TObKO B CeBepHOH yacTH Epponbl, rae B HOHE CTOAT O4eHD OTHE 
JIeTHHeE JHH, ABJICHHe MOXKHO ObWIO HaOsMIOLaTb WeTHKOM. ITO UMesIO MeCTO 
B Hopsernn, Ulsennn, OunnAH_MM MW B CeBepHOl MOMOBHHe Poccuu, B TOM 
uucie B IlerepOypre. Mecrom caMOl KOpOTKOM NpOROAKUTeIbHOCTH MpOxo- 
%KCHHA Ha 3€MHOM Ilape Obl pavon CasHcKux rop Bp Cu6upu. Tlosromy 
@ TOUKH 3peHHA ONpeeseHHA COIHEYHOTO Napawakca HaHOoNee BEITOTHO 


‘ 


ei ; , 3 ; 


_ M. B. Jlomonocos kak acrpoHom he ah 


 “ObIIO COUeTATh HaGJOMeHUs, BbINOHEHHbIC 8B Cuoupy, c pesymbTaTamn, 

_ HOWYSCHHEIMH B 1O2%KHOM MOuyutapun (IOxHaa Amepuka, lOxnasn Adpuka), 

_ THe NPOAOKUTeIbHOCTL NPOXOKAeHHA Obla HANOOMbIUIel. 
_ Byayun nmepeqospim meatesem cBoeli amioxu, JIOMOHOCOB Cpa3y OWeHH 
Bce OFPOMHOe 3HaveHNe TOrO TpaHAMOSHOrO MexKAyHapOMHOrO HayuHoro Me- 

_ PONPHATHA, KAKUM ABHJIMCh HaOJOAeHuA Tpoxox enna Beneppi B 1761 r. uv 

_ B kofSpom pa3snnunbie crpaHBl conepHHuadH Mexky coOoi0 Ha MUPHOM KyJb- 
TYPHOM MONMpuile, NOMOOHO TOMY, Kak B Hallie BPeMA 3TO, MponcxonMs0 | 
B cBsi3H c Mex AyHapOsHbIM reo@u3snyeckuM rofoM. JIOMOHOCOB MpHOKA 
MHOFO Tpya HM SHeprHuuH K TOMY, 4TOOH! Poccua aABHMaCb’ MOCTOMHbIM yuacT- 
HHKOM 9TOrO jea. 

OTH yCHins Npunecm cBon mo_b. Pocculickan Akayemua HayK opra- 
HH3OBaJla Be OUeCHb TPpyAHble MO TEM BPCMeHaM aCTPOHOMHMYeCKKe IKCHeMH- 
Wun: onHy —B Upxyrck, apyryio—ps Ceenruncx. Kpome Toro, 6biuio OKa- 

_ 3aHO HeOOXOANMOe cOseHCTBHe SKCHeAHUMH ()paHy3CKHX yu4eHBIX, Halpa- 

_ BuBUIeHCa B ToOoubeK. B [lerepOypre JlomoHocopy mpuulnocn BbiepKaTb 
*KeCTOKy!O OopbOy C rocnoOACTBOBaBIUHMH B TO BpeMa B AKawleMuv MHOCTpaH- 
IaMH, KOTOPble NpHHeOpexKATeIbHO OTHOCHJIMCh K pyCCKHM YUYeHbIM HM HE 
XOTeJIH JOMYCKaTb K y¥aCTHIO B HaOwOReHHAX acTpoHomos A. JI. Kpacuub- 
HukoBa u H. LT. Kypranosa. JIomonocopy yanocb OepxKaTb BepX: PyCCKHM 
aCTpOHOMaM Oblla MpeocTaBJleHa BO3MOXKHOCTb BecTH HaGwlOeHuA Mmpo- 
xOKTeHHA Benepbl Ha akajleMuueCKOl OGcepBaTopuH. Jina sTOrO moHazO- 
OnJICA yKa3 CAMOK HMNepaTpuup Esn3apernl! 

Bce 3TH Me€pONpHATHA YyBeH4aNHCb MOJHbIM yciexoM: HaGsm10eHHA 
Be3fle NPOMIH yLauHo, WM pesyJIbTATbI HX OOPAOOTKH COCTABHJIM WeHHeHMIHH 
BKa B LeqO MO3HAHHA Pa3MePOB COJHEYHOM CHCTeMbI. ITO, B YaCTHOCTH, 
OTHOCHTCA H K HaGOJIOJeCHHAM, BbIMOJHeHHbIM B Iletep6ypre. M3BectTupiit He- 
MelILKHH aCTPOHOM OHKe B CBOe CBONKe BCeX HaAOMIONMCHHH MpOxoKLeHHA 
176] r. oTHeC MOMeHTHI CxOxwKAeHHH Benepbl, nomyuenHbie KpacusibHAKOBBIM 
u KypraHoBbIM, K MepBOMy KacCy TOUHOCTH, 4TO MOJIHOCTbIO ONpOBepraerT 
KJIeBETHHYeCKHe COOOLLEHHA O TOM, YTO STH HaOJINAeHHA AKOOHI Obl He- 
ymauHp. Pa6ota QHke MOKa3sbiBaeT, YTO Toce Npoxowenua 1761 r. Bo3- 
MOXKHAg_ MOPpellHOCTh BeHYMHE paccToAHHaA Semvin-CouHue CHU3HIaCb B 
WeCATb pas. ; 

OmHako CaMoe OoOublI0e 3HaYeHHe HMeIOT HAaOJIIOJeHHA, KOTOPble CaM 
-JIOMOHOCOB Bel y CCOA OMA B CBOeH JMYHOK OOCepBaTOPHH, MO HMeIOILUMCA 
JLaHHbIM, MOMelWaBllelica MpH ycambOe, pacnonoxeHHOK Mexay MonKon 
HbIHeIUHHM BysbBapom IIpodcowson, HesaseKO OT TOO MeCcTa, re Tenepb 
Haxogutca Pnapapii mouramt. Kak nuuleT cam JIOMOHOCOB, OH BbINOMHAA re 
3TH HaOMIOMeHHA «LIA PUSHUeCKHX MpHMeuaHHi>. Mubimu copamu, JIoMOHO- 
COB NOMOWeN K BONpOcy Cc Apyrol, B'TO BpeMA COBepIeCHHO HOBOM, TOUKH 
3PeHHA, 4 HMeCHHO: OH CTal H3y4aTb Te MusNyeCKHe ABJICHHA, KOTOPbIMH ee 
COMNpOBOxX Laoch NpoxowzeHve. MmMenHo 3TO UM MpMBeNO ero K BbIalouleMyCa . 
HayuHOMY OTKPBITHIO. ie 

q 
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BuuMmarTesbHo clea 3a TEM, KaK TeMHbIM wap Benvepbi nocTemeHHO 

HajlpuraetTca Ha couHeuHbliit MucK, JIoMOHOCOB HeOAKUAAHHO WIA CeOA 3aMe- . 
THU, UTO Kpali STOO apa, HaXOAMBINHIica eule Ha (poHe Hea, T. e. BHe CouIH- ae 
Wa, BApyr OKa3asicA OMOACAHHDIM <TOHKUM, KaK BOJIOC, CHAHHEM>, T. €. OCH <a 
y3KOli CBeTOBOIt KaeMKOM, KOTOpad MO APKOCTH Oblla CpaBHHMa C CaMOH 
noBepXxHocTbwo Comuua. Ty KaeMKy, KOTOPy!0 MbI TeMepb HasbIBaeM «sABIC- 
HHeM JIOMOHOCOBa», BULeM H pH MocmemyouMx mpoxoxMenunx Benepsl, 
KOTOpble HMesu MecTo B 1769, 1874 u 1882 rr. Ova, KOHeYHO, NOABAeTCA He. 
TOJbKO MPH BCTYIWIeHHH, HO H ip cxomMeHuN Benepbi c CouHeuHOrO AHCKa. 

Uro xe mpemcTaBdeT COOOIO H YeM BbIZBAHaA 9Ta CBeTOBAA KaliMa? 
Orser Ha 3TOT BOrpoc Zan cam JIOMOHOCOB, KOTOPHIii B CBOeM OTYeTe HanH- 


VI n B. B. Wlaponoe 


(eel 


Res BEY gees 
pea bea \ 


cat: «CHe He uTO HHOe MOKa3biBaeT, KAK NpeJIOMJIeCHHe wyuelH COJIHeYHbIX B 
Benepunoli armocdepe». B noaxcHeHve 9ToM MbICIH JIOMOHOCOB MpHBOJUT 
yepTeXK, Ha KOTOPOM NpemcTaBseH XO COJIHEUHLIX JLyuel CKBO3b aTMOcdepy 
IWIaHeThl, OOYCIOBJCHHLIM pedpakuuel, T. e. mpetomMmenuem. IIpenoMsmeHHBIe 
JIY4H, MOCTeMeHHO MCKPHBAAACh, OrMOaioT Wap Bevepht U TOABIAIOTCA 
y Kpaa lauHerTHl, elle He BcTyNMBINero Ha Coyne, OOpa3syaA y3KUH CBeTOBOH 

o6on0K. Kak MbI Tellepb 3HaeM, 3TO OObACHeEHHe COBeEPMIeHHO MpaBHJIbHO U 
HMMCHHO OHO ABIAeTCA OeCCHOPHHIM MOKasaTebCTBOM. TOTO, 4uTO y Bexepsi, 
Kak H y Semsu, uMeeTca CBOs ras0BaHt OOONOUKa. OGuHH “TOF CBOHX HaOJIO- 
qenuit u uccneqoBanuli JIoMOHOCOB BHIPasHA cueLyIOWMMU cioBaMH: «I]na- 
Heta BeHepa oKpyXeHa 3HaTHOIO BOSLYIIHOIO aTMOCepow TaKOBOW (JMLWb 


Obl He GOvbUIeIO), KAKOBA OOJIMBAeTCA OKOJIO Hallero Wiapa 3eMHOrO>. 


_ € Tex nop, Kak 9TH CyOBa ObluM HanucaHbl, npouio 200 mer. 3a 3TO 
BpeMA” OTKpbITHe JIOMOHOCOBa ObINO MOLTBEP2KTeHO TPOMAHbIM KOJIMYe- 
CTBOM HaOJIOMeHHH H UMCCHeEOBaHHH. OKa3aN0Ccb MpaBHJIbHbIM MH TO, UTO © 


aTMocwepa 93Ta MeHCTBUTebHO ABJACTCA «3HATHOM, T. €. BbICOKOH 4H 
-INWIOTHOH. 


Xota pa6ota JlomoHocogpa Oblma oTMeyaTaHa B 1761 Tr. B Bue ABYX H3- 
WaHu — pyccKoro WH HeMeLKOrO H, Hao NOMaraTb, Oblla pasocsaHa BCeM 
BayKHeHLIMM aCTPOHOMHYeECKHM YUpeKTeCHHAM MuUpa, CYIMeCTBOBABIUMM B TO 
BpeMA, 3a pyOexKOM e€ BCTPeTHJIH MOJYaHHeEM H YNOPHO MpOONKaloT 3a- 
MaJIUHBaTb 20 cux nop. OTKpbiTHe atmocdephi BeHepbl B 3arpaHHUHbIX H3fa- 
HHAX COBeplieHHO HeOOoCcHOBaHHO MpunucHiBaioT To Ulperepy, tro Bunbamy 
Yepmemo. Tlocnequue ucxoJuJIM U3 ABJICHHA yYLMMHeEHUA poroB cepla Bene- 
Pbl, KOTOpoe ObIIO OGHapyKeHO HM JMUIb B 9O-x romax XVIII cronetua, 
T. e. Ha 30 er no3qHee Ha6sioneHul JIomMoHOcoBa, OObxACHeHHe KAeMKUH pe- 


“pakunel aMepHKaHcKuh acTpou3suK Pscceib HeEOOOCHOBAHHO MPHNHCbIBaeT 


aHIIMHCKOMYy aBTopy XacTuHrcy. 

Orxppitue JiomoHocopa He Hallo MpH3HaHuA H Ha pomuHe. B yuebun- 
KaX HW HOMYJAPHbIX KHHrax, H3aHHbIX TO PeBOJIOWMH, O HEM, Kak IipaBHviO, 
Huyero He ropoputca. M TombKO B COBeTCKYIO SNOXy reHHadIbHOe OTKPHITHE 
JIOMOHOCOBa ObIIO OlleHeEHO MO MOCTOHHCTBY H. CTaJIO H3BeCTHBIM BCeM 
JHOJAM. . 

Bewukoe oTKpbitHe JIoMoHOcoBa ObIO Ha4YaIOM HOBOTO pa3zesa acTpo- 
HOMHYeCKHX HayK — laHeTOBeMeHHA WIM (U3HKU Tes COJHEYHOM CHCTeMBI. 
C Tex lop HaykKa 0 MipHpose NaaHeT H CNYTHHKOB cTala ObICTPO pasBUBAaTbCA. ” 
Muoroe Obluio cqeaHo H BR OTHOWeHHN BeHepnl..B uacTHocTH, 43 pa6ort, 
BbIMOJIHCHHBIX B Hallieli CTpaHe, MbI OJ2KHLI OTMeTHTb CMeKTPOCKOMMYeCKHe 
HCCIeAOBAHHA BPalleHHA YTOM NaaveTh, MpoBewenHble A. A. BesomonmpcKamM 
B Ilykope; QWIHHHBIN pa U3MepeHHli MoMepeynuka HM (a3, BbIMOJHeCHHbIX 
A. A. Hedexbesbim Ha SurenbrapAToBckoH O6cepBaTopuH nox Kasanpio; 
(boTOMeTpHueckue H KOMOPpHMeTpHYecKkHe HaOmoRenua H. Il. Bapaoamosna u 
MW. B. Esepcxoro 8 Xappxopse, a TaKxKe M1. A. Ilapmuua u B. B. WWaponona — 
B AOJITY; cnexTpambuble uccleqOBaHHA cocTaBa H CBeYeHHA aTMOcepbi 
H. A. Kospipesa Ha KpbimcKoii o6cepBaTopHM; TeopeTuyecKHe pa6oTE oO ~ 
pacceAHuIO CBeTa B aTMOCdepe, NocTraBmeHHbie B. B. Co6onespim B JIeHHH- | 
rpafcKoM yHuBepcuTete. OHakO BCe STH paOOTH, MPH BCeM UX OOVIBIIOM 
3HaYeHHH, OXBATHIBAIOT TOJbKO TOHKHH MpoOspayuHbll BepXHHH COW aTMO- 
cdeppl Beneppi. Jeno B TOM, YTO TOMA STOH aTMOCHepbI-B WeOM Henpo- 
3pa4uHa, MOCKOJIbKy B Heli BCera MWaBaloT COM KAKHMX-TO OebIX O6NaKOB, 
MNOJHOCTbIO CKPbIBAIOWIMX OT Halllero B30pa He TOJIbKO TBepy!o MoBepx- 
HOCTh, HO H HWKeeKalne CON rasa. 

Ho To, uro HefOcTyNHO Wa HaOMOLeHMA ONTHYeCKUMH CpeCTBaMH, 
OKa3bIBAeTCH BUOMHe FOCTYNHbIM WIA COBPEMeCHHOM pakHoacTpOHOMHH, TO- 
CKOJIbKy OOaKa HW TYMAHbI LAA U3MyYYeHHA pamMouacTOTHOrO jMana3oHa 


Pn CaN Se LS aaa Na 

yxatT. 11 B HacToslee BpeMaA MbI MMeeM BIOVIH 
ble Ha AeHuA COOCTBeHHOrO pasMousyueHua Beneph, yKa3bipa 
bICOKyIO TeMIlepaTypy HOO TBepMOH MOBepxXHOCTH, mH60 HUSKUX 
aTmocheppl. Emme untepechee pa6oTn no pasnonoKanun Benepbi, KOTO 
HeaBHO OBIJIM BbINOJIHeHbI B HAyYHbIX yupexKMeHuAx Akajemun HayK Ci 
Onn gie TOJbKO JasiM MHOO HOBOFO OTHOCHTebHO MpHpomb camo Ber 
 (KOporKHii epHox Bpawienua, cocraBasiouit oKon0 10 CyTOK, Has 


~HOCOB. | rz 
_ BaarofapsA HesvaHHbiM ycneXaM, MOCTHIHYTHIM B Hallelt crpaHe B 
_ BepileHHO HOBOM pa3fele HayKH H TeXHHKH — aCTpOHAaBTHKe, Ha oOuep 
_ CTaHOBUTCaA usyyeHHe Benepbl u Apyrux WwaHeT MyTem HemocpescTBeHH 
| KOHTakTa c HuMH. TepowueckHe NomeTbI B KOCMOC, OcymecTBIeHHbIe* IOpu 
_ Yarapuupim u TepManom Turosbim, aBuIAI0TCH NOpyKO TOMY, 4TO yxKe B He 
_ TaneKoM OyAyuleM 4e10OBeK CMOMKeET OCYULECTBUTb MoeT He TOMbKO Ha JlyHy 
_ Ho u Ha Beuepy. Aco, uro ye NepBaa 9KCMeAMUMA Ha ITY WwaHeTy cp 4 

| AacT OTBeT Ha MHOrHe H3 TeX BOMpOCoOR, KOTOPHIe CerOMHA OCTAIOTCA elle He- — 
_ paspemenupimu. Ho, 3HaKOMACh Cc pesybTAaTaMM HOBeMIWIMX JOCTHKCHMA Bo 
 o6sacTu u3yuenua Benepbl, Mb Bcerfa 6yeM NOMHUTb, YTO OTHPaBHbIM 
_ MOM€HTOM 9TOrO 3aMe4aTeJIbHOrO Mporpecca OblO BeMKOe OTKPbiTHe, che 
 ganHoe Muxansom Bacusmbesuuem JIomonocosBpiM 6 uiona 1761 roma. 


- 


f 


Summary Daily 


The great Russian scientist of the XVIII century M. V. Lomonosov — 
was an outstanding astronomer. While working at the problems of carto-» 
graphy of Russia, he put forward a large number of new methods of det 
minations of latitudes and longitudes on the earth’s surface. He inven 
about 20 new devices for such determinations. In the field of astrophysics 
_ he propounded new ideas on luminosity of the comets and made some pho- 
- tometric instruments. The discovery of the atmosphere of Venus made by 
_ Lomonosov during the planet’s transitacross the sun’s disk on July 6 1761 
was the greatest result of his work as an astronomer. ; ; 
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_ BECTHHK JIEHHHIPANCKOIO YHHBEPCHTETA Ne 19 


oe MATEMATHKA 


Ji. A. Baaaumupos— 
O CYETHOK AJ AHTHBHOCTH BYJIEBOK MEPbI | 


Bpeazenne 


Teopua OymeBoi Mepbl HMeeT cBOMM Hayaom paoory B. H. Co6o- 
aepa [1]. Oxonuarerpubiit Bug Opin efi npugan Bcrtatse B. 3. Byanxa [2]. 
Ma OyeM TpHszepxKHBaTbCA TEPMUHOMOrAM UM OGO3HAYeHHH STON CTaTHH. 

Ilycts X — noanaa Oyaepa anreOpa, {e,} — pasmoxeHve eNUHMIB 9TOK 


anreOpH, T. €. CemelicTBO 37eMeHTOB 43 X, 3aBNCAMee OT BELLECTBCHHOTO 


mapaMeTpa HU YAOBeTBOPAIOUlee YCOBHAM: 
1) e@ Se, mpu hy >>; 
2) supe, =1, ink é.=0 (1—egnunua, O—unyap anre6pr X); - 


Se 
Mepa nonyorKprlitoro mpomexyrka [o, 4,) = A onpemennetca paBeH-. 
ctpom pA =e, / Ce, .* rane 
Jaa MHoxectsB Buga [=U [A,, p,) (*) monaraem pl =supp [A,, »,). Ecam 

k k 


3) sup ée,=e 
Ne eP Ae, 


Mepa MHOxecTBa I yxxe ompezertena, TO nomarator p {[— «, + o)\T}= 
= Cpr. 
Ji1a mpou3BoubHoro MHOxecTBa FE 6HeWHARA Mepa Olpemenaetca pa- 
sencTBom p*£=infpl, roe [ umeer sug (*), a 6HympeHHuA Mepa paBeH- 
Ear 


cTBoM p,E =suppH, rae H ectb MHOMKeCTBO, MONOAHHTeEABHOe K MHOKE- 
HCE 


cTBy Tuma (*). 

Ecau p,& = p*E, TO MHOMKeCTBO Ha3bIBaCTCA UZMEPUMbLM OTHOCHTEAbHO 
HCXOHOFO pa302%KXCHHA CAMHUII, a ero Mepa ONpeserseTcA PaBeHCTBOM 
pE=p*E=p,£. ah 

Kak noKa3aHo B [2], Kaacc H3Me€PHMBIX MHOXKECTB 34MKHYT OTHOCH- 
TeJIbHO OCHOBHHIX TeCOPeTHKO-MHOXKeCTBEHHHX OMepallul, MPHMeCHeHHWX 
K KOHC4HOMY 4HCY MHOXKECTB, H COMCPAUT BCE OTKPHITHIe HW 3aMKHYTHIC 
MHOxecTBa. IIpH 3TOM Mepa OONamaeT CBOMCTBOM 


»UE,= sup vé,, 


k=1 Rel, 2o05.8 


~ 


3a KOTOPBIM MBI COXpaHAeM Ha3BaHHe CBOHCTBA KOHCYHOM a AUTMBHOCTH. 
Ecau muoxectsa {£,} R=1, 2,... H3MePuMBI, TO 


be UE, > sup pé,. 


k=1 k=1,2,... 


* Ce — 6yneso AoMOAHeHHe anemeHTa ee X, 


6 ; A Baadumupos vie 


TaN 


Eciw OHOBpeMeHHO JWIt AOOOH MOCMeTOBATeEMBHOCTH U3MEPMMBIX 


mHoxectB {£,} R=1, 2,... OyzeT a faa oP pE,, TO MHO2KECTBO 


E=UE, Bcer la H3MePHMO U BE eee pE,. B stom cyyae MbI TOBOpUM, 


yTO Mepa » ABAMeTCA C4emHO-addumusHOu. CueTHaA AJ MUTMBHOCTL MepBI 
9KBUBAJICHTHa, Kak slerKO BUeTb, ee HempepplBHocTH. Kaacc M3MepuMbIx 
MHOMKECTB OyeT B 9TOM CAy4¥ae 34MKHYT OTHOCHTebHO ONepalui cuyerT- 
HOrO OObeAHHeHUA HM epeceyeHHA, B HeErO BOLAyT Bce OOpeseBCKHe MHO- 
*eCTBA. 

B pa6ote [2] mpuBogzutca HeKOTOpoe WOCTaTOUHOe yCOBue CueTHOK 
almuTuBHoctn. Hama werib OymeT COCTOATH.B TOM, UTOOK! yCTaHOBUTb 
HeEOOXOJMMOe ycoBue, POPMyupyemoe B YHCTO CTPyYKTYPHBIX TePpMUHAX, 
KoTOpoe, B cyuae Korfa X ecTb amreOpa CueTHOrO THNa, OKasbiBaeTCcA 
Takoxxe WH JOCTaTOUHBIM. 


§ 1 


Onpeneaeuue 1. Byzem ropopurs, To nO1Had GyeBa anre6pa X 
o62a0aem ceoicméeom (A), ecau ja m06OrO cueTHOrO MHOx«eCcTBa {e”} 
n, m=1, 2,..., yRopseTBopsioulero ycrosuio e@ 0 n> co, m=—1, 2,..., 
yw mio6oro e > 0 nafimetca mocieqoBaTebHOCTh {N,} HaTypabHbIX 4MCeT 
Takan, ITO ete 

: lim (eA en.) <r 


Onpenenenue 2. Bynepa anreO6pa X Ha3piBaeTca amreOpon crem- 
-HOZO Muna, eCAM M10O0e MHOXKECTBO e€€ MOMAPHO AH3bIOHKTHHIX | 3/IeEMeH- 
TOB He Oomee 4YEM CUCTHO. : 

XOPOWO H3BeECTHO, 4YTO'B asreOpe cueTHOrO Tuna AAA m1060rO MHO- 
wectBa E naligetca He Oomee vem cueTHOe MOAMHOXeCcTBO E” Takoe, 4YTO 
Mine = inte, | . . 

. Onpeneaeuue 3. TosopumM, uro nomHan OyaeBa areOpa pezy- 
AsnpHa & cmoicne JI. B, Kanmoposuza ecav ona aBaAneTca anreOpok cuer- 
HOrO THNa WH yJOBIeCTBOPAeT: YCOBHIO: JWIA 1I0O0rO CUeTHOFO MHOKECTBA 


{e) 2, m=1, 2,..., O6nagqalomero CcBocTBOM e” | 0 1 co, m=1, 2,...,% 


CYIECTBYCT MOCTEOBATeEMbHOCTH {N,,} HaTyPpaIbHEIX 4MCe Takas, 4TO 
_(0)}-lime™ =0. 
m m 


AcHO, 4TO peryiapHaa** OyneBa atreOpa oOmanaeT cBolicrBom (A). . 


Jlemma 1. Ecru Oynresa anzebpa cuemuxozo muna o6Aadaem ceéoit- 
cmsom (A), mo ona nezyaspua. 


Ilyctb MaHO CYCTHOC MHOMCCTBO MOHOTOHHO CTPeCMAMWIMXCAH K HYJIO- 


noceqoBaTerbHoctreh {e7) m=1, 2,... BBeqem OTHOMWeHHe NOpAgKa 21a 
nocieqopaTerbuoctreli t= (nf), nf, ..., ,...) HaTypaabHEIx yuCed Cc MO- 
MOLIbIO YCIOBHA: t,t, CCH 


lim e7%) Ce lim C7.) . 
m m m lm 


* HanoMHuM OCHOBHDIe onpenxenenna: lim x, = infsup(x,, Xpyyees)> lim x_ = 
n k Cary, 


* : ae . a 
= aly inf (Xp, Xy,44---)) (0) = lim x, = lim x, = lim x,y. B mocaeqnem cayyae numyt Tak- 
n n n 
(0) 
ME: Ky x, 


** 3necb HM B JaibHeHweM TepMHH ,peryaspHaa asreOpa‘ o3HayaeT — »peryaspHas 
B cmpicte JI. B. KayTtoposuya*, 


ics muoxcecta9 nocnezonatensnocrelt: HaTY PaabUBLX uucen T= 
y(t 
Rd Saree ..-)} yacTHuHO YNOPANOUEHO, PaccmoTpu T1po-_ 
USBOALHOS ecconewage ‘ynopagouennoe mowMHoxectBO 7’ CT. Tlyern 


es anf {lim e nh Bpugy cuerHoctu tuna paccmaTpuBaemont ‘ayreOpbt cy- 
TE 


' mecTByer cueTHoe NOJIMHO2KeCTBO (<,| C7’ takoe, uro e= inf {iim ero} 
: : pre m Tes 
Tloz0xuM 7), able lacs SicHo, 4TO lim ey”, <é. 9TO o3nayaeT, uro 111060 
a <m a 
_ yuopamqouenHoe nogzMHOxRectTBO 7T’C x orpaHHyeHo cBepxy B CMBICIE BBe- 
| RewHoro ynopagzouenna. . x 
E : Tlo uspectruoli wemMe Llopya, B 7 ectTb makCHMa.IbHbIi QJ1e MCHT t= “i 
a (T) bs 

F(x ny, af, ...,2,...). Tycrs e5== lim ey aco) > 0. Bo cuay cpoficraa — 


(A) salizerca nocaeqoBaTeabHocTb (n’, fo oth Mg yuo). TAKA ene 
a eve /\ eo) eae iA eae 

5 m m f 1} a 
Ra's 


ees 


. Tlomo%xKum +, == (max (nj, n), max (a3, 2f),...). Herpyano Buserb, 
1 4TO lim e% 1) S &- ITO MPOTHBOPeYMT MAKCUMAJbHOCTH %. Caenoparemp- 4 
$ an 


HO, eco, MW JI€EMMa OKa3aHa. i 
t Mp OyneM O603HaYaTb Yepes Bey CHMMeTPH4eCKYIO pa3HOCTh 
 3meMeHTOB x uy anreOppl X: |x—y|=(x A Cy) V (yA Cx). Bui6op. 
» OO03HaNeHHA CBaA3aH C TeM, 4YTO MpM Norpyxenuu *X B onpexenenHoe u3 
_ BecTHbIM OOpa3om K-npocrpaucrso (cm. [3], ra. IV, § 1) cammetpu4yeckaa 
- pasnocrs mpeppawlaetca B Neny Ay oOnlyHOH pasHocTn. IIpu stom ee 


| (0) 
7 WeHHA X,—> x u |xX,—<| 9 9KBUBAJICHTHBI. 


: JlemmMa 2. B pezyaspuoi Oynesot SAE X OAL BCAKOU dsonnoit 
 nocredosamerbHucmu fom Hy Mies Ay. oy 5g ob sadarnument coolcmeant: i 


a) en > Om noo m=1, 2,. 


6} ee m—> co. 
—Kaudemcsa |, OUAZOHAAbHAR* nocrzedosamenlbHocmb jen}, OAL Komopoi 


(0) —limer =e. . chelate 


“ 


eccoiey Hale ompefemenve mo tbopMe oTaMuaeTca OT ipuBesen- 
Horo B [3], MBI HAMe€THM 3feCb MOKa3aTEJbCTBO 9TOTO, XOPOMIO H3BeCT- 
-HOrO TIpeqo2#KeHUA. ee 
Tlo02%xuM xX, = sup { |e" —e,,|}. Hetpyauo yOenutTpea, uTo x3) 0 


CTBYeT MOCAeLOBaTeIbHOCTb {xem} (o)- SOR K Hyalo. Jianee, 
Os = i) 
jeim—el< lesm™ —e lV le, —el<xinVie,, a ac °) 0%, a Tora em—>e. 
B gakloueHne 9Toro maparpada paccMOTpuM oMmepaiuio »paciyere- 
HHA“ 91CMCHTOB 3afaHHOrO MHOKEeCTBa M3 adreOphl x. 
Ilycrp S= {y,} R=1, 2,... we Oomee eM CUeTHOe MHOKECTBO ae- 
MeHTOB OyeBOH avIreOpbI x: ‘Orn Q€MCHTH OyeM CUHTaTh NOMapHoO © 


i pasM4HEIMH. 


_ _MnoxkecTBo BCexX 31eMeHTOB Bua y= VAAN Ne Nee 
DN Vag rae ki< <m,i=1, 2,...,, k; FR; upu ey, MBI OOO3Ha- 


n>s 
. co, m—=1,2,... A Torga, B CMY peryaApHocTuH amreOpH, cyme- — 
| 
if 
i 


* Jlerko BUAeTb, 4TO ty |z—y | upu ao6nx x, y, ze X. 


8 Conon paierec 6 Baadumupoe = * 


4uMM 4epe3 Sie Jlro6pie Ba Q1eMeHTa So JLM3bIOHKTHBI*, HX supremum ‘ 
ecTb efmuHuia anre6pp X. Ecru n> m, TO KaxkAbIN 31€MeCHT U3 Sm CCTh | 
supremum HEKOTOPOTO MHOXKECTBA 9CMCHTOB, MPHHaAexKallUx Sat Bee 
3J1@MeCHTHI MHoxecTBa Sin41 MMe1OT BH HOO y=Y¥Y/\ Cym41, HOO y= 
=V/\Ym+1, rae YE Sm. 


Tlonoxum S=US,. Ero aemeHTbt an60 CpaBHHMB, AM60 QU3b- 
m 


~ 
~ 


YOHKTHBI. PaccCMOTPpHM MHOKECTBO Sy COCTaBIeCHHOe M3 BCX KOHECYHBIX 
supremum’OB 31€MEHTOB MHOXKECTBA S. 370 HavMeHbIaa IpaBHbhad NOA- 


areopa alreOppr X, comepxamaa S. B uactuocry, Las: COCTaB MHO2KEe-_ 


cersa S we 3aBncuT oT _cmocoOa HyMepallH 9/1eMeHTOB S (vero HeAb3a 


CKasaTb O MHOKECTBE S). 


TlepeuncenHpre ee MOTYT CUHTaTBCA XOPOWIO ugBecTHEIMU (cp., ; 
nanp., [3], ra. XII, 4. 22). ; 


§ 2 
IlocrpouM Tenepb NO 3afaHHOMY CUCTHOMY MHOKECTBY 
S=[{y,} R=1, 2,...,¥,>0, ¥, Fy RAR 
HEKOTOPOe pasTOxKeHHe CAMHMIbl H M3Y4YHM eFO CBOHCTBA. 


MuoxectBo S, cocTOHT 43 ABYX 3eMeHTOB y, H Cy,. Ecau 06a OHH 
OTJMUHBI OT HY/IA, TO MOCTABHM B COOTBETCTBHe NepBOMy uHTepBat (0,1), 
a BTOpoMy — nycToe MHoxectTBO A. 


~ 


IIpeqn010%*xHM, 4TO KaxkKLOMy aeMeHTY MHOMKeCTBa Sp, MOCTABAeH 
B COOTBETCTBHe HeKOTOPBIii HHTepBat A (y) =(a(y), B(y)). 
Kak ani QJIEMEHT Y* MHOXKECTBA Smet UMeeT BHA.1H00 y* =yA Ym+i (a), 
1160 ee TCV nek (0), re yESm- IIpu 9TOM BO3MOXKHH Cyan: 
Y¥=V An HY (2), 
SY =V A Ve SY (a2), 
=yVN\ Cy, = (41); 


*=yA CVn <¥ (6). 
Tloro%*xHM TeNnepb: 


B cayuae (a,) A(y*)=A(y); 

B caywae (a3) 4 (y*)=(a(y), 70) +86))); 
B cayyae (0,) A (y*) =A (y); 

B cayyae (b,) A ON=(z (a (y) +8(y)), a(y)). 


Hyepomy 91eMeHTy BCerga CTaBHM B COOTBeETCTBHE mycToe MHOKe= 
cTBo A, 


* Topopat, 470 x HM y AUSDIOHKTHEI, ecan x A y= 0, B atom cayyae unmyt: xd y. 


_ O cuetHok anmuTuBHoctu 6yeBoli Mepst as 9 


eves : kok | : 

ag Has0Bem wHTepBarE! Bua he , oc) BS Ot, Dy 5 eee ea 
OcHosHoimMh. K ux 4nCy OTHECeM TakxKe MycTOe MHOxeCTBO A. 

BplmeonvcaHHEi mpomecc nO3sBOAeT KAKOMY seMeHTYy YES COOT-. 


HeCTH HeKOTOPHIH OCHOBHOM uNTepBar A (y) =(a(y), B(y)). IIpu 9Tom 
: pasnwetioim SNeMCHTAM OTBEYAIOT PasIHYHEIe OCHOBHBIC MHTepBarDl. _Hepa- 


| BEHCTBO y< <y" PaBHOCHIbHO BKsaO"eHHIO A (y’ iors (y”). Ecam y dy”, 
TO A(y)NA(y “)==A wu oOparuo. 


f B URSA Ok eet MOHaNOOUTCA Siler) 3aMeuaHue: 
Bec P= fy <r) <<... <r, = 9, THE _MnTepBaJIBl (p, q), (Tota), Cae 


bs. -, » (Tay ry) ocnopinie, a (p, 9) = A(y), (en Fis) Cy) Ey Oe noe | 
;To Y= SUP Y;. 


mince AOKa3ateAbCTBa 3aMeTHM, 4TO z=y /\ C (sup y; yi) Gs Een ZO} 


TO Halifetca yoES TaKOH, 4TO 0<H< z. B HeBO3MOXKHOCTH 38TOrO mpe- 


| MOCTaBAAeM YOeCANTLCA UHTATEWIO. 

Onpenenum Tenepb pasioxenue enuHuub {e,} paBeHCTBoM 

ep==) Sup: [i}: 
: B(y) <A 

sicHO, 4TO OOHIYHEIeC CBOHCTBA Pa3IOKeHHA CAMHHIbI Hauo. IIpope- 
| PHM JH HeEMPepHIBHOCTh CeBa. Ecan hy +h, TO 
. sup ly] = sup sup fy} = (0) lime, | 
B(y) <a B(y) <Az 


Onpexenenue 4. Mut OyzeM roBOpuTb, 4TO HeKOTOPOe MHOXKe- 
cts0 MCX YHOBACTBOPACT YCLO6UI0 (d), ecam gaa BeaKoro z>0 nai- 
" merca xE@M taxoh, 170 O< x A zZ<zZ. 

Jlemma 3. Ecau muHoscecmeo S ydosraemsoprem ycaosuw (d), mo 
Awbot ocKoBHKHOol uHmepsan A, UCKAMLAA pa3zse Auub uKXmepsan (0,1), 


-ecmb OOpa3 Hexomopozo yES:A—A(y). 
3amMeTHM, Mpexje BCero, YTO HHTepBavIbl (0, 2) u & 1) ABMAIOTCH 
06pa3aMH 91eMeHTOB H3 S. B nporuBuom cayyae Si a CI€MOBATCAbHO, H 


S, cocrosmH Ob 43 OfHOrO a1emeHTa 1. 
EcaM MmpeAMO1OXKUT, TO HEKOTOPbIii OCHOBHOM MHTepBat, OTAMIABI 


ot (0, 1), He cooTBeTcTByeT HH OZHOMY H3 vES, TO Wepelimem K Comep- 
“KaMeMy e€fO OCHOBHOMY MHTepBaly BABOe OOA_Wel AWMHEI; MpoAomMKAA, 
“B cayyae HagoOHOcTH, 9TOT Mpouecc, MpHeM K OCHOBHOMY HHTepBadly 


A=(a, 8), KOTOpHIi SOOTBETCIE YES BEROTOD OMY WES (f= ech as (Yo))s 
'B TO BPeMA, Kak HHTePBatbl («. 3 (2+ 8) re (x (a + 8), 8) He umer B.S 
1 mpooOpasos. (TaKkoH HHTepBavl BanneTCe, Tak Ka Mbl MOMKEM B KOHCYHOe 
yYHCO WaroB MpHHTH K HHTepBasy (0, 3) WM S i). 

B cuay ycaoBua (d) (MHO2%K €CTBO S tawxe, pa3yMeeTca, eMy y/OB- 
_etpopaet) Hafigetca y,@S, Aa KoTOporo OyzeT 


O< WAI, <N- 


10 IL A. Baadunupoe ii | 


STOT IICMCHT y; 0683aH BXOJMTb B OHO U3 Sue Mu 6yeM C4UHTATD, uTO : 
HOMep 1 ABMACTCH HAHMCHbIUMM HS BOSMOMKHEIX. A torya ‘i Wh 


(2, F@+P)=AOoAW) (Z@+B), B)=A OA Cr) 


Jlemma joKa3ana. 
Jlemma 4. [Ipu mex oe npednoroncenuax, 4mo u 6 AeMmMe 3, Pa3s- 


Nowcenue eOunuyet {é,| HenpepwleHo 6O BCeX MOXUKAX. 
JloxasatTeabcTBy CMMI pe AMOMIAeM Crenyiomlee SaMedaHUe: CCIM t 


ABOWYHO-pamvonaibHoe uncio, aO<f<u<1, TO sup fyi= €1 V oy 
fs p(y) <a : 
rie €,== sup fy}, eye sup {y}, mupuuem e,de.. ITO BHITeKaeT U3 — 
BO) <t> t<a(y) <B(y) <u , 


| J@MMBbI 3 w 3aMeuaHUs Ha CTP. 9, cOrmacHO _KOTOPBIM BCAKMH yES MOMET } 
ObITb MpeAcTaBieH B Bue y= =y, tbh Vo Bs pene bas gine Ht a rye 8( 2) <t 


mpH i<s, a(y) >t DPM E'S": 

Tenepb npeqnonoxuM, TO h CCTb TONKA paspHIBa PYHKMMM @,, T.e., 
BION oy ey > 0. Tloazpo6xHo pac Morne cayual, Korma AG(0, 1).. 

B cuay yenOBHs (d) Hatinetca ¥; GS, ia KOTOPOrO 0<VAY <y. 
Tlom02xuB A Pi CyLAY, BUAMM, 410 y, > 90. Hatinetca TaKKE V3 ES taxon, 
uTo0< y, A Vs < Je Tlasee MOMOKHM Vg at /\ Cy, V5 > YIN CVs /\ Cy. 
Tak Kak VLMs Vy HV#EM, A Vie TO y; > 0. CymectByet ye€ Ss 5 co CBOH- 
CTBOM 0<Ve/ Iz (BHOBb UCHOIb3YeM YCOBMe (d)). O6o03HauHB Vr= Ve ANG 
ACI ACI 3a4MeTHMM, 4TO Vy, Va, V7 TONaPHO AMS bIOHKTHEL- Kak yoke OTMe- 
YeHO, YAY: >0. Hanee, yA ¥=V As ACH) HV ACI) Ata =a A 

/\ ¥3>9 u, Hakone, 


VAI=)N (Vs /\ Cy, A Cy)=(y A Cy, /\ Cy4) Ne —— Ne ve 0; 


IIpu stom y,@S, a yu, ee T. @. Ya HM V7 MPeACTaBAAIOT H3 ceba KO- 
HeEYHbIe CYMMBI 93/IGEMeHTOB H3 S. Tlostomy Halinytca De, yyES, 


Vg <M Vo SY7, YHOBMETBOPAIOIMe YCAOBHAM Ve A\y>9, Yo / /\ Je >9 0. 


‘Mbt uMeeM Tenepb TPH MOMAPHO AH3bIOHKTHEIX 9CMCHTA Yj, Veg, Vo» 
KaxK Ib u3 KOTOPHIX HMeCT C Y HeHyeBoli infimum. CoorsetcrBy1omue 


HM WHTePBaJIbl A (¥4), A (ya), A (V5) He HMeloT OOWMX TOUeK. Ilo Kpai- 
HeH Mepe, JIA OAHOTO M3 HUX TOUKAa \ He ABIAETCA TpeeabHOH. Ilycts, 


‘WwalpuMep, h<a(y). Bo3bMeM __ABOWUHO-PallHOHaIbHble YMCA p A 
TaKkue, 4TO O<p<drA<r<al(y,)<1 HW BBINO.IHACTCA OBO M3 BYX 
ycOBuit: 


a) (p,r)— ocHoBHOH uHTepBaa (ecIM h He eCTb ABOMYHO- palluoHnab- 
HOe 4HCIO); 


6) (p,4) w (A,r) —ocHosHEe unTeppaam (ecau 2 i 
Ha/bHO). P (ecm A mBOMUHO-parHO 


* Mb B cnenyomMx Cayyaax ynoTpe6asem 3HakH + u —: a 
—: ecan xdy, To x — 
=x V y; 6) econ x > y, TO x—y=xA Cy (B sTOM cay4ae eee y). ‘1? 


 pcaQ)<poyer 


KET OnITH. mpemcrapren B Bue oleate zi, xes (e160: cnenyer 
(TeMMB 3 M 3ameuaHHa Ha crp. 9). [jaa a1060r0 gE&(p,r) uMeeM: 


~ 


we, DE Gr eg < sup oa sup fy) < 


| Bi _8O)< BO) <4, 
< sup ty} V sup.) A sup iy) =. sup. eee 
/ By) <p p<a(y)<8() <r B(y) <p p<4() <Q) <7 Cage 


Tak Kak <2), a A (2;) C(p, 7), A (22) C(p,n); TO Zu 
AMS bIOHKTHEI We Torza_ Hi zdy, 4TO MpOTHBOpeyHT panee yeranopaen- 


HOMY HepaBeHCTBY Y AW; > 0 (mockoubKy y < 2). 


Ocraabubie cyan, B TOM NCTE HM cay4al, Korza \E(0, 1), pacewa 
_ puBaloTcs aHaorMyHo. JlemMa OKa3aHa. 


V3 aemmpl 4 cuemyer, uTo 


q fee \ 
a sie | €,= sup ty}. 
> > Bly) <a 


§ 3 


; Teopema 1. 12 mozo umoOo Oyrze6a mepa, noposcdeHHasn MOOLM 
—paznonenuem edunuyn anzebpu X, Ovlaa cuemno-addumusHod, HENS: i : 
xodumo, 4mo0bw arzebopa X obnadana ceoiicmsom (A). 

; TloKka3aTeAbcrBo. Ilycth X He o6nanaer cBolicTBOM (A). oe 
cyujecTByeT: MHOmeCTBO {e€”} 1, m=1, 2,... uM amemeHT @)>0 Takne 
“uTo e™1O n>, m=1, 2,... 4 Jaa 060M nocaeqoOBaTeAbHOCTH {7, 
| 6yreT lim (e, A pea = 6,5 . 


i 


iy 
4 
i. 
, 
ee 
| 


\ 


-Paccmotpum MHO2KECTBO BCeX 9/I@CMCHTOB, MCHbUIMX WIM paBHBIX « 
HO QOpa3yeT Oy.1eBy ieee X>, B KOTOPOH @) aABMAeTCH euHuDeH 
Oo3HauuB y= e, /\e”™, paccMOTpHM MHOxKeCTBO SCX, BcexX TaKUX 
gnemenTos. Ilo oTHomenvio K anreOpe X, ONO yAOBAeTBOpAeT YCAOBHIO- 
(d). Jlefictsureanuo, B mpoTHBHOM Culy4yae naligetca semenT ZEX,, 2>0, 
10 OTHOMIeHHIO K KOTOpOMY BCe 2IeMeHTH! MHOxeCTBa S pas0ObioTcaA Ha 
“Ba Klacca: AM3bIOHKTHBIe 2 MW OOMbUIMe HM paBHble 2. O6osHa4HuM oTH ; 
_ KaaccCbl COOTBeTCTBeHHO Yepes S, u Sy. 
ES Tak ‘Kak y? | 0 mp 11060M mM, TO pH 060M m HalmeTca yr ES, 


Tipu 3TOM lim Yn,, =o, ITO MPOTHBOPeyHT TOMY, 4TO Vn de (tae Kak 
Wn, ES,). 
- Mocrpoum gaa Muoxectsa S pas0xeHne eJMHUIbI €Y Tak, Kak 3TO- 


6n110 onucaHo B § 2 (pa370xKeHHe B1eMeHTA 0, ABAAIOULEOCHA equunnel 
B X,). B cuay aeMMbI 4 OHO Oyner HeEMPepbIBHO BO BCeX TOUKAX. 
a Moao2cam | ; 
B. 2, A Cera 1, : 
’ é, = : 
x CN Cen, hel, 

A 


* YnopaqoweHHe ecTecTBeHHOe. 


12 eA : | I. A, Baadumupos 


ITO — pasiOXKeHHe ECLMHMISI HCXOAHOH aareOppl X. Ono HenpepsbIBH 
BCcIOny, KpomMe A= — 1. Ne ike 
_Tlycth » (E)— 6yneBa Mepa, NOpOxKWeHHad 3YTHM Pa3AO2%KeCHHEM eCAH-- 
HHIUbI. Ero HeMPePpbIBHOCTh O3Ha4aeT, YTO Mepa OTAebHHIX TOUeK paBHa O- 


(KpoMe TOUKH A=— 1 


O° 


PaccMoTpuM aeMeHT y,@S. Emy coorsetcTByeT OCHOBHOH HHTepBad 


A (Yo) = (%, By) OS % <8, <1. IlpucoequHeHne KOHNOB He OTPa3HTCA Ha 
ero Mepe. Ilogcuntaem ee. ; 


pil SBS pater 0 on 
p (Go, Gy) See [2, Bo] ere p [a%, Bo) =e, ee ae a V Ce, Baa Ca V Ce, 
= (eV Ce) A C(eh, V Ce.) =e, —o2 = sup {fy} — sup {9}. 
B(y)<Po B(y)<a 
Kax bi 31eMeHT y, Zia KoTOporo B(y) < Bo, MOxeT OBITh IpeACTaB- 
JIGH B Bre y= 2’ \/ 2", it Re 
2’== sup {y’}, 2”= sup {y’}. 
B(y') <a (97) >% 
. y'<y y"<y 
IIpu atom 2’dz2”. Orcwsa 
eé),== sup {y}=sup2’+supz”= sup {y’}+ sup {y’}. 
B(y)<Po | 8(y")<ay a(y")>a 
B(y”)<Bo 
Toatomy y (4%, Bo) =p [%, Bo] = sup _ {y}=yo. 
Hy <a(Y) <B(Y) <P 
Mrax, p(A(y)) =y. ales 
Beakni y@S ectb KoHeyHad CyMMa 9eMeHTOB y u3 S. Emy ecrect-— 
BeHHO CONMOCTABHTb 3aMKHyTOe MHOxeCcTBO F(y), mpeactaBadionlee cobok 


KOHe4HYyIO CyMMy cermentos A(y). Tak Kak Mepa » O6mamaeT KOHeqHOR 


aMUTHBHOCTbIO, TO »(F(y)) = y. Kpome toro, Kak HeTpyHO NpoBepHTs, 
fe [0, 1] ad ): } 


HomoxuM Fy = OF (ym). ‘ 
VMmeem: phn <pF(y™)=y™ n=1,2,... Tlostomy pF_=0 m= 
pos, ‘Onl Mepa » Obla CYeCTHO-a/UTHBHOH, TO MBI HMeAH Obi 
U Fn =0 


OoosHayum U Fy,=M. Sicxo, uro MC[O, 1]. Cuetnuas agauTHBHOcTS - 


m=1 
Mepbl O3Hauaa Obl, YTO p/M—0. IIpu sTOM BO3MOXKHI WBa Cyyaa: 
1) cymlectByeT OTKpEITOe MHOxeCTBO G Takoe, YTO pG< ep, M @G; 
2) TakOrO MHO2XKecTBa He cymlecTByeT.* 


* HeoOxoqumMocTh paccCMaTpHBaTh Ba Cay4yaM CBA3AHa C TeM, 4TO MBI B OCHOBy 
KAanemM onpenerenua padorpi [2]. llepponayanbuo yannoe B. M. Co6oaespim onpeneacnue — 


BHellHeH Mepbl Kak HWKHeH rpaHH Mep OMKpbIMbLX MHOXKECTB NO3BOAHAO Obl HAM He pac-. 
CMaTpHBaTb Cayuan 2), 


| eee gaa? O cuetHod aaqurusnocrn 6ynesoit Mepu eee tw 


ee} 


ie: See BHayase kK chy aio 1), saMeTHM, 4TO mOcKOABKY 

li mC. CU, a MHoxectBa F(y") 3aMKHyTHI, TO Aa Kaxkmoro m nafinerca — 

Mm, Mia KOTOporo F(y™ ) CG. 
m 


| oe BE (yr )<uG <e, u lim wF (ya!) < eo. 
BE) Hie, elmer (ye) ae) 


TO npoTMBopeye NOKasbIBaeT, YTO MPH C4eTHO-aMMTHBHOM Mepe cay- 

uali 1) HeEBO3MOxeH. 

| Paccmorpum cyyai 2). Monowxum pi(M)=infyB, raze infimum 6e- 

peTca MO BC€M MHOKECTBaM, HMeIOWMM BAL B= VY (i,, p,|, pxyem MCB. 
k 


~Bo3MO2%KHO OHO H3 ABYX: 
a) p,(M)=0. Torya 
‘| inf »(BUl)= i i 2s 
| ees uP) aig Neto cehedet 
Meat 
= inf inf(pB lr) = inf TV) == i = 
McB ue ee. eae ee Melee ‘i 
-Hostomy HaliweTca Mapa MuHoxecTB By, Ty tTakaa, uTo MCBofl,, 
—p(B,Ul) <e. OOosnauuB uepes G, orkpniToe anpo MHOxectBa BUT, 
3aMeTHM, uto MCG), pG,<e). Mbt BepHyaucb K cayyato 1). 
6) »;(M) > 0. ToxBepruem orpesox [0, 1] mpeoOpasosanuiw no dop- 
mye /=1—tf. Ycaopumca oOosHayaTh yepes E” o6pa3s mHoxectBa EL. 
ScHo, uro uHTeppaapr A u A’ MoryT OKa3aTbCA OCHOBHBIMM JIMIIb OHO- 


Bpemenuo. Ecun yG@S, a A=A(y), To nocTaBuM B cCOooTBeTCTBHe 31e- 


-MeHTYy y uHTepspaa A’. Jlanee noptopum paccyxgeHua § 1, 2. B urtore 
“IIpHeM K Mepe, KOoTOpylo Oysem o003HayaTb p’. Kak Jerko MpOBepHTD, ~ 
Aaa mo6oro0 MHoxectBa EC (0, 1] p’ E=p,F. Kpome toro, p’F’ (y2,) = 2. 
Tenepb BHAUM, 4TO uM’ =piM>0, xota M’ ectb oObemuHeHHe cueT- 
-HOTO 4HCa MHOXxeCTB FF, Mepa KaxK Oro U3 KOTOpbIX paBHa Hyato. Mepa 
v He ABIAeTCA CUCTHO-aLTMTHBHOH. 

Urak, B areOpe, He OOnagaloulel cBolicrpom (A), cyujecTByeT pas3- 
JIOKEHHE CAUHUII, NOPOxX Maumee HECUeTHO-a/HTHBHY!O Mepy. 

Teopema joKa3anHa. 

Teopema 2. //ycms X — 6yzesa anzebpa cremnozo muna, ia mozo— 
4moOu OyAeba MEpa, NOPOHCOCHHAA AMOKLM pasnonceHuem eOUHUYO 
anzebpu X, Ovlaa cxemno-addumusnok, HeodOxodumO u Jocmamotno, 
amoou X Ovtraa pezyaapra 6 cmocre JI. B. Kanxmopoeutza. 

Jloka3saTeabcTBo. HeoOxogzumocth, 10 cymecTBy, yxKe MOKa3aHa. 
JlocrarouHo conocTaBuTb TeopemMy 1usemmy 1. JloKaxem JOCTaTOUH OCT. 
. Mo2KHO OrpaHv4UTECA AOKA3aTeJIbCTBOM HepaBeHCTBa p.* DEP oue p*E, 


‘A NPOW3BObHOM CUeTHOM MOCAeMOBaTe/IbHOCTH MHOKECcTB. JleiicTBHT eub- 
‘HO, KaK noKasaHo B [2], Bcerga p, UE, >supp,£,. ComoctaBuB 9TH JBa 
k k 


HePaBeHCTBa, CMO2XKEM 3aKIOYHTb OO H3MEPHMOCTH MHOMKECTBA U E, x no- 
kh 
‘ayuutTb papenctso »p UL, =suppE, aaa aw00H cyeTHOM NocaesOBaTed b- 
hid 24 R 


HOCTH H3MCPHMBIX MHOKECCTB. TemM CaMbIM OyZeT HOKa3saHa CU4eCTH aH 


ANJIMTHBHOCTb M€PH. 
Virax, nycrh E=UE,. -Hoxaxem HepaBeHcrBo vtE < sup p*E,. 
k Rk 


R@OBaTebHOCTR Mep pE™ TakKxKe MOHOTOHHA. CeOBaTebHO, cymectByer | 


—HocTb. Tloastomy p* U I’m =p U Te = supply - WM orcwona p* VE, < 
y Jk 


—— ch 
x*Ke Bpema lime”"—1 gna m060% mnocnenoBaTerbHocTH {m,}, Tak Kak 
; n 


,CMHHCTBCHHOe pery/IAPHO€ OTKPbITOe. MHOMKeCTBO, COepxalee acon 


‘COBECTHI. 


4 Og: Latta, Baadumupos i. 


Tlon02#*x HM ean v £,. Tak Kak KOHe4HOH aMUTUBHOCTIO ee 
o6uianaer Beet ee [2]), To prem = sup p* By. lycts pre” = ink pln, T } 
i, — CHCTeMBI Bua U [hy pa, a EM CT. B cuay cyeTHoctu Tuma aared~ 
ppr X (Kak NervaapHens HahlyTca MHOMKeCTBA Pin m, cea PAR Se Has 
KOTOPBIX TaK2Ke eget ea pP en, Jlamee 110J102%KUM n= aa) Pin, ITO cH 


n=1 


CT@EMbI TakOrO %Ke BHa, Kak H Ti. ACHO, 4TO fi pie ig! obi Hockoaeel 
MHOxeCcTBa E™ O6pa3syloT BO3PaCTAIOMLy1IO MOCAeMOBATebHOCTb, TO MOC/e- | 


mpenet — Hi 
y = (0)-limp*E” = sup p*£,. 
m R ; 


B peryaspuoli anre6pe X cymectByeT 2HaronadbHad nocaeqoBaTeAb- | 
HOCTb {prem} Isa KOTOpOH (0)-lim pn = y. © TaK KaK IIpu m>k 


E,CE”" CT'™, To aaa mo6oro s umeem: 


UE.C UT, pe U E,<p* UTn™. 


m2>s 


Tax CHCTeCM Pe oir Bua UMC€eT MECTO NOMHAH AATUTUB- 


m2>s m>s 

< sup pls, 
m>s 

YcTpeMuB S kK 6€CKOHE4HOCTH, NOAy4MM: 


p* U Ex < (0)-lim sup pI?" = (0)-lim p>” =y=sup ytE,. 


Mb JoKa3au HepaBeHCTBO pk < Sup i *E,, a BMeCTe C HHM H TeOpemy 2. 


B 3aKsJIO“eHHe OTMeETHM, ATO neperyaapunie auireOpbl C¥ueTHOrO THHa 
CYMIECTBYIOT. XOPOILO USBeCTHBI IipuMep Takor auireO pbl — COBOKYMHOCTB: 
R Bcex peryAAPHbIX OTKPbITHIX MHO2KECTB BeLIECTBCHHOH MpAMOH Cc ecTe- 
CTBCHHBIM YNOPAAOUeCHHeM.* 

B HeperyaspHocrTu Ae yerue Bcero ana es Cle RYIOULUM 06pasom: 

Ilyctp {rz} m= 1, 2,... MHOxecTBO BCeX PalMOHaIbHBIX HCE em = 

1 


= (ta a late a Acho, uto ee" | 0 mpu m—>oco, n= 1,2)... Bog 


MAOTHY1O NOCACAOBATeEbHOCTb, CCTb BCA NpAMas. 

Pasnoxenne enunnnbl anreO6pp R, onpeeiseMOf paBeHCTBOM eas 
=(— o, \), mopoumaeT, KaK JerkO MpOBepuTb, Mepy, He ABeOnT ea 
C4eTHO-aIHTHBHOH. 

Astop Ojaroyaput mpodeccopa B. 3. Byauxa 3a sBecpma nennite 


+ (oe. [4], erp. 247— 248. OTKpbITOe MHOXKeCTBO HasblBaeTca pezyARPHUM, CCK OHO 
COBMaaeT C OTKPbITHIM ALPOM CBOerO 3aMbIKaHHA. BMecToO BeleCTBeEHHOM MpAMOi MOXKHO 
B3ATb B1060€ TOMOAOFHYECKOe MPOCTPaHCTBO CO CyueTHOH 6a30i. 


“hy 


O cueTHOH a AHTHBHOCTH GyeBOK Meppi ; 15 


Summary 


The paper deals with some conditions of the countable additivity of 
the Boolean measure introduced in articles [1] and [2]. 
, Main theorem. Let X be a Boolean algebra of the countable type. 
- tiIn order that the Boolean measure generated by any decomposition 
of thestthify of X algebra could be countable-additive, it is necessary 
and sufficient that the X should be regular in L. V. Kantorovich‘s sense. 
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1961 


K. K. TosaosKurn 
OB OAHOM CBOHCTBE HOPMbI B L, KAK ®YHKUAU p 


OcHOBHOH WerbIO STOH paOOTH ABAAeTCA MOKA3aTebCTBO cnemyloiiel 
TeEOPeMH. 

Teopema. [12 mozo umobu 02x ecakok gyaxyuu u(x), sadannos 
6 HeKOmopok Ob62acmu Q n-mepHOzo npocmpancinea, BOLNOAHANOCH He- 
pasexcmeo : 


floglul, d®,(p) <{ logla|, db.(p), (1) 
0 0 ; 
roe D,(p) nu ®,(p)—xeydoeanwue, nenpepolanbe ciesa Pynkyuu c 


COUNUINM UZMeHEHUEM ca makue, 4mo (ea ={> dd, (p)< ~, 


HeoOxXO0UMO Ku OOCmamox4HO, 4mobu pie pa3 Aannepeaenes c pa- 
BEHCMBOM =~ 


(0, (P) + tr [1 (81)] =| AD, (p) + x2 [Po (B2)] (2) 
' BBWINCAHAAOCH HepaseHcméo 
8, : 
\> d®, (p) me 11 “ (81)) ae d®, (p)+ 2 ee (2) 
0 


(amecb yepe3 [®; (8; )] mur O6O3HAYHAH CKayOK 0; B Touxe 8; a 7,€[0,1]). 

SaMeTHM, Npexme Bcero, YTO NO BCAKOH yxKunu u(x), 3anaHHow 
B OOnactH Q -MepHOrO HMpOcTpaHCTBa, MO2XKHO MOCTPOHTh HeBOSpacTato- | 
myio yHkKuuio U(y) OfHOrO NepeMeHHOrO, 3aaHHyIO Ha HHTepBane. 
(0, mQ), Taky1o, 4TO Np BCAKOM Pp at 


Iv (y) |, (0 mayor |e (x)iL (2) ° 


Ilocrpoenne PyHknHH U(y) OCYULeECTBIAeTCH CIeyIOWHM OOpasom. 
Bregem Qynkynio 9(z)=m{|u(x)|>z}) u nonmomum v(y) =¢7'(y), 
rye ¢—'—oOpatHaa dynkuva. Ovepuqno, uTo cbynKmun w(x) wu v(y) 
PaBHOH3MepHMB H, KpoMe Toro, U(y) He BO3spacTaeT. 

TlepexoquM K JOKa3aTeAbCTByY HeOOXOAMMOCTH YCAOBHA TeOpeMH, 
cuHTad OOMacTbIO 3aqiHHA SyHKUMA U(x) nuTepBan (0, @) BemecTBeHHOH 
mupAMoH (a@ < oo). Ilyctb yrBepxeHHe TeEOPeMHI BHINOJIHEHO. Torga Hepa- 
BeHCcTBO (1) BEINOAHAeTCA, B YACTHOCTH, JA 


1 
__|yr mpu xe, 8) 


‘¥ roe 6 =min {a, 1}. 
O  mnpxH x€&(e, d), 


u 


e,h 


Leu Selah Orn wie irs em aee Bome yt tn eR Lo a ee IU ee in eA ee eer ON ary 
Mir OUR AN TOA eu ATI MMB IE ax Sig \ 
i By ed Sa SOR Uaiges caval y i 


Mul umMeem 


5 log |i, ,,(*) ee —< log|ph—1|+ ” log (BlPPs t elma! wee 


hp —1)* : 
+ 2D" (tog + —togo) mpu Ap #1; 


oid log ||z, ,(*) |, => loglog 2 mpu t4p—1. 


Pare ee OT re Te 


t 


JlogctaBaaa 9TH BhipaxeHua B (1) u CpaBHuBad MopayKu pocra o6enx 
-uacTeli 10 ¢ Bey ¢—> 0, MBI IpHXOMMM K HepaBeHCcTBy 


{2p 1)* do, (p) < {cp 1)* dos (p), 8) 
0 0 abe 

—KOTOPOE JOMKHO BEINOAHATECA Baa Bcex h> 0. 
‘ IIpeanomo2xuM, 4To paBeHcTBo (2) yqoBneTBOpseTCA c HEKOTOPBIMK 


_aucaMi Bi, %1 H By, Yo. PuKcupyem B (3) haz. STO MaeT HaM 
é 


a a db, (p) — 5 d®,(p) < z- =f aosio— [> db,(p). (4) 


- Tenepp PacCMOTPuM OTeIbHO CayyuaH 5 >B, u B, aa WH WOK@KeM, 410 
-B eae CAy4aAX BHINOJHACTCA HepaBeHCTBO (2’). 
. Py Po. per Aee (4) B Bune 


ala (p)— i Bee fe ols do, a 


wate ~ 


| ey Cp) ip d®, (p). 


'Beuny TOrO, 4YTO BeAHUNHA B KBapaTHbIx CKOOKaXx H€OTPUUAaTe/bHa, be é 
i 
MMeeM: 


+ ~ : | 
i al d,(p) — I d@,(p) <4, \d%(p)— | de,(0).  ) 
5, 8, 
BByecre c TeM paBeHCTBO (2) qaeT HaM X 
| . f 
iP j 40, (p) = { de, (p) — 22 (8.)] +110, @)]. (6) 
ae (5) u (6) cnenyer c yueroM TOrO, 4TO Ce [®, (8;)] > 0 
Ae — 4; (p)< i d®, (p)+ {2 al eu (7) 
B, 


YuvTHBad PaBeHCTBO {> a®, (p) cc d®,(p), Mbl IpuxofuM kK (2’). 
2. By <i By. Menerndicn HepanencTBo "(4) B nes 
ei 1 . py 
je aD, (p) < 3 fj dP, (p) —{ de, (P) | a0 By L (40, (p) + > aD, (p).. 
2 By ad By 2 ese ; 


Bo 


2 Becruuk JlenuurpagcKoro yHHBepcuTeta Ne 19, 1961 r. 


sine 
SA 


Tpumensaa (6), Mb! HaxXOJMM 


1 | Y2(P2(G2)} (Pr (Hd) 
(74.0) <[7do.(+ 2 
Ba 8, 


uto copnagaeT c (7) MH, Kak mM BhIMe, mpHBoguT Kk (2’). HeoOxogumocts 
yCNOBUA TeOpeMB! AOKa3aHa. JIA MOKa3aTeABCTBa MOCTATOYHOCTH YCTaHO- 
BUM HeCKOJIbKO BCHOMOFaTeJIbHBIX YTBepxAeHHH. / 


Jlemma 1. Kanosa 60 xu Ostia HeyOusawuyan PynKyun D(y), yOos-— 


j a 1 ; 

Aemsopsaouanh yCAOBUAM {do (y)==1, Ge d® Or OAA BCRKOU 
0 O 

PynKyuu u(x) soinoanAemcaA HEpaseHcméso 


logial,, < { log|a!,, do(y). (8) 
0 


Muterpaa B mpapo yactu (8) MoxeT ObITb 34MCHCH CO CKO/b YrOAHO 

MaJIOH TOrpeMIHOCTbIO HHTerpabHOH CYMMOH Lalogiall, » TaKOH, 4TO 
oF 1 } Ton 
—_=-_, aj;—=1. Mostomy fOcTaTOuHO NOKa3aTb, YTO AeBan 4acTb (8) 
Jj p : 

j=1 : 


n 


oP 


I ) wi ax) 


i=! \u 


a a n 
{uw dx= f [|] avdx< 

5 b f=1 
OTKyfa mocie s0rapHMupoBaHHA HM COKpalleHHa Ha P BbITeKaeT TpeOye- 
MOe HepaBeHCTBO (8). . 
Jlemma 2. [lycmb © (p) yOosrzemseopaem mem nce yCAoBuUAM, 4MO UL 
6 npedoloywmet Aemme, u nycmb a; (i=1,..., n)— nOAOMUMEeADSHDLE 
4UCAA, CYMMQ KOMOPKLX pasHa eduKnUYe. To20a cyuecmésyiom 4UCAa yj; 


: ‘ : ' 
(HEOOA3AMENSHO pazAU4HbIe), MaKUe, 4mO > us 5 me OAK BCAKOU 
i 


PynKyuu u(x) 


na 


J log |u|, 4 (p) > Sa logial, (9) 


) i=1 


Jloka3areabcrBo, Ho uneram a, Halifem Takue uucvia B,, 7;, ITO 
8; i 
; N 
{do(r) +r (© R= Moe. (10), 
0 k=1 { 
{ 


Mbi MO%KEM, OYEBHAHO, CUHTATD By = 0, Yy=O0, KPomMe TOrO, NOO%KHM | 
B, = Yo = 0. Onpenxeaum uncata y, paBeHCTBaMu 


8; 
1 Vi Bitaay es a; 
J pao) + 41? @)] — E> lO E_DI=5-. an 


n 
a, 1 
OHH YAOBJeETBOPAIOT YCAOBHIO Ss: B- curly 1eMMpr 1 cnpaBeq1HBo0 
H€PaBeHCTBO res 


He MpeBOCXOANT TaKOH CYMMBI, KaKHM OB HH OnIIO 2. Ho MBI MMeeM 110 


fa 


J log il, 4 (7) + vloglal,, [2 @— 
5-4 Ay Neat 


—trloglal, [@_)>sloglal, 


-YMMppyxst BCe Takue HepaBeHcTBa m0 / oT ‘1 AO 7, MBI upuxogum K (9). | 


- 


a; Ont a) 
‘i 38) A Biya, 
y; Yi 


f=1 im] i=} vl 


4UCAa Y, y, He yOusaiom no i, u npu Bcex RON, net Geek 


_ dilemma 3. Ecau esinoansaimca ycaosua: a 1; 


, ho ee 98 ee ‘ 


‘ i=1 i=1 
mo cnipasedruso Hepasexcmée : 
yj ” n fl ; \ d , ip 2 
7 Nalog tai, <Yelogiui,. me 
; ca eae sige i A : fi 


 MokasareapcrsBo. Jlemma ovepugua Jaa n=1. Iycrb ona Bepua 
‘qs Bpcex 2<N. Jlokamem, 4TO OHA BepHa UH AA n=WN. Ecau B yceno-- 
OH (10) mp Kakom-to R=&, crovT 3HaKk paBeHCTBa, TO, NO npeqnono- 


2 @HHIO HHAYKIHH, MB OyeM UMeTH 

i‘: . Yalogial,, < Ye, log|z|,-, Aen 
| 2 i=l, Ee peed oe MES 

i ya logiai,, < )} alogial,. Sa 
tN imhyt1 ny a Lae Ae Nt te 


OTKY a NOCHE MOWICHHOTO C1OxKeHHA Oy eT CeROBaTb (13). Bygem tenepp 

cYMTaTb, 4TO B ycAOBHU (12) npu Bcex & umeeT MecTO crporoe HepaBeH- 
TBO. ‘ 

raha? 

BBeemM B paccMOTpeHHe 4uCIO Pp, OMpeeAHeMOe PaBeHCTBOM ae 


N N 


a 


> Hs ; ; NG 3 ria Pani 
F —— St —. Ormerum nepapencTsa p<y_, KOTOpoe caemyeT 43 
in ¥ y; } “ie! YW 
- -t=1,. ~-> i=] 


‘Mh 
ca 
é 
; 
u 
rt 
+ 
} 


HeyObIBaHHA Y, 110 i, u Be at KOTOpoe cuegyet u3 (12) npw R=n—]. ‘ 


i 


B cuty wemm 1 uw 2 MB HMeeM 
5 N ‘ ‘ 


he 


a, log lla li > M(t —1) a,log a be a tlos |u|, > ¥ 2, log | te yy (14) re 


i=1 t=} 


auenua dynkuui y; (7) onpexetsiorcA eAMHCTBEHHEIM O6pasom MpH Bea- 
OM Y, CCM 3aaBaTb UX MPH NMOMOIWLM KOHCTPYKWMH, ACHOD3OBaHHOH 
IpH 1OKa3aTebCTBE JIEMMBI 2, T.e@. CCIM 3af,a3aTb UX (bopMyaamu (10)—(11), 
[puHumaa 3a P(p) pacnpesesenve, BOSHUKUIee B CpewHeH YacTH Hepa- 
‘BeH 

_ 


crpa (14). Bce bynKuuu y;(%) HeupeppiBHE! mo y, mpusem y;(0)=y, 
wy, (1) =p. Kpome Toro, upu BcaAKOM yY ¥; (y) He yOniBalor mo ¢, Tlon-— 
aBUM 9TH PYHKIIMM B MpaBEle yacTu (12) BMecTo yucen y,. HepapenctBa 
QTM COXpaHATca, 10 Kpalineli Mepe, MPH AOCTATOUHO MaJIBIX 3HAYCHMAX 1. 
Veet mecTo ambpTrepHaTupa: M00 mp BCAKOM 7G@[0, 1] BernorHatoTca 
Tporue HepaBexctsa (12) ana Bcex sHayeHHH Rk, AMO CyWMeCTByeT TaKOe 7, 
Hepapenctsa (12) ocraiorca B cue Aa BCex k, npuyemM AA OAKOTO: 


WIM HeCKOAbKHX & peanusyetca papencTBo. TloKaxem, 4TO nepBas —BO3- | 
MOXKHOCTh HE OCYIULECTBIAeTCA. ITO caenyeT W3 Toro, ¥TO yi =y_(0) > 
>y, >y,(1)=p, 4 us HempeppiBHoctu y,(y) m0 y, Omaronapa yemy oe = 


n—-1 n—1 


m1 
¥3 
i-1 
3HauHT pu KakKOM-TO k B ycnoBuax (12) Bo3HuKaeT 10 epannen mepe . 
ORWH 3HaK paBeHcTBa. Tora, Kak ObIMIO 4OKa3aHo, 


Yia,log||z ley > » alog ||, - 


ulecTBYeT TaKOe Y, YTO Y, (¥)—=V,, H, CAeMOBATebHO, ye = a 


i=1 
VU, conocraBiad 8ToT pesyabtaT c (14), MpI nomyuuM yTBepxTeHHe weM- 
MbI — H€paBeHCTBO (13). 

Tenepb MbI MOXKEM 3aBePUIMTh AOKasaTebCTBO TeopeMBI. OGa uHTe- 


pasa J login ip do,(7) MOryT 6bITb NIpHOAWKeHEI C lOO CTeMeHbIO 


TOUHOCTH C HHTeCrpaJIbBHBIMH CYMMaMH 
n 


f R 
Ya logizlw. rae a, = 
i=l £ i=1 

a uucia yY) Haxogatca m0 O; Hw a;, cormacHo copmyaam (10)—(11). Mo. 
YCAOBHIO TEOPeMbI H3 PaBeHCTBA 


as!) a) 


i 


J de, (p) + (GP) = Ya J dy (p) +2 1028] 
0 =1 0 


BITC KaeT HepaBeHCTBO 
a(t) a(2) 


© (1) i 2 £ 
43 = do, (p)+— ee ) => 55 < | ¢e.(p) + 
1 


4 2 [eal] 
op =p" 


4uTO CoBnamaeT c ycoBuem (12) aemmpr 3. OcTanbHble yCnOBua JeMMBI ie 
TaKKe, OYCBUAHO, BHINOJHAIOTCA. IipuMeneHue meMMBI 3 aeT HaM AMA 
m1060ro0 HaOopa 4a, 


n 


fn 
¥} 2, log | ull, 4) < < Ma, log |||, On 
" . t=] 


(= 


OTKya ClemyeT HepaBeHCTBO MU WIA UNTerpaloB 


J tog il, ds (p) < ! tog} ml, db, (p). 


STHM TeOpeMa MOMHOCTHIO MOKa3ana. 
AHaJIM3 OKa3zaTeAbCTBa 9TOM TeOpeME! NOKa3bIBaeT, TO BOSMOKHE : 
ee oOoOmeHuH. Tak, ROKa3aTenbCTBO jocTaTOUHOCTH OnupaeTca- TOABKOB 
Ha norapudMuueckyto BBINYKIOCTh HOPMbE B L,, T. €. Ha HepaBeHCTBO 


Pp 


log fal, <alog|#|,,,+ (1 —a)logilal, 3 + oA = 


i 
ae 


O6 ofHoM {_cBolicTBe HOpMBt B tp Kak ynkunn Pia 
Ha neppit B3rdA, MOKET noKasaTEcs, 4TO B noKasatembcrBe JeMMbI 1 
MBI NOb3yeMCaA ApyruM, Ooee OOMLMM, HEpaBeHCTBOM AH HOpMBI, OjuaKo 
9To obobOmleHHe SEMCHTAPHO CeLyerT U3 TOKO YTO: NpUBeeHHOrO He- 
_ paBeuctsa). ea 
Takum o6pasom, ecu pmecTo cemelicrpa nmpocrpancrs Lp paccMoTpeTb 
“TIpOUSBOAHHOe CeMelicrBO BanaXOBnix mpoctpancts £, co 3HayueHHAMM 11a- 
pametpa p us [a, 6], Taxux, aro fA KaxOrO ale MenTa UL, ua 


kamsero cpasy Bcem E,, 
; log||#|., < <alog||# |, t+ (1a) log| al, 4th, 


“TO Ta yacTb Hamefi TeopeMEr, rye yTBepxaetTca , LocTaTOUHOCTh“ , COXpa- 


HHT CBOIO CHTy. OTMeTHM, ITO NOZOGHEIe CeMelicTBa, HM ,uIKanbl*, Bana- © 


_ XOBBIX IpOcTpaHcTB N3y 4aTHCh C. [. Kpeftuom [1]. . 

i Bo MHOTHX CAyuadx Jaa mKkan E, ocranerca B CHAe HM ,HeOOXOgH- 
'mocTb“. B camom Jeue, jnoKasaTerbcrTBo HEOOXOAMMOCTH ONMpaeTCa TOKO 
“Ha HepaBencrao (3), KOTOpOe, B CBOIO OYepeb, BLITeEKACT M3 CYMIECTBO- 
-BaHHA CeCMeHCTBA 9JIEMECHTOB UWez,n CO CACAYIOWNIMM CBOHCTBOM: 


% 


= ees cere | C(p, | 

4 ‘log | ts, ale, = Plog = +C(p, A, e), npuuem SS >0 
. log — 

(A) g+ 

3 mpH ¢—0O papHomepHo no p u A up [a, J]. 

ee BACT CH, 4YTO TakKHWe CeMeHCTBA 3CMECHTOB CYULECTBYIOT AAA pana 

wkan. B 9Tux cay4uaax o6e yey Halleli. TeOpeMbI OCTAaIOTCH B_ CHue. 

anpancp, mpoctpauctsa LF, =Lip+ @YHKUNG, 3aaHHEIX B HeKOTOpOH 

oosactu OCR, wu yAoBseTBopAIOMUX ycroBuIo Teapgepa c moKasaTejem 

71 ° 4 

= o6pasywot mpu 1<%<oco mikasay co cBoiictBom (A). UToObi mpoBepuTE 


9TO, AOCTATOYHO MOMOKUTH 
5 ( 1 


| | emai" me e<ja—yl<o 


1 


UES Galan ees mpu |x—y|<06 
1 
6" npu |x—y|> 8, 


“rue y —106ax BHyTpeHHAH TouKa 2, b=min{l, Pyr}, I —rpanuita 06- 


gactu Q. Tlostomy cmpaBeauBa caeqyrollad Teopema. 

_ Teopema. 12 mozo 4mo6u bcakan Oocmamo4Ho 2NacKant PyHK- 
“yusd u(x), 3a0aHHaA 6 HeKOomopok obAacmu 2 n- aed daa npocmpancm- 
6a, ee Hepasencmey 


{ torlithge 4, (2) < < | 10g | [kp 12 (2), 


20e &; (a) — neyOo1sanuue, HEIR) HEH ELE CAeba PyHKyuU C eCOUKULHIM 
1 


uamenenuen, makue, 4mo [ade (0) = | ado, (a), HeooxoduMo docma- 


mouHo, 4mobb KACO0Ee pasencmso = 
By y 


. J 2d, (6) +1 @1)1 = f dd, (2) + 121%. (81, 1 [0.1] 


>s 


conposoxcda.noce HEPaBeHCMBOM ere ) ; isa" he oe AS 
By by } : 
J ade, (2) + 118, 1s (6)] > J aes (2) + aa 12 GI. 


Summary 


ee of the type 
Po logit, 4F, (p) < \ log|u\,, dF; (p) 
‘ 0 
 -with the positive distributions F,, F, such that 


= | {aro = i dF, (0); i — dF, (p)= [rah 


are considered. Necessary and sifficient Eonihons Ones: F under 
which they hold for any w are found: This result is extended to a class 
of“scales of Banakh spaces‘. 
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HHHTPAQCKOr 


ra ‘ aah 
t 


O YHHBEPCHTETA  }e19 _ 


H. ®. Otpokos — | 
Ob OAHOM CJIYYAE POXKAEHHSA MPEJEJIbHbIX LIMKJIOB 


| B craTbe WaeTc# OWeHKa 4Ca WAKAOB, NOABAMIOUIMXCA B OKPecTHO- 
| CTH nepwowuyueckoro pemenna 


CHCTeMBI AupPepenuwatbubIx ypaBHennii a 
x=P(x, y, z), VaR Ox, a. A z= (x, y, Z) (2) ye 


np mepexoye K OAM3KHM CHCTeMaM Bula 
=P(x, ¥, Z) +P (x, ¥, 2), y=Qx, y, Z)+ (x, y, 2), 3 
» 2=R(x, y, z)+r(x, y, 2). (3) 
IIlpeanonaraetca, 4TO: ) Sa 
1) cymectByeT oKpectHoctb S(é, /) Kkpupok (1), B KoTtopo P, Q, R 
CYTb OJHO3HAYHbIe anauTHuecKHue PyHKWHU xX, y, Z, YLOBMeTBOPHAIOMHe 
ycnosuio P?+ Q?+ R* +0; anita P i 
) 2) Kpupas (1) umMeeT TOAbKO OMH XapakTepHcTHyecKHH MOKa3aTeab, 
| He paBHBIH HY.I0; : af 
_ 3) dynknuu p, 9, 7 —mpousBombHpe u3 Kwlacca D(é, 8) Bcex on- 
HOSHAYHBIX aHaMTH4eCKUX dyHKouA B OOmacTH S(é, /), orpaHHueHHBIX 
_ B CBOeCH COBOKYNHOCTH NO MOJYJIO MOCTATOUHO MaJIbIM NOJO2#KUTCABHEIM 
- YHCIOM 45. pest 
Jloka3pipaeTcs, 4TO ecan KoHCcTaHTH! JIanyHoBa Lp (R=2, 3,...) me- | 
puomnyeckoro peuenusa (1) yMoBeTBOpsAIOT yCIOBHAM 
(i eeees 5 ao OR Lee a0, eenOs ; 
TO HPWH MOCTATOUHO MaJbIX &, 59 H3MeHeHHAaA cucTeMa (3) He MO2XeT, UMeTb 
8B o6smacTu S(e, 2) 6omee YeM 7” WuKNOB. PacuyenAlollue CHCTeMBI C MaK- 
 CHM@JIbHBIM UHCJIOM I[MKJIOB, PaBHBIM 7, CTPOATCH METOJOM, H3/10%KCHHBIM 
B paOote [1]. 


§ 1. Cayya KpaTHoro MpeleAbHOrO WMKJa 


Acumutornyeckve meTomn JlamyHosa [2] no3BOlxI0T OnpeseAMTb 
WHBapWaHTH 3aMKHYTOM TpaeKTOpuM, HeOOXOAMMBIe MIpH MCCAeAOBaHAH 
CTPYKTYPHOH ycTOH4MBOCTH MepHOAMYeCKMX PeWCHHM aBTOHOMHBIX MMHa- 
MuuecKux cucTeM. 3aqa4a MPHMBOANTCA K MCCeMOBaHHIO HeKOTOpPOrO cie- 
uwantbHoro Ksacca WudcdepennMabHblIxX YypaBHeHHH C MepHOAMYeCKMMH 
KOapMuUNeEHTAaMH. 

1. Tlycrb © ecTb OCHOBHOK (HauMeHbIIMH) MepHoy pemenna (1). Pe- 
 rysapHble nepuoguyeckue PyHKynU 4; (t), O;(t), (t= 1, 2, 3) c Tem xe © 

tlepvoyzom, utTo u (1), Bpl6epem Tak, UTOOBI MIOCKOCTb ee 
x = a, (t)4+ 8, (7) 6+ (2), y =a, (t) q+ 8, (t)0 + $(5), 
Z= a(t) 9 + 55 (t) 6 +x (1) (4) 


CAYKHa MOBEPXHOCTHIO CeUYeHHA Id TpaekTopuit cucTembl (2), ONM3KHX — 
x (1). Torga B Mano oxpecruocTu KpuBol (1) BMecTO xX, y, 2 MOMKHO 
BBeECTH HOBbI€ M€PCMeHHHI€, A HMCHHO: Be MPOCTPaHCTBeHHBIe KOOPAMHAa- — 
Th 4 uC, oNpemeimioulNe MOTOxKeHHe TOUKH B HocKocTH (4) Hu OfHy 
das0Bylo KOOPAMHAaTY t, XapaKTepu3ylollylo CMeMmeHHe MO dase paccmaT- 

‘puBaemoro mepnoguueckoro AzBWxKeHUA. II[peo6pa3sya ypaBHenua (2) c m0- 

MOIINbIO MOJCTaHOBKU (4) 6yeM HMeTb ne 


4 (ayy + of +9)=PS, 
d dt 
(ant bf + ¥)=QGe; 


d ®, dt 
ae (ant O66 + N=RF.- 


at 
Hickmouaa 7 MpHHAMaad BO BHMMa@HHe, YTO (1) ecTb pemenve ypaBHe- 


d 
Hua (2), NO.yauM ca 
= : dt = j ; 
R= VAa@i, E= Y Bute) ak, (8) 


g i+k=1 i+k=1 : 
rae Ajp, Bip — HEMPePHIBHEIE MepMomuyeckue (YHKWHH * MU pPAbI a6co- 
JNOTHO HW paBHOMepHO CxosaTca mpu Bcex |y| << %, |O|<%. 

TlomoxuTembHOe YHCIO & BLIGepeM. TaK,YTOOH! KpHBas (1) B OKpecT- 
HocTu S(e), M) xaxgoh cpoe troukxu M umena He Oomee ORHOK TOUKH 
nepeceyenua c naocKoctpio (4). Torgqa kaxaoMy nmepHonuyeckomy peule- 
HHMIO AuddepenMabHEIX ypaBHeHu (5), uMelomlemy Nepuor ko, rae k— 
mesloe, COOTBETCTBYeT 3aMKHYTad TpaeKTopua cucTeMbI (2) MH OOpaTHO? 
~KaxwqOH 3aMKHYTOH MHTerpabHOH KPHBOH cuCcTeMH! (2), pacnomo0xeHHOH 
B JOCTaTOYHO Masao oKpectTHoctu S(e,, 2) cooTBeTcTByeT NepHowuueckoe, 
c nepuHotom ko, peulenue ypaBHeHnli (5). 

Onpenyeneune 1. SamMKHYTYIO HHTerpabHylo KPHBYyIO OyjeM Ha- 
3bIBaTbh k-30MKHYMO MAM UMeIOWeH UKOeKC 3AMKXYMOCMU OTHOCUTEMb- 
Ho J, paBHblli k, eCM HAMMCHDIINA NOAOKUTEALHLIN Me pHOL COOTBETCTBY10* 
mero pewieHua cucTempl (5) paBeH ko. Mugexkc camMoH KpuBOH UpumMem — 
paBHEM 1. . 
Tlepuoquyeckoe pemienve CHCTeMBI WuddepennHabHEIX ypaBHeHuii (2) 
Ha30BeM OpOumHo ycmotiuuetlm, ecAM cocTOsHUe paBHoBecua M, {y=90, 
€ =0} ycrotunso no JianyHoBy aH60 mpu t+ + co, mu60 Mpu t> — oo, 
Kpusyto (1) Ha30Bem nNpecenbHtlm YUKAOM, eCAM CyUeCTByeT pemeHne 
ypabHenni (5), acHMNTOTH4eCKOe K COCTOAHMIO paBHoBecua My urn mpH 
t—>-+ co, WIM pH t—-—oo, mS 

- Ws ompefenenua cieqyeT, YTO 3AMKHYTAA TPaeKTOPHA, ABIAIOMAACA 
NpeAeIbHbIM WMKIOM, OyeT OpONTHO ycTOH4HBa, HanpHMep, B TOM 
cllyyae, CCAM COOTBETCTBYIOMLee COCTOAHHE PaBHOBeCHA ACHMNTOTHYCCKH 
ycTOHunBO HIM TIpH t—>-+ co, naM Np t-—oo, B HEKOTOPHIX CaAy4anx 
BONpoe OO OpOHTHOM ycTOHunBOCTH pemaeTca NO BUAY Avddepenwuarp- 
HBX ypaBHeHnHh (5). JleticrBuTembHO, xapakTepucTuyeckue MOKa3zaTean | 
y=a- bi, v, =a, — bi xpusoi (1)*, B Cuy UX HHBapMaHTHOCTH OTHOCH- 
TeIbHO Ipeo6pa3soBannaA (4), ABIAIOTCH XAPaKTepHCTH4YeCKUMH NOKasaTeAMH 
ypaBHeHui mepBoro nmpnOMxeHHA CHcCTeMbI (5). OTciogqa, Ha OCHOBaHUH 
oOlmMx TeOpeM OO aCHMNTOTHUeECKOH YCTOHYMBOCTH, CenyeT, ITO KpHBaa 
€CTbh MpeAeCIbHBIM WK, OPOMTHO yCTOM4YMBEIH, ecuH aa, >O u HeycToH- 
YHBEI, ecmn aa, <0 [3]. 


* Tpetui noKasaTeab, BCerya paBHbIt HYJI0, BCMEACTBHe ABTOHOMHOCTH CHCTeMb & 
aibHeHwiem BO BHHMaHHe He IIpHHHMaeTCaA. NS 


4 


‘ aS SEAN om Y Y) ‘ ny Eee 
Heth igen 4 5}. thant . 


3 ‘ 5 a Fe é - ; ’ , *) \ 
E Sale os O6 ofHOM cayyae pox zeHHA NPeAeMbHbIX WHKOB - pores 25 
ale 


t 
R 
i= 


APHHATH BO BHHMAHHe HeAUHeHHbIe Wen. JIMHeHHEIM mpeoOpasoBaHHeM. 


‘K Mp@KHEMY BUY, HO C NOCTOAHHBIMH KOaPpuNHeHTaMH MpH AMHeMHBIX 
yienas Takoe mpeoOpasoBanue BMecte c (4) sKBHBaTeHTHO OWHOH NOd- 
cTaHopKe (4), mosTOMyY MOXxKHO HpegAnosaratTh, 4TO KosppunneuTH a;(t), 


b;(t) B (4) B caMoM Hayane BHIOpaHE! Tak, uTO npeoOpa3oBanHad CHCTeMa: 
HMeeT BUA 


rye Kosppunnents Ajp, Big—nepwozuyeckue dbynkuuu + c MepHoOTOM ©. 

Kak uspectuo ([2], crp. 17—23), o6mee pemenue pzuddepentuanp- 
HBIX ypaBHeHui (6) MOxeT OLITH MpeACTAaBACHO B Bue PANOB 0 cTeNeHAM™ 
NPOW3BOAbHbIX MOCTOAHHEIX C, u C, 


m= Cie+ Y Ug (t) (Ge! CE, CH Cyt YS Vie (Cre Ch, @) 


i-hk=2 i+h=2 
CXONAMMXCA B JIOOOM 3aaHHOM mpoMexyTKe |t|<%), ecau TOMbKO- 


\ 


[Ci |<o(%), |C,|<o(t,). Heuspectunie Koapdunuentn Ujp, Vip mocae- 


| AMHEHHEIX LudpepennuatbHEIx ypaBHenuii 
B dU 


iri — _iVip + Sin), GA R28 ey 


H WebX HEOTPUNATeIbHBIX cTeneHeH Tex Us, Vig, MAA KOTOPHIX a+B< 
| <i-+k. V3 Bunga ypasnenum (8) cieayeT, 4TO MepeMeHHBIe B HHX pas- 
“enenpt wu dyuKuun Uj, u Vip Haxogatca KBagpatypamu. Ilpu 9Tom 
| Ui, Vig, ecm i~O, HaxomATCA B BUC KOHCYHEIX CYMM TIpOn3sBezenu 
nMepHommyueckux (byHKUMA MW WeAbIX HeEOTPUUAaTe/IbHbIX cTeneHel t. Uo, 
Kacaetca dyHKuui Ujp, Vop, TO pH OTHICKAHHH MX MOFYT MpeACTaBUTHCA, 
ABa CyUleCTBeHHO Pa3/IM4HbIX Cyuad: 

; Cayuat A. [Ipu nocaenopatenbHOM onpenzetenun ynKun Vox. 
(k=2, 3,...) Bce OHM OKa3pIBaloTCca MepHogMuecKuMu. Tleppan Henepuo- 
muueckaa Oynet Voy, wu oHa uMeeT BHA Voy—Lyt+ Von, rae Ly ect. 
nocTosHHasd. HenocpeacTBeHHble BbIYMCICHHA MOKa3bIBal0T, 4YTO B 9TOM 
Cyuae MOMKHEI OLITbh BbINOMHEHbI yCOBHA 


tre Ly (R=2, 3,... 2) He 3aBUCAT OT t MH MpeAcTaBsAloT COOOH He paBHBle- 
TORK MECTBCHHO HYO PYHKUMOHAIEI OTHOCHTEMBHO TepBbIX # Koappunn- 
extos A;z, Biz cuctempt (6). B cuny (9) d@ynKuun Upp (k= 2, 3,..., 2) 
BCerfla MOFYT ObITh BLIOpaHb! MepvHOmMYeCKUMH. YCIOBHA HX NepHOAMGHO- 
cTH, Kak caencTBue (9), MOryT OBITh HallvcaHbl B BUC 
Usp (t + ©) — Upp (t) =0 (F=2, 3,..., 0). (10): 
Cayuak BS. Bee dyukunn Vop (k= 2, 3,...) —mepnoguueckue, KO- 
addunventH cuctembl (6) yOBeTBOPAIOT OeCKOHeYHOH CuCTeMe HHTer~ 


PabHEIX ypaBHeHHii | 
Be os Os bn SH Oe, (11) 


| 2. B datbuetiiem mpeqnonaraertca, ato v + 0, vj ==0. B atom ocobom: 
_Caytae XapakTepucTuyeckKue MOKasaTeM HE ONPeMeaAMOT CTPyYKTYPbI me-- 
| PHOAMYECKOTO PellleHHA HM B MpeOOpasoBaHHbiX yPaBHeHHAX NOM KHbI OBIT... 


¢ mepHowuyeckuMu KOadpulnertamu ypaBuenua (5) MoxKHO IIpHBecTH 


d wat ge ey | 
Bot) Ani = YBa cate (6) 
i+tk=2 itk=2 


AOBATEIbHO HAXOMATCH C TOUHOCTbIO AO MOCTOAHHBIX HHTeCrPHPOBaHHA U3. 


qe = (1 — 4) Ug + Riz (2), (8): 


rae Rip, Sig — KOHCUHBIC CYMMbI NPOWSBeeHuH NepuomMyeckux PyHKuUi: 


Pe O5 = 0 ie bit 0s Lee O, re) 


N 
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¢ 


‘M3 KOTOPHIX CIEXYIOT PaBeHCTBa angie | : 

Ugg (t +0) — Ugg (t)=0 (R=2, 3,...), 
q1OKa3bipalomue, UTO PyHKuHH Upp (t) (R=2, 3,...) OyayT Takxe me-— 
\pHOAMYeCKMMH, . 

Vissectuo ({2], crp. 242—250), ro npn v << 0 unpu *> + © cocros-— 
aue paBHoBecun M,: Oe eae 
. a) ycrofunso (acummroTwyeckH), ecan m— HeueTHoe u Ly <0; 

6) ycrofiunso (HeacumnToTHyeckH) B cayuae B; 

B) HeycToiunBo, ecau m— HeyeTHOe U Ly, > 0; 

r) HEyYCTOHYMBO, eCaH A — YeTHOR. 

Kpome Toro, cyllectByeT OHOMapaMeTpuyeckoe CeMeHCTBO pelleHnih, © 
“aCHMIITOTHYCCKUX K COCTOAHHIO PaBHOBeCHA, BCAeACTBHe TOTO, 4TO v< 0. 
‘Ory Teopemy NpHMeHHM Tako%Ke K ypaBHeHHAM, KOTOpHIe MoyyatoTca u3 (6) 
ypu 3amene t Ha —*. OTcioga caenyer: 

Teopema 1. SamxKuymaxt mpaekmopua, umerwadt mOAbKO OOUH 
xXapakmepucmureckul noKa3zameAb, He paésHolit HYAIO, ABAXeEMCA npe- 
OCADHLLM YUKAOM. JDmom yuKA OpOumunHo ycmoii1us 6 moM U MOAbKO. 
8 MoM CAYy4ae, ecAau KOoXcmanmu Lp (R=2, 3,...)_ yOossemsopAiom 
_ycnosusm (9) npu Hexomopom neremHom nu ecau Lyy>O0, uAM ycno- 
-puaM (11). | e: 

Tipu BEinomHeHUN ycoBul (9) KpuByto (1) 6y2eM Ha3bIBaTb IpeeAbHEIM 
-qukaom Kpatuoctu 72. B cryyuae (11) KpuBas (1) BxoazNT B Wem0e CeMeHCTBO 
B3AMKHYTHIX TpaeKTOPHA WH Ce MOXKHO PaCCMATPHBaTb Kak TMK KpaTHOCTH 
m= oo. B cayuae aa, #0 nony4MM OFHOKpaTHHI WM MpOcTOoH WHKA. 

_ CrenyetT 3aMeTHTb, 4YTO KpaTHOCTb WMKa He 3aBHCHT OT cmocoba 
‘TIpHBereHHnA DHpdepenuuasbHHIX ypaBHeHuH kK Buy (6) Hu ONpememaeTcA 
TIOMHOCTHIO 3afaHHOH CcucTeMOH. B 3aBHCHMOCTH OT CTeCNeHH BBIPOKACHHA 
“CYICCTBYIOT CHCTeEMH C NpPeebHHIMM IMKaMH Kak YyrOHO Oombm0ro: 
NOpakKa KpaTHOCTH. | 

B KayecTBe NpHMepa paCCMOTPpHM CHCTeMY, ypaBHeHHA KOTOPOM B 
MINH APHYeCKHX KOOPJMHaTaX HMeIOT BHA 


228) rr 1, eT, 
rae 2 —el0e NOMOKUTebHOe UNCMO (4 = 1, 2,...). 
‘B okpecTHocTu 3aMKHyTOM TpaeKTOpUuU 
Pah NO] aN Gime el MO pa 4 
Vlepeiem kK KoOpAMHaTaM 2, ¢ wu p==r—1. Byzem umetp 
2x gn do 
ay . 
Ilpu 11 kpupan umMeer xapakTepucTu4yeckue noKasaTeiH yv—1, v,—1, 


T. @. ABAACTCH MpOCTbIM UMKIOM. [Ip 2 >1 npeoOpasoBaHHHe anpde- 
PeCHUMaIbHble ypaBHeHHA HMeIOT OOmee pelleHne 


p= Cie?) z=C,+ Cet--:-. 


“CONOCTaBAAA HaliqeHHEe pxaqbl wu (7), nonyauM y—1, 4, =0, L,—--- = 
=L,1=0, L»=1. Caenopatenbuo, KpaTHocTh WHKva paBHa 7. 


§ 2. Lukanueckue KpHBpie 


YcuoBpux KpatHoctu (9) uau (11) noKa3biBaioT, ¥TO B OKpecTHOCTM 
“MHBapHaHTHOM TOUKM COOTBETCTBYIONeErO TOYeYHOTO Mpeo6pasoBanua cy- 
ULECTBYIOT AHAMTHYCCKHE KPHBbIe, COCTOAMMeE H3 ,NOYTH HHBapWaHTHEIX 
‘rouek". Kpvpple sToro THIa HaXOZATCA peryAAPHbIM MeETOZOM 10 KOaq)- 
“pHIveHTaM pa3s10x%*KeHHA OOulero MHTerpada NpHBeeHHO! CHcTeMHI BHsa (6). @ 


O6 ogo cayyae poxseHHA npeterbHErx UnKAOB a7 


X= A246 +9 (0), y=aa-+b8-+4(0), z=aye-+ b+ 7 (0), (13) 


mouyuaiometica us (4) npn t=0; q(t) un C(t) —npousBoapnme KYCOUHO- 


‘Audpepennupyemure, MepHOanyecKHe, C MepHofom ko, cdbyukuun 1t(& = 
“=1, 2,...). TMogctapaaa ux B (4), NOY4YMM B MapaMeTpHyeckoH cbopme 


YPaBygausx KYCOUHO-Tlaqkoro KOHTypa Ag, Mepecekaloujero mocKocT (4) | 


B TOUKaX P;, COOTBETCTBYIONMX 3HAaeHHAM mapamMetpa t=io (i=O, 
i,..., k) upnuem Py»=Pp. : 

M3 oOmmx Te€OPpeM O HENPePHBHOM 3aBHCHMOCTH pelleHHH OT Ha4aaD- 
HbIX 3HaYeHHH calemyer: 


Teopema 2. Kaxoso 60 xu Ov120 yenoe uUcao k, cyumecmeyiom no- — 


aowcumersnoe cf, of, maxue, umo: 


1) Oughqepenyuansnoe ypasxenue 
atlat) f of Of 
P(x, y, Joe TQIXLY2ZBZAR| y, Z) By =0 (14) 
umeem 6 okpecmxnocmu S (2), l) Kpusol (1) Osa Hesasucumux unmee- 


 M,{a=0, B=0} nazockocmu (13), yOossemsopaim ycaosuam 
| [Zo(x, y, Z)]=% [Ao(x, y, 2)), = 8; (15) 
2) ypasHexun . 
g(x, y, Z)=4, A(x, y, z)=8 (16) 
onpedensiom cemeiicmeo Oy2 UXmezpaAbHHIX KpUsLx cucmembt (2) ma- 
KUX, 4MO KAHCOAA KpUusan 3Mm020 CemeliCcmsa, NDOXOOAWMAA Lepe3 MOLKY 


M Co(8$?, M,) naockocmu (13), mpu ceoem npodorArcenun nepecerem 
gmy NAOcCKOCMb 6 Rk MO4LKAX (paZAUXHLLX UAU cobnadaimmMux) He Bb- 
xo00A uz ob62acmu S (2), l) Kpusoiit (1). 


TlomHble aHawuTHyecKHne PyHKNNA g UA, HOPMHPOBaHHbIe B COOTBET- | 


CTBHM C TeOPeMOH 2, MOXKHO NOMYYUTS IPH NOMOMH aHaIMTHYeCKOTO Npo- 
(ROMKeHHA pemeHHi Zo H My TO KpuBEIM Tuna Ay C S(e, 2), npnnaB Py 
3a HauaIbHYIO TOUKY, a HalpaBAeHHe YObIBAlOWUX 3HAaYeHHH t— 3a MOMO- 
*KUTEAbHOe HalipaBsenve OOXOfa KoNTypa. OGo3sHauuM uepes g, Hu A, pe- 
ryJIAPHble BETBH, B KOTOPHle MepexoOAAT Zo U Ay MPH OAHOM OOXOJe KpH- 
BOH Ap B NOJOMKUTCIbDHOM HalpaBeHHH, ecu & >O, H B OTPHWaTeAbHOM, 
ecan k<0O. B o6Omem cayuae g u A OKa3bIBaIOTCA MHOTO3SHAYHBIMM PyHK- 
WHAMH UW Lp# Lo, Ap#M, HO MERAY HAMM CYyUMleCTByeT 3aBHCHMOCTh, 
KOTOPY1O MOXKHO HaATH, IPMHAMad BO BHUMaHHe, 4TO Zp H Ap ABJAIOTCA 
Take UHTerpasamMu Lu*@dbepenuuaibyHoro ypaBuenus (14). JfeicrBuTebHO 
-3aMeHAA B gp U Ag MepemeHHble x, y, Z UX 3HayeHHaMM (13), MoydHM 
‘HeKoToppre dyHKyHH Ag(a, 8) u By(a, 8), peryaapHpe B TOuKe «=O, 


a [gel], = An (o, 8), [4el, =e ( B). (17) 


Ho Ap (Zo My) 4 Ba (Zo, Mo) MpemcTaBaAwT CoOoK pemenua ypaBHeHHA (14), 
YROBNETBOpAIOUNMe TEM %e HayabHbIM ycuoBHaM (17), ¥TO HU gp, hp. 
Orciona, B CHAY €(MHCTBEHHOCTH, 


£,(X, Jy; ZA, (Zo, ho), iho (x, y, a, (Zo hy). (18) 


Jlerko BuyeTh, ITO BeTBH g, U A, OOpasyloT rpynmy MOAcTaHOBOK C OC- 
HOBHEIM, TOpoxAaloMlMM mpeoOpasoBanueM, KoTOpoe moryuaetca H3 (18) 
npn k=1. ; : 

9. Tlycre uucaa 7, eh, &" yqosrersopsiot ycaoBuam Teopempl 2. 


1. Tlyctb @ w B o3nauaioT mpamoyroabane KOOPAHHATHI B IVIOCKOCTH G: 


pana g uh, Haranronvle semeu Komopux gy, u hy, pezyAupnue 6 mouKe 


HDs Orpoxoe 


Teopema. 3. Heobxodumbe u docmamounnie yonoeun ops BaMCHYmO~ | 
emu (R<n) mpaekmopuu cucmemo (2), npoxodawei “epe3 OURS 


P,CS(6, M,), 8< 06”, cocmoam @ mom, 4mobu 6 amo moxrKe : 
) £2 (Po) =8o0(Po)s bane (Po), (19) 
[_,(Po eee Py + [h_, (Po) = 40 (Pol? #0, t= 1, 2,...,2 — 1). (20) 


Jloxa3atTeabcrTsBo. Brodepem 6< ie Tak, uTOOH B OGacTu S (6,M,) 
_ Kako mape nocrosuHplx A; u B; oTBeyato He Oomee OAHOM MHTErpab-— 
HOH KpuBOH cucTeMBI (2): 
Bi (x, J; Z) =A re) h; (x, y, Z) = B; G@=+1, ei a +) ai (ae (21) 
Ecan L ectb k-3amMKuytaa TpaeKTOPMA CHCTEMBI, MPOXOMAllad YePes TOUKY 
PCS, M,), TO U3 ypaBHeHu sto KpuBOH B Popme (4) u (7) caenyer, 
-yTO HalimyTcd 3HaueHuA NMapameTpa t;==%,+iw (=O, 1,...,2) uM coorT- 
as uM -Touku P; Ha KpuBpoh L Takue, 4TO: 1) “P, aS ty M,); 
2) Po= Pp, Pi# Pj upu t#s (i, 7=0, 1,...,2—1). 
M3 ypaBuennit ‘pupoli sb 


g(x, ¥, 2) =B0(P,), A(x, ¥, 2) = hy (Ph), (22) 


-°B COOTBeETCTBHH Cc OnpememeHvem (byHKunh g; u A; OyReM HMeTb B TOU- 


Kax P; paBeHcTBa : 
BP) =e: ta) Pe) Ca eee (23) 


_ Ypapuenna (19) caenywot us (23) npn i=k, Tak Kak Py=Ppe. Uro Ka- 
caeTca HepaBencTB (20), TO OHH Take nOwyyuatoTca u3 (23). elicTBH- 
_T@bHO, ypaBHeHHa 


Sm (Po) = o(Po), bm (Po) = Mo (Py), m<k (24) 


“a 
- BMecTe c (23) npw i= osnauanu Obl, TO OAHOM uM TOH we Mape acer 
£0 (Pv) =Am, fo (Po) = Bm B papencTBax (21) oTBeuaIOT ABE pa3svIMUHBe ~ 
TouKH Py u Py, HO 8TO HEBO3MOXHO B CHY BHIOOpa uMcsa 4. 

OOpaTHo, nycTb BEINOAHeHBI ycoBua (19) u (20). L ectb TPaeKTODMA, © 
NPOxofaman wepes TOUKY Po, a Py (61,2; «5 k) — TOuKY Ba eTon 
KPHBOM, B KOTOPBIX, KaK Ui BBIIe, HMCIOT MeCTO papencra (23). [puuu- 
Mad BO BHUMAaHHe Pe 3 M3 (23), OynemM. umeth Pp=Py u P,# Pj, 
ecan i#/ (i, /=0,1,...,k—1), T. e. L ecTh saMKHyTaa KpuBaa ut 
mexca k. . 

3ameuanne 1. Yenosua k-3amKuytoctu (19) u (20) moxHo mpes- 
CTaABUTb TaK2Ke B HHTerpasbHOH (opme 


Por (Po) =0, pb, (P,) =9, 


(25) 
92, (Po) + ¥2, (Po) #0 Fed et aa 


rye 


e_, (Po) = | (gidx + gi dy + e:d2), b (P= 
(*k) 

= ee + hydy + hidz) (26) 
i 
@CTb peryAapHble PyHKHM x, y, Z B KaxOH TouKe P,CS(8, M,). Hu- 
TEPPHPOBaHHE BHINOAHACTCA MO 34MKHYTHIM KPHBBIM THMa Ap C HayadbHon 
ToukoH Py. Murerpansi (26) ne 3aBucaT oT opMb KOHTYpa, HO BCAGH-« 
CTBHE MHOPOSHAYHOCTH NOABIHTErPabHOrO BHIPAKeHUA ABMAIOTCA by et 

MM. HavabHOH TOUKH MYTH MHTerpHpoBaHuaA. 


: 
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3. B naockoctu o (maocKocr (4) npu t= 0) paccmoTpum TouKxu Pz 
MHTerpabHOH KpuBok L, CooTBeTcTByIONMe 3HaueHHAM Mapamerpa ¢, = ko 


| (k=0, +1, +2,...). Ms tox zectTB 


Bul ;) = a (Pi), it; Ce ic a ho (Pi), ‘ (27) 
_KOTOpHIe BbIBOAATCA U3 (23) samenoH i Ha —k u Py na P;, noxyuuM mpu 
i=k*tpynny Bupxroda [4] troueunstx mpeoOpasopannli c HenozBuxKHOu 
rouKoh My, (2=0 ) Fe 
a, = Up(2, B), Pe=Ve(e, 8) (R= +1, 42,...), (28) 
TaKHX, YTO NOTYTpaeKTOpuA (MOMOKHTeEMbHaA Mpu k >O u oTpunatrerbnad 
npu k<0), Berxoxamaa us touxn M(a, 8) Co(d", M,), umeer cBoh k-fi 
nocaenytouenh Touxky Mz (a,, Bric o (et, M),). Ulycth Tp ect mpeo6pa- 
“30BaHHe (28), X—dukcupoBano (k—=+1, +2,...). me 
Onpegeaenue 2. Ananuruyeckyio Kpusyio C, mpoxosaulyto 4epes 
-WHBapHwaHTHy!o TOUKY My, Ha30BeM P-yUuKAN4LeCKOu OTHOCUTeIbHO 7p, HAM 


’ 


- ompefessiomei B My, p-KpaTHoe yuKAuvecKkoe nanpasbAeHue, ecaw [AA 


rouxn MCC uM—+M, paccronuve MMp(Mp—Tp (M)) ectd manana 
BeIM4UHHa NOpAyKa p mo cpaBHeHuio c MMp. 
Ilyctb KpHBaa C yaeTca ypaBHeHuaMu 


a a= MS aM, 8 aa > bd, : (29) 
i=] i=] 
rye 4— napametp. IlpHMenaa mpeoOpasopanue 7, k C, nOoAyYuM KpHBY!O 


BC; = 7; (C): 


i) 


; . =a 

= Yan Re YOM, (30) 
i=1 : i=1 

rye a wu 0 cyTb MOJMHOMBI OTHOCHTeIbHO TeX @,, 0, AA KOTOPHIX 


: j <i. YcnoBua P-3aMKHYTOCTH HanNMUlyTCcA B BHMe 


ai +b} +0, 4=0,17,=0,...,7,.,=0,7, #9, * 
. (31) 
ri= (af —a,)* + (0 —8) (=1, 2,...). 


Orciowa cienyeT, uTO BCAHKad Apyraa KpuBaa C’ Bunga (29) OymeT yoB- 


“Je@TBOPATh Tem 2%Ke ycuoBuaM (31), ecam mMepBEIe 2p KospPumMenTOB 
bab) G1, 2,..., p) siOpauni tak, 10 a, = a,b) =b, (i= 1, 2,..4,9—4), 
tO. Kpuspie C wu C’ Ha30BeM 9KBUBaeHTHBIMH. Bce 9KBUBaJeHTHHe 


M@xKLY COOOH KPHBbIe ONpeseAIOT OHO HU TO XE HallpaBAeHHe, KOTOPOE © 
sanaeTca Koamuruentamu a,b; (i=1, 2,..., p—1), WHBapMaHTHbIMH OT- 
HOCHTeCJIBHO mpeoOpa3soBanua 7%. Mower CAy4nTbcaA, 4TO WHHBapHaHTaMu 
ABAIOTCA BCe KOappunneHTH a;, Ob; (i —=1,2,...). B aTomM cayuae CKa- 
KEM, UTO KpuBan C onpewerneT UMKAMYECKOe HAMpaBAeHHe NOPALKa Pp = 0. 
Tipu stom sce TouKu C OKa3biBaloTCA MHBapWaHTHEIMM TOUKaMM IIpeodpa- 
‘30BaHua 7%. IIpa BCHKOM KOHe4HOM pP KaxkAad TOUKA C OyeT MHBapH- 
AHTHOH MpvOAHAXeHHO C TOUHOCTHIO JO MaJbIX P-TO NOpALKa 10 CpaBHeHHio 
CVG+P. 


3ZBameuaune 2. Uncno ycrosuit, Ope LeAIOUNMX WMKAMYeCKOE Ha- - 


“ jpaBeHve, YMeHbUIMTCa, ecm B ypaBHeHuax (29) 3a MapameTp MO2KHO 


_ ypasuenna (29), (30), (31) OyayT uMeTb BUA: 


MNPWHATb OHO HW3 OCHOBHDIX TIEPCMeCHHHIX, HalNpHMep 4&. B 9sTOM cay4uae 


oo 


= Dia c= Sed, Ri Dy dal ; i (32) 


i=l t=! i=1 


H. &. Orpoxoe ; 


ol, Wa, %=—0 =, 2... p—)s 
(Wel) ee es 


B wanbuetittem GyyemM paccMaTPHBaTb TObKO MaKCHMaJIbHO WMKIM4e- 
CKHe KPMBHe, NOPAOK WHKAMYHOCTH KOTOPBIX P MPH 3aqaHHHIx Q,, OD, 
(t= 1, 2,..., 9 — 1) HEBO3MO2%xXHO YBeHYHTh 3a CueT BHIOOpa KOI puuH- 
€HTOB Gp, by. Takne Kp¥Bble B HeKOTOPbIX Cly4aaX MOXKHO NMOAY4HTh US 
ypaBHeHHit HENOABHKHBIX TOUeK 


a==Up(a, 8), B= Ve (a, 8). (35) 


Kak goe 43 9THX YP?IBHEHHHM, CCIM TOJbKO OHH HE ABAIOTCA TOMKAECTBA- 
MM, ompejenseT OMHY WAM HECKOJbKO KPHBBIX (eCHCTBHTCbHEIX HAM 
KOMIM€KCHBIX), MPOXOMALMMX Yepes TOUKY M,. Ecw OQHO M9 STHX ypaB- 
HeHHH, HaNpuMep MepBoe, HMeeT PeleHHe ge C(a), peryaapHoe B TOUKe 
a@=0, TO HeENOJBYXKHBIMH TOUKaMH 7, OyyT OOuMe TONKA KPHBBIX 


B=C(a), B=Cy(a), Ce=Ve(s, C(a)). (36) 


HetpyAHo noKa3aTb, uro BC (a) ecTb M@KCHM@1bHO WMKIM4eCKaA KpH- 

‘Bad, TOUKM KOTOPOH mpeo6pasoBpaHuem 7, mMepeHocaTca Ha KpuBylO B= 
=C,(«) nmapannenbyo ocu 8. Ilostomy ycaoBuaA KpaTHOCTH HalpaBAeHHA 
HanuHWyTCcA B Buse 


Cy.(0)=C (0), Ce (0) = C'(0),:,-, CRO) = TO) ae 
Ce (0) +c) (0), (87) 


v. e@., Kak YyCJIOBHA MpHKOCHOBeHHA p-ro NOpAyKa B TOUKe @=O KpuH- 
BHIxX (36). 

Moxert Takxe cayynTpca, C=Cp. B stom cayyae Koappunnexta 
uccaeyemMoro mpeoOpa3soBaHHA y AOBCTBOPAIOT O€CKOHEYHOM CHCTeMe ypaB- 
HeHHH 


c?)(0) =CP(0) (p=1, 2...) (38) 


XapaKTePH3YIOWMX KPHBY!O HHBapHaHTHBIX TOUCK KaK KPHBYIO O€CKOHETHO 
601bmIOrO NMOPAAKA WHK/MYHOCTH. 
_ 4, Uncno pa3MyHbIX HanpaBleHHii HW BO3MO2%xKHbIe (MaKCHMaJIbHHIe) 
NOPAAKU WMKAM4HOCTH He 3aBHCAT OT CiemMaAbHOrO BHIOOpa KpHBol C nw 
onpesemaioTca CTPyKTypOH JaHHOrO MmpeoOpasoBaHua. MoxHO MOKa3aTb, 
4TO B OOMeM Cay4ae (B Cy4uae NpocToro WHKa) p—1, T. e. BCe HanpaB- 
J@HUA B MHBAPHaHTHOH TOUKE OKa3blBaloTCA MpocThimu. B HeKOTOPBEIX OCO- 
OHX CTyyadX BbIPOXRKMCHHHIX CHCTCM BO3SMOXKHBI KpaTHble HalpaBJeHHA, WIA 
KOTOpHX p> 2. Ilo 39THM HanpaBJeCHHAM IPH MaJIbIX H3M€HCHHMAX Mapa- 
MeTPOB JHHAMMUYeCCKOH CHCTEMBI MPOHCXOANT pacilenmieHHe COMKKOM HH- 
BapHaHTHOH TOUKH Ha IpOCTHe, COOTBETCTBYIOMINe OPOUTHO yCTOHYUBHIM 
HJM HEYCTOHYUBLIM 3€MKHYTHIM TpaeKTOPHAM. 

Teopema 4. //ycmb xapaxmepucmuueckue noka3ameAu v Uv, YUK- 
Aa (1) yOosrzemsopsiom ycaosusum vy +=0, »,=0. Tozda 6 docmamo4no 
MAAC OKPecMHOCMU HEnNOdsUHCHOK MOXKU COOMBemcmByWeZO npeod- 
pasz0sanusn Cyumecmeyem eCOUNCMbEHNOE YUKAULECKOe HANPABAeHUE MAK- 
CUMAASHOZO NopAHOKA (KOHELHO2O UAK OecKOHEe4LNnOZ2O), OblMee OANA BCEX 
npeodpa3z0eaxul epynnot. 

Woxa3ateapcetso. H3 dopmya oo6mero pemenna (7) cucTembt (6), 
nojaraad B HUX t=O Hn t= fo, NOMYUMM ypaBHeHHa rpynny (35) Bmapa- 
weTpuyueckoh dopme 


cs 
O6 ogHom cayyae poxneHua npenenpHHXx WAK/OB 3h 


1 wad ai y Ui oO = 7 ni { ) 

| 1+ Mh, OVE Cath By VOVEICS, a 
ay, —— C ee Me hyo)! aj Shey, ae vo) ir 
et Ur ey (Gre Ve, Pe= Cat 3) Vu (he)(Cyel)'Ch. (40) 


Jiia AOKa3zaTerLcrBa TeopembI ocTaeTca MNOKa3aTb, YTO KpuBaHA 


% = 2 Uoy (0) C3, BSC, + VV (0) C5, (Alp 
J=2* aD : 


Hoyuaioulaaca 43 (39) npx C,;=0, onpezenser ucKoMoe wuKauuecKoe- 
Hampaprenue, Ilycth C ecth npousBobHad p-uMKAMuecKad KpuBan. Ee- 
‘YPaBHeHHA MO2XKHO HamMcaTb B Pope (39) mp cooTBeTcTByOMleM BEIGOpe: 
SaBHCHMOCTH M@2KAy nMapametpamu C, u Cy suga Cy —=Cod(C.) wan Cy, = 
5 1 2 2 
= Cip(C,), rye A uw »p—peryaapHEre cbynKuuu B TouKe C,=C,=0. 
Uveno p HaxOAUTCA Kak HaHOonbulee HaTYpambHOe uMCAO, mpH KOTOPOM 
‘CyULeCTBYCT KOHCYHBIM, He PaBHbI HyO0 Npezer 3 


lim [(@, —9°+ (0, — BY] (Cr+ C= E%0. (49) 
C,>0 . 


M3 ycrosui mepnogznynoctn (9) uw (10), B cryuae A, wan uz (11) u (12), 
B cayyae B, 6ymem uMeTD ee 


a, —a = C,(A, +9, (Cy, C.)) + C7" e4,(C, C,), 4, =e" —1 40, (43) 
B, —B=C,y, (Cy, C2) + CZ (L,ko + 4,,(Cr, C2), n> 2, (44) 

. | Bg —B=C,o%(C,, C,), (45): 
THE Pp, Yor Yair Pn — DEFYAApHBIE ynKuuu C, u C, B TouKe C; —=C,—0, 


9, (0, 0) = $, (0, 0) =0. Ecum paccmaTpuBaemaa kpupaa nowyyaetca u3 (39) 


pu C, = Cip(C,), To u3 (42) u (43) cnenyet, uro. p—=1 mpH Bcex kw 
Kakopa Ob Hu Oba dyHKuua p(C,), peryaapHan B To¥Ke C, = 0. Takum 
o6pa30M, ecm CYyUIeCTBYIOT KpaTHble HalpaBseHHA, TO HM B_ pa302xKe-. 
HMAX (39) COOTBETCTBYeT 3aBHCMMOCTh MexaAy C, u C, Buna C,—C,\ (C2). 
 Cayuat A. Tlycth C;=CjA(C,), rne 2(C,)— peryaapnaa dyuK- 
wua B TOUKe C,—0 u 4(0) #0. Econ r<a, to uz (42) uw (43) 6ynem 
yumMeTb p=r. Ecau we F >, TO, NPHHHMaa BO BHHMaHHe, 4TO Ly +O, 
ws (42) u (44) natizem p—n. B uactHoctu, np A\=0, T. e. AAA KpMBOn 
e411), p=n. te 

; Cayuanh B. Mogcrapana (43), (45) B (42), nonyaum p=r. B 3aBu- 
cumoctTu oT A\(C,) cymecTByIoT KPHBble 0O0rO KOHEYHOrO NOpPAAKa WHK~ 
muunocTw p==1,2,... Tipu 4, =0 nosyuum Kpupyto (41) MakcumabHoro: 
nopanka. Bce rouxn (41) unBapuaHTHbie OTHOCHTeNbHO 7, up kR=1, 2... 
: Zameuanue 3. H3 goKaszaTeabctTBa TeOpembl 3 culesyeT, 4TO ypaB- 
HeHWA BCeCX HHBaPHaHTHHIX TOYeK pH COOTBETCTBYIOMLeEM BbIOOpe OCel a 
u & MOryT OBITb HalluCcaHbl B Bue (35), a yc1OBua HaMOO/bIMNeH WHKINY- 
HOCTU 

C(0) =C,.(0), C’ (0) =C, (0),...,C* (0) = Cr’ ” (0), 

. c (0) # Ce (0), (46) 


He 3aBHCcamue or &, CoBmaszaloT C YCAOBHAMM KpaTHOCTH IpeeAbHOTO: 
uukaa. B gzaabHeliiiem ycrosua (46) npeamomaratoTca BEINOAHEHHBIMM Mp. 


HEKOTOPOM KOHCYHOM 7 > 2. 


$39 \; ? esis @, Cee 


§ 3. YpaBHeHHa 3aMKHYTDbIX TpaeKTopui, pO Ncyaneed rth a 
B OKPeCTHOCTH CAOMHOFO NpekebHOrO WHKAAa 


Kpatuple HampaBaeHua cucTeMpl (2) MOryT W3MCHHTb CBO MOpagoK , 
“apa mepexoye K Oav3KuM CHcTeMaM Bua (3), HM BCAeACTBHe 9STOTO BO3- | 
‘MOXKHO POKMCHWE HOBIX TIPCACbHEIX IMKJIOB B OKPeCTHOCTH aHHOrO | 
nepuomuyeckoro pemexnua. B paccMaTpuBaeMoM cCayuae MaKCUMAJIbHOe | 
~YMCO HOABAAIOU[AXCA 3AMKHYTHIX TPaCKTOPHH OKaSbIBa€TCA PABHbIM T10- | 
PAAKy KpaTHOCTH MpemerbHOrO WMKMA. | 

1. Paccmorpum subdepenmuaibupe ypaBHenna (3) B mpeqno10%xKeHUH, 
“TO oe 9, F CCTb MPOUSBO/bHbIe BeIeCTBeHHEIe PYHKIMH ¥, VY, 2 M3 KMacca 
D (2, 89) BCexX PYHKUMA OMHOSHAYHBIX MW aHaMTHYeCKUX B o61acTH S (E, 2) | 
‘4 TaKHX, 4TO: | 

a) Kaxgaa dyHkuua Kaacca D poem ae ie B CTeneHHOH Pan BOK- 
— pecTHOCTH 000M TOUKH M* (x*, y*, 2*) KpuBoh (1), cxoqammica mpH ft 
~pcex |x—x*| <e, [y— I*| <0, Jee erg re & H@ 3aBHCHT HU OT { 
‘pniOopa PyHKIMU, HH OT B3ATOM TOUKH Ha J. 

6) pH paCCMaTPpHBaeMBIX SHAYCHHAX XxX, yy, 2 Kak nelicTBUTeEABHEX | 
TaK WM KOMIMeCHHIX, PyHKuNN Knacca Dé), 35) PpaBHOCTeII€HHO OFpaHuueHBl |] 
“MO MOJY110 MOJOKUTCABHEIM UUCIOM 4. — 

B qanbHeHWeM MOMOKUTCIbHBIC YACAa &) H 6) UPewMOMarawrca PUKCH- fF 
POBAHHHIMH, YAOBeTBOPAIONIUMM Ope eeHHbIM yeaonuayt MalocTH. Oue- § 
“BUHO, 4TO MpocTpancTBO D(e, 5) aBanetca uacThio D(é, 69), ecu 8 <8. | 

Teopema 5. Hee gukcuposaxnom k (R=+1, +2,...) a npu Aw-' 
‘OUX Pp, gq, rc Dé, 4) Ccyuecmeyiom He 3aeucauue om. Pp: 9, r noso- 
acumearnue sucaa eS, 8§, maxue, 4mo: | 

1) PEP DEL ENA hile 


(P+p)F+(Q4 NS +(R+7) S=0 (47) | 


uumMeem Oba NeE3zasucumbLx UNMe2pana Ga y, z) aw H(x, y, Z); anaawe 
mureckux 6 oKpecmuocmu S(e™, 1) Kpusou (1) u maxux, 4mo ux Ha-} 


UaAbHbLE Bemésu G, u H, yoosrzemseopsiom ycaosusam (15), m. e. q 
[Golo =e, [aol == 8; (48) 

2) hea uHnmezpanbHad Kpusan cucmemo (3) (npu SQ0QHHBLX : 

P, q, 1 | 
euxootumad us mouxu M (a, 8) (at, Mi) naockocmu (13) npu ceoeMm. 
npodonmenuu nepecerem amy nAaockocmbs 6k morkax, He BuLXO00A U3) 
obnacmu S (ef), 1). | 
SaMenaad B ypaBHenun (47), p, g, r Ha dp, hq, Ar (A— mapamerp) oS i 
‘MCKaTb HeM3BeCTHBIe NEE Gu HB Bune pAqOB i 


Gy 2=e(e,» D+Ve%, Axy, hs y, 2+ Yar, (50) 
= i=1 
Tae g u A—vunrerpaap ypasuenua (14), Koaddunuventsr 2”, eg” G=1, 2, i 
NMOCICNOBATEABHO HAXOMATCA M3 PCKY PPCHTHBIX nabepennuarbusix. y pap - ( 
oHeHMi 
dg) ag 6g) Ath ( Og 1) ag’-)) ag) 
ie + Q t R STL oom i rig araan coeae ), 


eu on) yA) (-1) (i-1) G1): ot 
ano, oni ani ane) 
an te? ay hee =—|p da drapes mae 


oar a [2]. = [4], Bt eins oe nh g = By, oe 
1 KOTOPEIM YAOBACTBOPAIOT OCHOBHHIC BeTBU 9THX aHa/IMTHYeCKHX MB ‘06- ; 
meM Cyyae MHOFOSHaNHBIX (byHKiHi. Pager (50), B cuay TeOpeMBI | 4, 
CXOMATCA cas Lise a Havaibube ycopua (48) BHOpaHE TaK, “aT . 
Re), =07__ ris) (7 Anu oA ‘ 
|. -2gblyct, Gz uv En ery tape BeTBU, B KOTOPBIe TepexoarT a: 
fo pw O6xoxe NO KpuBEIM THIIa Ap TAK, Wo (Og) a BE. pe oa hp. 


ak Kak Gp u Hy cytp Pnreleea ypaBnenun (47), To, nog“o6uo (18), 6y- i 
I@M MMeTB 


Ge (0.9 2)= Ag Gn Hy) + APO, Gy Hh), (52) 
He (X,Y, 2) = By (Gy, Hy) + BYR, Go My), 
, BY — pyukuun A, Gy, Ay, peryaspuste B TouKe h=0,° G, 0, 
Sy ‘ye cOwepxKaliMe B CBOeM pa3IOKeHHH 10 CreneHaM A cBo6omHoro . 


piensa. M3 ypapueuuii (52), ecru ux paccmaTpuBatb B MAOCKOCTH 9, DH; 
WMaxi BO BHHMaHHe (28), nozy4uuM Se ae) 


ay = Up(a, 8) + Ue (A, 2, 8), UL (0, 2, de 
Bp == Ve (a, 8) + Vir (A, a, 8), ae a,. 8) = 
Saat) wae Are 


4 B—C(a)+Ca(r, 2), be = Cy ee (, 2%), 
a Bp, —B = ve (A, &) = Yu (A) 

r 

ut 


t akue, 4TO on een OTHOCUTeAbHO Pp, g, rc D(s ae UM@IOT ae 


_paBeHcTBa kien Co = lim C,’=0. y; — peryaapuuie pyHKuay h, npHyeM 
1s Peaks ‘ 
7) =0 Gis = ° 0, i —1), ¥, #0. Tipu gocrarouso maapix a, ¥, Bo 


eel Pian (58), HU TOJbKO MM, COOTBETCTBYIOT HenOABIOK HEE 


OUKN mpeoOpasoBaHuA (53) B Cora 5 (éy, M,). Us (46) u oo) CnGes 
ayer fle 
4 Teopema 6. ITycmp 3QaMKKHymMat mpaekmopua (1) cucmemot (2) 
umeem xapakmepucmuseckue nokazameau v#+0, 4 =0, u B=C(a)— 
ecmlb yuKAuLecKaa Kpusad nopA0Ka ft, ydoszemsopnouanr ycnosunm " 
(46) npu n> 2. To2zda das KaHCO020 HamypansHozo wucnak(kR=1,2,...) 
sa dal . 
ey 4) 86, of, makue, 4mo KaKosu Oo Hu OnLAU PyxKyun p, g,r CD(s", 


’ 

a coomsemcmeyiuee um npeodpasosanue (53) 8 oxpecmuocmu S (2, 
0) (Mo=, {a= 8—O0}), ne moocem umemdb Oonee 4eM N HenoOBUoHCH OLX 
mower; 
2) npu aobom ¢<es3< 5s", maxoe, 4mo npu p, 4, rc D(a) ace 
ee rirdericicebic mouru (53) Haxodamca 6 OKpecmuocmu S(e, C(a) Kpu- 
bon B=C(a). , s 
Takum o6pasom, Bompoc O 4uCIe R 34aMKHYTHIX TpaeKTOPHA, PORK Malo- — 
MUXcA OT “-KpaTHOrO WMKJa pw mepexowe K CHCTeMaM Bula (3), CBO- 
AMTCA K 3amaye O IHCe BeLLeCTBeHHDIX KopHel ypaBHeuua (55), MOABMAIO- 
“WMXCA B pesyaprarte pasOueHia -KpaTHOH TOUKM MepeceyeHnA WMKAMYe- 
CKHX KPHBHIX (54) Ha Oomee MpPOCTHIe MpH AONOMHUTeTDHOM YCIOBMK, 4TO 
B COOTBETCTBY 10MM X TouKay Oy = OM t= 1,252 5.21). 


3 Beer JlenuurpancKoro yHuBepcurera Ne 19, 1961 r. 


(r) 
(hy 


A 


34 | | eae H. ®. Orpoxoe 


3. B nanpneliiem, 4TOOb! nocTpouTh mpeo6pasoBaHue (53) c m He- 
NOJBYXKHLIMH TOUKAMH, OyZeM WpesnosaraTh, yTO R=1. CoorTsBercrTBywo- — 
wad sTOMy Cayuaio CHCTeMa, 9KBUBaleHTHaa (04) u (55), MoxeT OBITD 
HanucaHa B BUJe WHTerpadbHEIX ypaBHeHHl 


2, (a 8) ={ do=0, e2(4, =) dH=0, ~ (66) 


L£(M) 


rae L(M)—npoctoh 3aMKHyTbI KOHTYp Tuna Ap C HauabHOL TOUKOL 
M (a, &) B naocKoctTu (13). Kaxyzoh nape uncer a, B, ymoBneTBOpAI mux 
- -ypapHenusam (06), CooTBeTcTByeT HeMOABY2xKHaA TOUKa M(a, B) rpynne 
(53) u OOpaTHO (3ameuaHue 1, § 2). BrlOepem Kontyp L(M) B Buge Ky- 
couHO-ruanKkoh KpuBoh L(M)={M, l(a), M,, Mj, coctoamenh us or- 
peska MM, mexnay cooTBetTcTByloulmmMu TouKamu M (a, 8) u M,(a, 8B,) 
KpUBLIxX B= C(a) u B,C, (a) B MOCKOCTH o MH COeERHMHAIOIeEH STH TOUKH 
TpaexTopuu /(«) cucrempr (2): : 
x= (t,o, B), y= 4, a 8), z=7x, 4 B), B=C(a), (S7) 
roe 9, %, ¥— pemenue cuctempl (2), TouKam M nu M, cooTBetcTBywT 3Ha- 
yenua C=O u f=o(a). Iipn stom 
Kpueasa (1) nonyuaetca u3 ypaBHenuii (57) npaa=f=—0 Tax, uTo w (0) =a. | 


_ Tipu taxom spr6ope Kontypa L us (56) nozyauM @ynKunn b, (a) = 9, (a, C(a)), 


(a) = 9, (a, C(a)) mepemeHHOoro a, peryaapHpie B TOUKe oO .u TaKue, | 
4TO KAxKTOMY JOCTATOUHO MaJIOMY [CHCTBHTeCJIbHOMY KOPHIO ypaBHeHHuh 
»,=0, ¥,=O0 coorBeTcTByeT HENOABHKHAA TOUKA rpymnb (53), texamaa 
Ha KpHBok BC (a) u oOpatuo. Ilpunumaa Bo BHuMaHue (50) u (58), 6y- 
JEM MMeTb ; 


‘, 
co 


w@=Matwye, w@=V det aPat, 69) 
k=0 k=0 

THe pz, Gp, (R=O, 1, 2,...) — anelinple u1eHEI OTHOCHTebHO A, MpuyeM 
te (0) = dz (0) =0 (k=0,1,..., 2—1), tn (0) #0, d,(0) 40. yh, de” 
‘CYT YIeHbI BbICWIErO MOPAAKa OTHOCUTEbHO A. ee 


1 /d®vo 1 /d®D (a } > 
u=a(Ge)  S- g(a) =O», OO 
oa a=—0 
ra@=J (gPdx+aPdy+ edz), Da=| (WPdx+ Ady + 
L(M) L(M) sen 
4 RY dz). | (61). 


HanpaBienwe unterpupoBanua Ha KonType L(M) suOpano tak, 4TO Ha 
yuacTke TpaekTopun (57) OHO COOTBETCTBYeT BOSpPacTaloOllHM 3HaueHHAM fF. 

4. Tipu qanpuelimiem ucceqoBaHuu MNTerpawos (61) HeOoOxozuMa Ofna 
BCHOMOraTebHad emma. [IpenBapuTebHO 3aMeTUM, 10 3a mapametp f 
_ B ypaBHeHusx (2) ¥ (3) MOXKHO MpHHATD AAMHY AyrM cooTBeTCTByIOMeH 

Tpa€kTopuu CucTembl (2) TaK, uTOOKI BCIOZy, B OOsacTH S (el) Ono. 
P? + Q?-+ R?=1. Coorsercrsyioman 3aMeHa He3aBYCHMOrO . Il€ p€ MCHHOTO. 
B ypaBHeHunx (3) (B cnyuae HeOOxOANMOCTH) paBHOCHAbHAa NpeobpasoBa- 
HHIO MpocrpanctBa D(6) Bp D(8,), rae 5 =F, y*=inf V Pe + Q?+ R?. 
Ho mpu pemeHuu mocTaprenHoh safzauu npoctpaxctpaa D(8) u D(a) 
SKBUBACHTHBI. MOXKHO Tak Ke NpeANOAaraTb, YTO Ha NPAMOMMHEHHOM y4acT- 
ke M;}M xoutypa L(M) umeer mecto parenctso d8= ds, rne ds— 2ne- 
MeHT JWIMHE Ayru KpuBoli L. Jlevicrsuterbno, u3 ypaBHeHHf nocKOcTH 


4 


ty et ho Nt ‘. j wa 


\ 


O06 ofHoM cayyae poxkTeHuA MpemeMDHLIX WHKIOB : 35 
| 


Paes k & Qn 
\ 


(13) npx nocrosnnom « 6yemM uMeTb ds=|// +34 02 de. Orciona, | iy 
3 , : | 


2 


 3ameHsst B na B—B, (0) 4+ 05 + b3) , Hoayuum ds = d§,. Tipu stax nper- 


UAL MHO2O3HA4LHOK Pynkyuu F(x, 


~S(e, 2). B makom cayusae npu 


HOpMaAU K nosbepxHocmu, OOpa- 


HOOKEHHAX WH yCNOBUAX (46) HeTPYAHO NOKa3aTb, YTO TepBEIe / KO9(p- 
Ulu guTOB B Pa3OXKeHHAX MO CTeNeHAM &% HHTerpanoB eles. 


r*(@)=—d | (gp +594 gur)ds, 


L(M) ; 
D*(@)=—d | (Asp thy + hin) ds (62) 
L(M) 
cOBNaNalor C COOTBeTCTBYIONLAMU KOIPPunMentamu pasnomxennit (61), T. e. 
Hapsayzy c (60) 6ymem umMeTb Takxe 
(e/a FT I /d®D* (a 
= al etal ne dy = 7 ( | (R=0, 1;..., mA) (GBy 


a=0 


> 
Jiemma 1. //ycmb s ecm edunurHol bexmop, onpedensiuuit Ha- 


4 i > > , 
npasrenue KacameAbHOuU K Kpueot L(M), uw F=Fs—nore, modyau- 
POGAHHOE C NOMOWbW OOHO3HA4LHOU 


Y, Z), AHaAUumutLecKol 6 OOAACMU 


docmamo4tHo Manvlx|a| << a) ume- 
em Mecmo gGopmMysla Ougmpepenyu- 
posanusz pie a 


eB (Fas) =| (N rot F) ds, 
L(M) L(M) 


(64) 
NIN,, N., N;}—ecmb sexkmop 


a) 


306aHnHOL Kpucumu L(M): - i 
7 yD (ys 2) D(a, 2) DARED) ease (65) 


VAR DIS, ara i c4 oD (Snayst we? PDS, &) 2 


- 20e X, VY, Z Onpederasiomcx pasencmsamu (57) (s=t) na Oyze l(a) u 


pasencmeamu (13) na ompesxe MM,, exodauemu 6 cocmas L(M)(s=8). 
Jloka3saTeabctTsBo. PaccMoTpHM ABYXCBA3HYIO KYCOUHO-lvlanKylo 


-nopepxHoctp Z, oOpasospanHyio KpuBeIMu L(M) u 3akmouennylo MexAy 
L(M) u L(E), npoxogzsmumu yepes touku M (a) u E(« + Aa) coorBercr- 


BeHHO (pucyHoK). BytemM uMeTb 
ah oad (Fas) + | Ol ee (66) 
G a0 a> F 

L(M) 7 i (BZ) L(M) Es 


3necb 3Hakom L oGo3HaueHO HallpaBeHue OOxoga, mpoTuBOnomoxHOe L; 
L*—xoutyp, cocrosimmui u3 L(E) u L(M). Cornacno dopmye Croxca, 


) (fds) = a) (rot Fds) i JJ (rot Fads) + i) (rot Fds Ne (67) 


rae Z,— 4actp Z, o6pasoBanHaa KpuBbimMu (57); Z, — cooTBeTCTBYy1OMWaAd 


i 


yacTb mocKocTu (13). 3ameHoh mepeMeHHEIxX (57) nH (13) wHTerpapt (67) 


-mpeoOpa3yiorca caeqyioujum OOpasom: 


3F 


+ 


“Horo audpepenyupoBanua cHOBa cdopmy.ty (64), Oyqem uMeTD 


V3 (70) 43 avanOrMuHElx BEIPaxeHUi MpOM3BOAHIX BTOpOro MHTerpaa, 


@HUMeHTOB B pasm0xeHHAX (61) ABAAIOTCA JAMHeMHEIMH (yHKIMOHaaMH 


| (rotfas)={ dal (NrotF)dt, 
Ze 4 6 
a+ ho C,(«) ae ie 
JJ (ot Faz a | "da | (Nrot F ) a3. 
ies x C(a) . 
Papencrso (64) caenyert u3 (66), (67), (68). IIpumenum aemMy } K BBI- ~ 
UMCCHHIO Ye H dp, 3aMaHHbIX BbIParKeHHsAMA (63). togay B. (64)45 


F= 9, =(gxp + 8y9 + g:r)h, noay4um 
a) —_ (eds, 9, (N rot 98). (69) 


do. 
“L(M) 


IipuMenaa kK unterpaty (69) u K pesyabTaTaM ero mocieqoBaTedb- 


Wiebe (a). 


7a) opds, op=(Nrote,_,8) (R==1,.2)..., 2—1).7 70} 


“L(M) 
nojaraad B HuX «=O, Hafitem 


1 c Ay Be ; ‘ | Sen ; 
th — gr | ent SR =(Mrot¢, ,5), Sd vo A(SxP + £v9 +r), 
AO 


i Ye=(Nrotd, 48), bo =A (Aap + higg + her) 
| 


(B= Oy 1,055: 4S) ay 


re 10 3HaKOM WHTerpasia x, y, Zz caeny et 3aMeHHTb UX 3Ha4eHuaMH (1). 
V3 dopmya (71) caenyer, 4ro AMHeHHbIe U1eHbI tk H dp mepBbix 22 Koatp- 


OTHOCHTeIbHO P, 9, 7 WH HX YACTHBIX MPOH3BOMHbIX. CrpyKkTypa 9THX HH- 
TerpalOB MMeeT peliiaioujee 3HAYeHHE TIpH pa3s0veHuH CHOHKHOPO MNKs. 
Sameuanne 3. Monoxum B ypaBHeHHax (3) 


p=, Mg =—, Mg= w= Ax+ By+Cz+E, OO 


rae o, 6, {— Mable NapameTppl, a nocrosHubie A, B, C, E BbIOpaHbl Tak, 
uTOOLI MocKocTh u—0 He nepecekawa Kees (1). Hoacrapasa (72) Bog 
(71), 6ynqem uMetb ae | 

- ae [ q 


= Ca a (2004 + uty) ries P= — (82 + 8y3-+8x), 

(73) 

dy = GE j (ot + u,) Sar, Yo — (eB) 
(S01. ale 

O(N Eas eo. || 


roe Ag, 5p — NOMHOMBI _OTHOCHTEbHO Ay SB Cy ee 3k ne HHTerpaabl 


Ze I 


OepyTca mo wuKay (1), A, B, C)— Bextop. HOpMavn K mvlocKocTH u=0, Fe 


J en te tl ERY aaa MVNA 
So §4 Pacutenasioune cuctempt aA? 
4 f i . 
Cuctema (3), HMeIoula st n He aee B OKpecTHocTH AaHHOrO nepuogu- 
—4eCKOrO pellleHus, MOxKeT ObITh NOCTpOeHa, eC, B COOTBETCTBHH | 
- pemoii 6, (byHkunn p, 9g, r BEOparh Tak, «TOOL Koadhuynents p 
#e°) Obl He3aBHCHMbI B CMBICIe CeAYIOULeli e@MMDBI. 

> ke Jiemma 2. /lycmo umemca oee bynxyun 


$ Ge ae ky Se Dai anise rene: 
: 0! 5 


r } (a, a, nae. '9 hon) =n bj (Ay, sey Aon) a! 
t=0 


“nepemenno20 a i napamempos 7 hs Jet Renae eae noe (3 PeevAApHble ft 
iS Nod a ae Oa Le las Pe as : 


1) a; (UV) = 6; (0) =0 CON). —1), a, (0) #0, 6 nO) 203% | 
| 2) paxe mampuyo nunen Hox ‘aenos pasroncenut aj(\), 6 AS 
fiui=0 » +++) @—1) NO cMeneHAM h,,..., do, PAabEH, 2N. B maxom cayu Cok 


KaKO6b Oot HU Oolane ud, Bcezoa ae (i= BO 5 Oey LA; f< 
_ makue, 4mo. coomeemcmeyiuue uM QYHKYyUU Y, U Ds “Oydym umemb 
 posxo n BeuecmBeHHoLx U pa3slu4tHeLx KOpHek 6 UHMepBane ja|<e. 

Jloka3atembcTBo. Bsaenem smecro A; HOBbIe MapaMmerpt 
Le Sth NTE 4 Re aka TOMOULbIO shee Qj Sait Ot 
a Dp fe Ba TOOTS \: ar 


b, ea hts aa shad Fic Maca Es Gn KO) D ae 
cites a Oppo. peat age eb) Meath (A (83 ea pariae e winer 


is . 
¢ 
> fegnas aJ1eMeH Ta PHBIX neaute.eli Befipmrpacca (cM. TakxKe. [5] 


PyHKUnM Y,, ~, MOXKHO-IpescTaBuTS B BLE 
4, (@) = Py (a) 2; (a ae Ys (2) = Qy (a) Q2 (2), 


re Q, W Q, — pAbI, HAYHHAIOUIMeCA CO CROOOABORG yJIeHa, OTAKAHOFO or ay 
“ny AA; Pi H Qn — HoaMHO ME CTeNeHH 7: fs i 


: ae 
ia ce Pato tnet+.. ated ee re oes 
ie: ; i ¢ : 1 
ie Se Qn= dy tat... bn Oe: Aas maa 
ae BLIUHCICHUS MOKASbIBal0T, 4TO Koapunnen Thy ews a 


OanHOMOB P, uw Q, MOXKHO MAPHHATh B KayeCTBe HOBbIX He3ABHCHMBIX 
I€PeMeHHbIX BMeCTO pj(Z=—1, 2,..., 2”). Takum eee mpu jocra- 
| ee Mambix |a| 3afqaua OTbICKaHHA OOWMX KOpHel ¥; Hn 4. CBOAMTCA K 
“Tako xe 3aaye B OTHOMeHHH NoOAMHOMOB. B cay4ae MOAMHOMOB C He- — 
eens KOSpPuuneHTaMH JeMMa O4eBH AHA. eae 

Jlemma 3. Kaxoeo 601 Hu O10 HamypaAbHoe 4UCAO mM (m=1, 3 )s ie, 
eee Ha Kpueoa (1) m pasauuHox mowek M;(i=—1, 2,. , m), 6 eh 
Kaxcool uz KOMOPLLX CyMmecmBbyem KaCaMeAbHAA NAOCKOCM Kk  yukay 
(1), Heumenwan Cc Hum Opy2ux o6wux moweK U He AEAAMMAACA Kaca- 
“menonol NAOCKO MbiO K nobepxHOocmu (57) 6 OuHHOK mo4Ke, ie 
JlmHefinpie dbyHKunn u(x, y, Z), yROBMETBOPAIOUIMe YCAOBUAM JI€MMBI 3; eee 


OXKHO MOCTPOHTh Cie Ay IOUNM o6pa3om. Ilycrp OO. = ApaMerp (xopaa 
OT eied: AAMHbI) KpuBoki (1) u 


ee oe 0 a 
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MWIOCKOCTb, NepnensuKymapHaa K OO, B TouKe O{x)=¢ (to), Vo=¥ (ho), 
Z =x (to)}. OuveBuazHO, uTO KpuBaa (1) pacnomoxeHa MO OAHY CTOPOHY — 
mmockoctu (75) H uMeeT C He eCJIMHCTBEHHY!O OOMYIO TOUKY, TOUKY Ka- — 
canna O. IIpm mocrarouHO MaJIbIX 3HaYeHMAX TapaMeTPOB ft H Vv BCe OO- — 


uywe TOUKH KpHBOH (1) u maocKocTH i 


a= (A+ Ky) (x — x9) + (B+ Kop) (yay ea 
+ (C+ Ky) (2 — 2) +y=0 (76) | 


COOTBETCTBYIOT 3HaYeHHAM ¢.CKOb yrofqHO OM3KuM K fy. PaccMOTpHM 
@y HKILHIO 2 


elf, p, vy=(A -- Ky) (g (¢) — x9) + (B + Kav) (9 (2) — vo) + 
+ (C+ Kgp) (YQO=<) 


NpeACTABIAIOMLYIO, C TOUHOCTHIO WO He3saBHcauero OT f MHOMUTeA, Pac- 
cTOAHHe TOUKH KpHBO (1) mo NOcKOcTH (76). KaxgoH TOUKe Nepeceye- 
Hua KpuBoH (1) uw maocKkocTu (76) CooTBeTcTByeT ACHCTBHTeJIbHEIM HYAb 
dyukuun p(f, p, v), H OOpaTHO. M3 cnoco6a nocrpoenuxA maocKocTH (76) — 
cmemyeT, uro f=f, ecTb eMMHCTBEHHHIM Hyb p(t, O, O) HekoTOpOH koO- 


HeyHOK KpaTHOocTH 2k: BplOepem. mocTtosuHpie K,, Kz, Ks Tak, 4TOORI 


2 : r ‘ 
: a -#0, rorga u3 ypaBHenni p(t, p, v)=0, p(t, ») =O natiayrcn 


t=o,(p) +t, v=o,(p), rae ©, 4H ©, — peryAApHble (PYHKUMH OTHOCHTEMbHO | 
poe Hecofep2Kaline B CBOeM PAa3IOXKeHHH MO CTeMeHAM 9TOFO MepeMeH- — 


020 
OF 
t=o,+h - 
TOPHIX OFpaHHyeHHAX OOUlerO xXapakTepa Ha KOa@MuunentH Ky, Ko, Kg 
4 a 


> > —> 

OyaqeM UmeTb Takuxe (N [sgradu]),_,.,40. Bexroppr NV u s onpenene- 
HbI BpIIe (memMa 1). 

Orcioga cielyet, YTO ypaBHenue (76) mpH v=o, (p) onpememseT ce- 
MEHCTBO IIOCKOCTeH, 3aBHCAujee OT TapameTpa p, TaKHx, 4TO KaxKyad 
MJIOCKOCTb: STOrO CeMeHCTBa HMee€T TOABKO OZHY OOMLyIo TOUKY C KpH- 
Bol (1), coorsercrByioulyio f=, (p)+2,, u B 9sTOH TOUKe He ABAMeTCH 
eeron IOCKOCTbIO K TOBepxHocTH (57) npu sBcex |pl<po, » #0. 

. Tlyctp 


Horo cBOOomHOrO uleHa. JlerkO BHUeT, uo = 0. IIpu HeKo- 


n, = Aix+ By +Cz+E;,~ uj=Ajx+By4+ Cz+ Ej, 
re Aj, 4; — Mabie apaMeTpbl; o, 9, y, 3) Dee MPOHSBObHbIe 4HCa; Be 
SWS oan Gnu) aba be Wen okt) Ge E—nocrosuupe, BplOpanuple Tak, YO HH omHa 
M3 HWOcKocTel uj==0, uj=O(i—1, 2,..., A) ne mepecexaer yuKaa (1). ff 
OuesugHO, To cbyHKuun (77) aBAMIOTCA MONYCTHMEIMH. 

Jlemma 4. Cywecmeyiom p, 9, r 6uda (77) makue, umo coomseemcméyn- 
mue uM uNmeepann (71) KaK gbynKyuu napamempos ,, dj, (i= 
=1, 2,..., n), OyOym aunetino HE3AabUCUMUMUL Popmamu nepsou cmenexnu., & 


j 


{a 7 RE 06 omnom cayaae poxnenua npenenpunrx WHKJIOB- 5, : £3 
Jlokasateapcrso. Moncrapaaa B (71) Bmecto Xp, Ag, Ar ux 3Ha- 


“euua (77) w npuuumaa Bo BHH 
: HHMaHHe, 4TO ONepaTOpL u dp — nunehi- 
-HBI€ OTHOCHTeJIbHO Pp, g, r, Hafiqem, uo eee we 


n F 
RI ae ara Rk! Rows ore 
am Pile = DY ADe: + %Dpi, ep ia =) Ani + Ag: 


i=1 ee 


i. | (kR=0, 1,..., 2—1), (78) 
rae Koapunuenta Dz;, Dg, Ap; Dp; Ope LeAIOTCA opmyaamu Buna (73) + 


Z at 
Dp = { 9101 + Wife:) Tee. : 
(79) 


ry : € dt ‘ 
Ar = \ (yjor + uj fri) et?» 
oP : ae 
: P= — (8,91 + 88: + 871i), Ve= — (ho; + 48; + Ay), 
o;=(N{[s Uj). 
= Soe ear 
Dei | (9105 + fad Seo. 
see he (80) 


| 0 

| eee 
ra Rat ke pa) de 
a . = | (ial + uj fri) 55 
. « i 


Gi= — (Sr9; + Bybi 4+ B21), Y= — (hn 9; + Ay; + AD, 
0;=(N[s Uj]) (i=1; 2,.'., ns RO, 1,..., n—1). 


Bi ioe 


Bech Uj, Uj—NHHeWHbIe PYHKIMH OTHOCUTeAbHO xX, y, Zz, U; Uj;—wux 
— 

rpamueutal; NM — pekTOp HOpMaaM K MOBEpXHOCTH Z,, OOpa3s0BaHHOM Kpy- 
ues 5 

-BbIMH (63); Ss — BeKTOpP KacaTeJbHOK K KpHBOH (1), mo KOTOpOH CoBepmiaeTcA 


HHTerpUpOBaHHe B (79) u (80); ©;, 0, — CMeNIaHHbIe IPOH3SBeReHUA BEKTO- 
SES = — \ 
pos N, s, Uj, U;. Bewony nox 3HaKom uHTerpupoBanua B (79) u (80) mepe- 
MeHHbIe X, y, Z 3€MCHBI HX 3HAYeHHAMUM H3 ypaBHeHul (1). 
* 7 7 - 
Fri, Seis fei, fei — NOMMHOMEL. OTHOCHTECbHO MOCTOAHHEIX G, On "Gigs 
— > 
1, A, B,..., E. Ocraetca moKa3aTb, 4TO 98TH MOCTOAHHbIG MOMKHO Tak 
BEIOPaTh, YTOOH AeTepMuHAaHT D,,, COCTaBJICHHBIM u3 KosPunnenToB PopM 
(78), Obl OTAMYeH OT HY. 
BuiOepem Ha KpuBol (1) 2” pasauunErx Ttouek M;(x;, yi, 2i) # 
Mi (x; yi, 2). (i=1, 2,..., 2), COOTBETCTBYIOUIMX 3HAYCHMAM F; H t; Tak, 
yTOOH B Kaxk Ol M3 HHX CYULeCTBOBala KaCaTebHad MWOCKOCTb K WMKAY 
(1), yqopaerBopsiomaa ycnoBuam aemmpl 4. Ilyctp ® 


As(x— x) + Billy —y) + Cie—z) =0, A+ Bi+Ci=1 (81) 


= * % * s 
_—ypaBHeHue TaKOl MIOCKOCTH AAA TOUKH M;. Uepes rouxry M; (x, yi, zi) 


Troukn M; u M; (GUND ee i a COOTBETCTBYIOMNMe 3HAaYeHHA Wj; U 1h; 

BHecem B (79) u (80). Hapteds NOCTOAHHBI@ 9, 0, %, 9, 6, {~ ONpeAeUM HS 

_ YCuOBUI ; ; i 
oe | gi(td=1, Yi(t)=0,  . (83) 
cae i (ti) = 0, Wilt ae ly 208, me), (oe 


ov 
‘ 


—-uepes Rn, rei, Rei, Pri COOTBETCTBEHHO. Pynxunn Re (%) ur (vi), Hempe- 


4 


—s#pHIBHBIe pH v,; >O0, OyayT uMeTb npu v; =O eAMHCTBeHHY!O OCOOytO TOU- 


ah —obynkunn ae (t, 0) u nomtocom nopsgka He BEIUe 2k + 3 byuxuuu Rg; (t, 0). 


uy f i l L 


40 


Ha paccTOsAHHH ¥>0 OT HOCKOCTH (81) uw or TOUKM. M; nponenem 18 
KOCTb, Napasmeabuyr1o (81), . 


uj = Aj(x — xi) + B(y—y)+ Ci (2 — zi) 200) | ; 2) 


MoxHO mpemnomaraTb, 4TO moCcKOcTh (82) He umMeeT OOWLUX TOUeK ea 
HWMKJIOM IDPH > 0. AHa@JIOrM4HbIe MOCTPOeCHHA BEIMOAHMM AIA Ka ROH 


yTO BCera BO3MOKHO, TaK Kak g HU ae HHTerpavtbt 2; 
Ouvesnano, 4TO 


A &) (E150) p(B) 60) Ge Beat 


- Tipu dukcupopanHom i(é=1, 2,..., 2) dyHKuua u;'(¢, %, X~) mpeacra- é 
_-—s« BAMeT OOpaTHy!o BeNM4MHY paccronHua TouKH (9, ¥, 7) unKa.(1) AO 
_. mmocKkocTu 4,0. Haumenburee 3HayeHHe 4;, paBHOe »;, MoCTuraeTca 
TOAbKO B OJHOM TOUKE IMKa, a UMeHHO: B TOUKe M,, coomaere Oia 
Boi). 

— O6osHauuM nOgbIHTerparbHBie PyHKuun unTerpanoB Dp;, Api, Dei, Age 


Ky t=t;. B cuay (83) u (84) TouKa ce t; ABJAeCTCA MOMIOCOM NOpAaKa 
Q2k+4 bynKnuu Rri(t, 0) uw nomocom nopayKa He Bhime 2k +3 MyHK- 
nun r,,(¢, 0). Touno rak xe t= f, aBaaeTCA MOMI0COM HopaaKa 2k-+ 4 — 


OrmMeTHM HeKOTOpble CBOMCTBa MHTerpaoB (80) vu (81) Kak yHknnlt 
_ He3aBHCUMBIX N€PeMeHHEIX ¥,, v, (f= 1, 2,...). 


1) npu vy, v, > 0 umeiom mecmo acumnmomu4eckue OYeHKU: 
1 1 

a) Dri (vj) = +0 eo ha OVA BA 6 5 

k+— [a ese 

Vi aaed Yv-; = 


> 


(86) 


= 


B) Dip (vi) = 0([—z\; 9) A = —# eed 


R+— a ee 
2 2 

V- 4 

L L 


Oni #0, 8pi + 0, (k=0, 1, Po (obrmae i=], 2, 


Uro6n goKasaTb ibopmyuy (86, @), paccMOTpH¥M raaBHOe 3Ha4yeHHe 
uuterpana Dp; 
; tte 


Di; = | Rei(t, vi) at. (87) 


ty-8 


TiogunrerpaipHad dyHkKunA, MO NOCTpOeHHIO, MpH MocrarOuHO MasOM & 
MOKET OHITb NpeAcTaBAeHAa CeAYIOUMM OO6pa3soM: 


A+(t—t) mi) +24 : 
Rein WFid 
ki (v;) Ly; an (t — t;)2C bah (i t,)8 tN 5) ale ) (88) 


: : y (83) 
’ BE spars Touky tj ae qroOH C 6nL10 TAKKE Toor ure 
') — MOAMHOMBI mO ¥; CTeMeHH He BpIIIe me Cc peebia 
Y1A PHBIMH oTHOcuTeabHO ¢ mpu |t—t;|<e¢ 


: 
A+ Yb (i = rare “Vibe (Ej + t von sie 
[1 $C EY bs (t; eGo ae 


Das noay4euna tpe6yemon OIW€HKH MOCTa@TOYHO MOKa3aTb, TO Bro O 
MHOXKNTeIb B (89) uMeeT CBOMM -Ipezer0M MHTer pal een 


' ve 
(20) ye \ WO) as vi) dt, 


rl € jl KPaTKOCTH 4epes (t, vj) OOO3HadeHA noguurerpanbian @ 1H 
mivce aL(S) Paccmorpum (Py HKILHIO Ne 


¥.20) 


B nay CXOAMMOCTH nuurerpaaa (90) gocTaTouHO NOKa3saTb, uro lim) (%) 
U ‘ « 


uv oa ae 3HayeHUAX TH Yj ui npu gocratoaHno MaJIOM & umee ae 
IeViil<s, 0<%<%m leet sVDI< Meet, 29, 
an ayes Vil<e, Reel Bs Me 


Ae MOBATEADHO, 
(jo) —°@ |< 
R+2 
a + - acy*( ‘| M+ 0 voi) A SL ec) ee ™ ria et or Ms Sm 
m=1 u uid ate DH) 


h id pect at (C—C ae 


Tlepsui MHOKUTEIS B mpaBoH uacTH mocwesHero HepaBeHCTBa npencras- 
aaer cooon PYHKUMIO Sp (t), MOMORKUTEBHYIO, eeverey ye npw BCEX 
] ‘ 
oct + pats co x TaKy10, 4TO Sk (sj) ==0 es . Tlostomy Wis 


ee = 
‘ 


ee es 
uy Loe! Yann ol O)|ar<V% 4 Sp (*) ae, 


Vy 


L} ()| < |< 


i 
tim} (%)) =0. Tloxazateaberso pacnpocrpansaetca na ‘ 


1970 


orky na caenyer, 


42 H. ®. Orpokoe 


ocTaibHne dopmyan (86), B uacrHoctu, (86,6) u (36, B) TOA 4alorca 
ecau B (90) nonoxuThD A=O0. get i 
2. Lemepmunanmo. n-20 nopsdKa 


DOs vn) PD eligi , AZo ‘l= | Agr Gila sQU 


bm, ip td R=O;1, 05: 
cocmasnennule u3 anemenmoe (86, a) u (86, r) Ha HeKOMOpOK noAynpAMOL 
v= Kip, v= Ku, Ki>0, Ki>0,0<p <u G=12,..-, m) (Qe 
umerom acumnmomureckoe npedcmasseHue 


D, 1\ > Rye trai (n 42) 
Dav) = gh +0 (5a) Bn (= gm + (om) m="*", (93) 


20e . 
: 5 - Bp : 
1D Rie aa ‘i neen): A = at =n) (94) 
k+— SS 
2 2 
K, i=1,2,...,2 Ky i=1,2,....2 
' R=0f R=Ojh,. ce ft— 1 


Tlogctapiaa (86,a) u (86,r) coorpeTcTBeHHo B D, u An, nonyuum (93). 
—Ocraerca’ moxa3atb, uro Di u A’ Kak dynkuun K,,...,Ky, He paBHo 
TOMMECTBEHHO Hywio. JjonycTruM, Hampumep, uro D> =0. Pasnaraa ero | 
_ m0 amemMeHTam cTpoKnH Dp; (k = 0, 1, ..., #—1), nomyunM paBeHCTBO 


Dy Ag+ DyAy + --- Bai, Ana, i = (95) . 


B KOTOPOM BelMuMHBI Aj; He saBucaT oT K,. IIlpu @ukcupoBaHHblx 3Haye- 
Huax Ky, .... Ky, W mp mepemenHom A, TomxmecTBo (95) O3HayaeT, 4TO 
dyuKunu (86,a) HHEHHO 3aBHCHMBl, YTO HEBO3MOKHO MIA MyHKUMH C > 
aCHMUTOTHYCCKHM PasJOxKeHHeM Bua (86). OcTaeTca MpeCANOMOHKUTH, ATO | 
A,j=0. Ho Ajj ect onpenenuteim 2—1-ro nopsyka Takoro xe Buda, 

yTo u D,. B OTHOWIeHHH MX NPHMECHUMbI NpeAbAyuue paccyxXTeHHA; pO- ° 
WOJKAA, IPHAeM K S3aKJIOUCHHIO, YTO JOXKHEI OBITh PaBHbI HYJIO BCE 


{ 


9MEMECHTbI TETCPMUHAHTa Lona HO 9TO TaK#Ke HE COBMCCTHMO C JOKa3aHHBbIM | 


Bin. 1 u nostomy D, #0. Hepapencrso A, 0 joKa3pilBaeTCa aHaJOrH4Ho. 
Byzem upeqnonaratb, uTo mocrosnupe Kj, ..., Ky YROBAeTBOPAIT '8 
ycaosusam (94). : il 

3. Lemepmunanm Do, nopxdKa 2n 


Dri Api 


cOCMABACHHHLU UZ DACMEHMOE AUHEHHX HopM (79) Ha noAynpsamoL (93), 
umeem ACUuUMNmoMmuU4LecKoe BELPANCeHUE 


nn ] , ‘| 
Dog = um of 4a) (97) ff 


1 | 
ByaemM CuuTaTh, AA OMpemeneHHOcTH, ¥TO Rk O3HAYaeT HOMeP CTPOKH, ai 
¢— HOMep CTOAOIa B Ka2xKOM 3 4eTLIPeX OnpeRemuTeneH N-ro nOpaaKa, 
oOpasyioummx .D,, cormacHo cxeme (96). Pasaaran Dy, 10 2/1eMeHTaM j8 


TI€pBEIX / CTPOK HM 3a4MeHAA Yj, Vj; UX 3HAaGeHUAMU (92), OyneM MMeTb 


Disp Fan Dd, as y Das ; 


l 
m 


, 1 
OBaTebHO, Do Olea Touno TakxKe NoKa3brBaetca, To A’ =0(, 


Ip MOcCTaTOuHO MaVIbIX }, 
_Pe3ybTaTOM eMMBI 4 H NpeMbILyUIMX TeOpeM ABAKeTCA crenyoMlad 
Teopema. 

Teopema 7. J/lycmb saukaymaa mpaexmopua (1) cucmemu (2) 
Uumeem MOALKO OOUK, paésHollt HYAIO, XAPAKMepucmu4LecKUi NnoKAa3ZAamMeAD 
Un>2 eCMb MAKCUMANSHOL NOpAOOK yUKAULeECKUX HanpabAeHult Bb He- 
NOOGUACHON MOLKE COOMBEMCMBbyIWeH epynnbL MOLeXHELX NpeobrA3z0Ba- 


Hui, Tozda OAA Ka2cd020 KamypanoHoz2o 4ucna k (R=1, 2, ...) 
Rk a(R 
1) cywecmeyrom <°, 2%, maxkue, 4mo, Kakue Ov Hu Ouau HynKyuu 


k 
p..9, 0 EDs) coomsemcméyinwaxz cucmema OudmepenyuanoHolx ypas- 
HeHUit (3) HE moocem uuemb 6 O6zacmu D (8S?) Oonee, 4em nN YUKAOE 
uxoeKca j=kR u ; 
2) npu Anb6ux e9< 6”, 8 < d§" cyujecmsyiom cucmemot (3) ¢ 006ae- 
Kamu 6 KAacce D(6), umenwuue 6 S(c, 1) n npedenonx yuKkAOb Cc UH- 
OeKcomM 3aMKHyMocmu j = 1. 


5. Teopema 7 coxpaHaeTca, CCM XapakTepHcTH4ecKkMe MOKa3zaTedu Vv 
uv, 06a He paBHB! Hya10o. B stom cayuae Kaw moe HanpaBaeHve B UHBa- 
puaHTHOH TOUKe MpocToe (7 = 1). Kpusere (60) umewT TOABKO OAHY OOILyI0 


h) (Rk 
TOUKY, UH MOITOMY CYMLECTBYIOT MO1O#XHTeIbHEIC eh), 85°, TaKHe, uTO nIpu 


mo6nx p, 9, rc Das”) coorsercrsyoulan cuctema (3) uMeer B O6lacTH 


S (eb, 1) onMH uM TOADKO OLUH MpewembHBI WK, U wHAeKC ero paBen 1. 

Bo Bcex paCCMOTPpeHHBIX CAy4aAX pORKAAIWUIMeCA 3aMKHYTHIC TpaeK- 
TOPHM ABIAIOTCA MPC CAbHEIMH WMKaMM B CMBICe HPHMHATOTO 3feCb ON- 
peqeeHHaA, TaK Kak KaxKad U3 HUX MMeeT AeHCTBUTebHbIe XapakTepu- 
CTHY¥eCKHe TOKa3saTeiw WH OMH W3 HAX HE PaBeH HYVJIIO. ¥ 

B cayyae m=co cucrema Audepenwnatbybix ypaBHeHHl (2) KOH- 
CepBaTHBHa Ha HEKOTOPOH aHaHMTMYeCKOH MOBePXHOCTH, coORepxallen 
paccMaTpuBaeMylO 3aMKHyTylo KpuBylo. Bce TpaeKTOpuu, s3anoAHsIoMlue 
STyY MOBEPXHOCTb, 3aMKHyTbl. JlemMa 4 COxXpaHaeT CHy Mp 000M KO- 
HeEuYHOM 72. TakuM O6pa30M, KakOBo Obl HM ObO HaTypadbHOoe uncao N, 
CyULeCTBYIOT CHCTeMBI ZudpepeHUMaIbHBIX ypaBHenua (3), uMetoulue B OK- 
pecTHOCTH aHHOH TpaeKTOPHH YCIOBHO KOHCepBaTHBHOM CHCTeMbI (2), 
papHo NV rpeebHbIX WMKJIOB. 


j 


Summary, 


The following theorem is proved: Let a closed trajectory / of a regu- 
lar dynamic system with three-dimensional phase space have only one 
characteristic exponent which is not equal to 0, and let 7 be a maximum 
number of Lyapunov’s constants which vanish in the corresponding solu- 
tions of permulated motion. ; : 

In this case for any k (k=1, 2,...) there are such eg >0 and o,>0 
that the number of cycles generating in the domain S (eg, /) during the 
trafisition to 8,—close systems of the same class and having closure 
after k revolutions along the curve / does not exceed 7 + 1. When k=—1, 
the obtained upper bound is accurate. 


ey 


“HBIX ypapnennit. AVA oru3, 178202, | 1947. 


“ A. Bupkrog. Surface transformations: ne le i desanil 0p a 
1-119, te 


MOMEHTDI HENPEPbIBHBIX ’YHKUMA 


Bist: Bnepspie npooaema MOMEHTOB Oblla HOCTaBAeHa H pemrena Xayc 

pom [1] B cBa3H c MeTroqaMH CyMMHpoBaHUA PaCXONAWAXCA PALO 

yceqoph ccbopmyaupozan 3aqayy tak: np Kakux ycaoBuax tage!) 

bynknus OrpaHu4eHHOw BapHaltuu g(t) TaKas, uTO 
4 1 


[det =r. ONS). 


7 A oes UHCOBaA MOCIEOBATebHOCTb. OH yeranopia, 4 
18 3TOrO eee H MOcTaTOUHO, ITOOHI (ete 


Sctlan vel< CE Renan are ee ie 


k=0 


E Cos OMHOMHaIbHbIe KOZPPUUNeHTH, a A” pp O3HAYAIOT /M-bIe pasnoct 


AA NOC1eTOBATeIBHOCTH {re}, . ONPe Te Ae MbIe HA eae papencTBamn 
am+l 


An PRAM py — AM pn, Ou, —pp (m=O, 1, 2,...; 2=0, 1,...). © 
4 *wKe WOCTAaBH UW pel pape ae mpyrue poems MOMEHTOB. 


B oomeM Buse mpobmema MOM@HTOB CTaBUTCA TAK: “syCTS B HOpMI 
poBaHHOM HpocTpaHcrBe X aha MOCAeAOBaTebHOCTA JIMHeEHHO-He3saBACcH- 
MBIX 3/ICMCHTOB {Xp} MU NyCTb {p_} —MOCMEAOBATEAbHOCTh BeMLCCTBEHHEIX — 
HCe.1. IIpu Kakux ycaoBuax CylectByeT AMHeHHBIA dyHkinonan f& X*, 
ako, uTo f(x,) py? Tipu Tako oOuel mocraHoBKe BOMpoca ero pe- 
eHve He MOKeT OBIT fasweKo mpoyBunyTo (cm. [2], crp. 171 u manee; 
GL. erp. 208—212). Konxperupre 2%e MpOOe€Mbl MOMeHTOB OObINHO pe-— 
alorca Tax. CqutTawr, 4TO Ha 9emMeHTax {x,} B mpocrpaHcTBe X 3ayan 
bynxuuonan f , npuHuMatoui 3HaueHHe pq Ha 2I@MeHTE Xq UM KOTOPHIA 
€CTECTBCHHEIM 06pa3oM paciipocrpaHaerca Ha UX AMHeHYIO OOOMOUKY. 
TEM BBIACHAIOTCA YCIOBHA, MPH KOTOPbIX 9TOT (1pORO/2KEHHDIM) 
YHKUHOHA ABAACTCA AMHeHHBIM, TocTe “ero PYHKMMOHa KaKHM-HHOY Ab 
OOpasom pacnpocrpanaerca Ha BCe MPOCTPaHCTBO C COXPaHeHHeM HOPMB. 
T (PYHKWMOHaAT WM ABAAeTCA HCKOMBIM. 

~Yxa3saHHylo CXeMy He/Ib3d MPMMeHUTb K peurennio Tako 3ayauu: 
livn YCAOBMA, pH KOTOPbIX CyUeCcTByeT Takad eae saaaee Ha OTpesKe 


(0, 1] pynknus FO), YTO 


2 


) 
. 
a 


\fo t" dt =n, a a 


60, Kak nokasain M. T. Kpeftu u JI..[1. Muapman [4], HPOCTpaHcTBO 
pepErenesx gyuxunt C ([0, 1]) He ABAAeTCH COMPA KeHHEIM HM K Ka- 


PRE eae ea NS Cea oe ke ee ee ae 
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KOMY HOPMHpOBaHHOMy mpocrpancTrBy. OgHako nospuBiaaca B 1958 r. 
cratpa J]. B. Kanroposnya u I. LW. Py6unmrefina [5], rme crpourca mpo- 
CTPaHCTBO, CONPAXCHHEIM K KOTOPOMY ABAIAeTCA MpOCTpaHcTBO PyHKuMA, 
KOTOpHIe yROBeTBOpAIOT ycoBHio Jlummunnya C MaHHbIM NOKa3saTeJeM &@, | 
| [a€T. BOSMOXKHOCTh PEWIMTb BTY B3amauy ,MO YaCTAM“, a HMeHHO: Onpee- 
JMTb YCIOBUA, pH KOTOPHIX HafieTCH HeNpepbIBHad PYHKIMA C 3aaHHbIM 
MOAYJE€M HeIPepbIBHOCTH, yMOBJeTBOpAoMad ycuoBulo (1). 

2. Ham nonaqoOatca cnemyiomlMe pesyabtaTbl ctaTpu [5]: 

a) Ilyctb B—'cuctema Bcex OopeweBCKHX MOAMHOXKECTB HEKOTOPOTO | 
MeTpn4ueckoro KoMnaKta R u (8) —cCoBOKyNHOCTh BCeX BHOMHE adM- 
THBHBIX *byHKuu %, onpemerennHx Ha Bu takux, wo o(R)=0. B OD) (B) 
BBOAUTCA HOpMa caenyiouumM o6pasom. Ilo ¢@@,{8) crpoutca MHOxKe- 
cTBo W, HeEOTPHILaTeIbHbIX BNOJHE AMUTUBHEIX MO KaxKOMy apryMeHTy 
dyukunl v (ée, e’), onpeqentenuprx Ha BX B u yROBAeTBOPAIOIMX YCAOBMIO 


y(e, R)—Y¥(R, e) = (2), GB. 


Torgza, 10 OnpeemeHuio, 
Jol int [Sr (x, vy) o(de, de’), A 
veVoRR : $ 


re r(x, y)—paccrosuue Mex~y TOUKaMM xX HY. 
6) HasoBeM ,Mapoi“ yy PYHKIMIO Pry (€) = Gx (@) — %y (2), 3 
1, ecm xe, eo 


rye (A) = 
See Px (2) te ecin x Ge. 


Jlunetuble KOMOMHalMM Map OOpasyioT B ®,(B) Bciomy mm0THOe MHO- 

xecTBO. TouHee: nycTb ¢6€0,(8), e #0 u ¢>0. Komnaxt R mpegzcrapum 

N an 
B Bue KOHEYHOK cymmMp R= VU e, rae 


i=1 


e:Nes=A (i#/); diam e; < 7 (i, 9, ON) 


> A Le 


ol, —Bapuanusa dyuKuuu 7. H3 Kaxgoro e; BEGepeM mpousBOABHyW | 
N 
TOUKY x; M paccMoTpHM ynKunIo = D)¢ (e;) ox,. 
-f=l 
Torga |p — 9||<e. a 
B) ConpaxenHbiM K ©, (8) aBpasetca mpocTpaHcTBoO, Hs0MOpdHoe Mpo- jh 
erpanctBy Lip'(R) dyykunit u(x), onpenerennpix na R wv yqopzerBopaio- 
wax ycroBuio JIunmula, C HOpMOL 


= | u(x) —u(y)| 
lal Berens . r(x, y) : ; : aN 


(PyHKuuu, OTMMUAIONMeCA MOCTOAHHEIM cjaraeMBIM, OTOKLecTBAMIOTCA)." 
Kaxnpit yxkunonan L(g) Hwa (8) sanaerca cbopmysoi L(¢)= 


= J a(x) ¢ (de), re w(x) hynkuua us Lip'(R), coorserersyiomaa L (¢).’ 
R ‘ : 
r) Jj Toro, uro6n dyukuua VE, YROBACTBOPSaa yCOBUIO 
(r(x y)e(de, dey=lel, - (2) ) 
RR 5 lg 
HEOOXOAMMO MH AOCTATOYHO. YTOOK pH HeKOTOPpOH wELip!(R) c ja =1 


ycmoBue u(x)—u(y)=r(X, y) BoImomMaANOcb, ecu “y(e, e’) 40, KaKOBE | 
Obl HH Obl OKPeCTHOCTH e€, €’ TOUeK x, y. - 


ke ies er Berg Le ed Mater cea eset ap Se PME EA ENA. AS) Rake det UA IUyS es read a! 


~ Momentst HEMPepbIBHHIX PyHKUAH ‘ah 
) 


+. +2) Tlycts we , te ECR—nexoropoe tbukcupopanHoe MHOXKECTRO, eCTb 
“COBOKYHOCTE Tex EW,, aaa Koropuix b(E, E)=(R, R). Torna (PYHK- 


\} 13% 
uuu y @ W,, na KoTopprx mocturaetca inf r(x, y)b(de, de’), Taxxe 
ERR 


; vev 

YAOBNETBOPAIOT ycoBnto (2). : 

t ejwllan 9 €®,(B) scerga cymectayer vEW,, yqoBreTBopsiomad yc- 
See 


AOBuIO (2) u mpuTom taxaa, uto b(R, R)=—s~, rae ||, — Bapuanua — 


2 
@YHKIMU 9. 5 


3. B qampnelimem HaM noHamo6aTca TakKxKe NOHATHE O MOJYyuJie He-- 


Mpe€pbIBHOCTH WH OCHOBHbIe ero CBOLcTBa. 

| Onpegeaenn é ([6], crp. 106—111). Myct» na [0, 1] sazana byuk- 
aun f(x) wO<8<1. Oynxnusa , . 

. o (0) = sup f(x) —F() I} 


: x, ye[0, 1], |x—y1l<6 

Ha3bIBae€TCA MOJLYJICM HeEMpepbiBHocTH dyHKuuu f(x). 
CBohctBa mdyHKWUU (8): 
a) PyHKuNA (6) MOHOTOHHO BOspacraeT. 


6) Jina toro, uro6n dyuKuusa f(x) Opa na {0, 1] HenpeprrBHon, © 


HeEOOXOAHMO M ROCTaTOUHO, 4TOOHI lim (8) =0 
B) @(%8) < (A+ 1) (2), ({6], erp. 108). 
r) Ecnu 6< 8’, to Bee 
JleHcTBuTebHO, nycTb 6’ =)0, A> 1. Torga, no cBolicrBy »B", 


o@) (id) @ 21) 0 (%) w (8) 
7 =a SN G SO ee sates 


“HTO H TpeOoBaloch MOKasaTb. 

H) © (6; + &)< o(4,) + © (49). 

‘B caMom nese, nyctp |x —y|<6,+6,. Paszo6pem otTpesox [x, y] Ha 
ape “actu TOUKOH 2 TaK, uTO |x—z|<3,, |z—y|<6,. Ouepuano, To 


If (x)— f(y) IS F(*) —F (2) 1+ IF (2) —F (y) |< (8) + @ (82), 
OTKY a 
; sup {| f(x) —f(y) |} =o (6 + 8) < o(,) + ©), 


| x—y | <8,;4% 
4TO H TPeOOBaOCb WOKa3zaTb. i 

e) w (0) 0) pH 6>0. Ecan w (65) =0 IPH 6 > 0, To o (3) = Q. ; 
. JleficTBuTeibHO, ecan ©(6,)=0, TO ANd &< 6) MO CBOHCTBy ,a 
o(5)=0; ecau xe 8 >6, T.e. S=y, AD 1, TO (6) (A+ 1) © (8,) =0, 
4TO H TPeOOBa0Cb OKasaTb. : , 

4. Ilyctp (6) =O—MOgyb HEMPePbIBHOCTH HEKOTOPOH HEeIIPepbIB- 
Ho dbyukKuuu. Bygem cuutaTh »(0)=0, o(1)—1 (ecan (1) #1, pac- 
CMaTpHBaeM Sa} : 

Crolicrsa ,n“ u ,e* 1, 3 moKa3piBaioT, yO Ha oTpeske [0, 1] MoxHO 
BBeCTH MeTpUKy r(x, y)=o(|x—y|). O6pasyem npoctpanctBo Lip [o(6);0, 1], 
B KOTOpoe OTHECeM BCe HenpepbiBuLle dynKuuu f(x), xE [0, 1], yqoBae- 
TBOPAIOWMe YCOBUIO - 

|f (x) —f(W)|<Mo (|x—y)), x, yE[O, I, 
rae M—nexotopaa nocTosHHad guia ganHok dynKuwu Beruynna. Ilo 
onpezejeHnt, L— FOL 


IFO lap [(8); 0,1] — Ct eee w (| x — yl) 


2 


-MOX%KHO pacCMaTpuBaTb Kak (YHKUWIO MHOKECTBA, 3aqaHHyIO Ha BCeX 60- 


6o0peseBckoe MHOxmeCTBO. B ywacTHocTH, PyHKIAM fO=| 


una us ©’ (B). B azanbHettiuem PyHKUMIO U3 05) (B), COOTBETCTBY1I0- 


myo dyxkuuu f(x), 6ynem o6o03HayaTs f(é). 


u(t) a (e, e’) ymoBaeTBopsloT ycaoBuio nm. 2 yr“. 


Pn—AdHeiHad KOMONHaltHA lap. Ha ocHopanuu nn. 2 a“ dyHKnio 


but 


ES UL Paine oes 


f ss Maotty, es a 
Tlo mn. 2 ,B“ 3TO MpocrpaHcTBO H30MOP@HO NpOcTPaHCcTBY, COMPsA2%eCHHOM 
c ©} (B), rne B—cucrema 6operesckux MmHoxecTB komnaxta [U, 1], 


B KOTOPOM paccToaHHeM Mexay TouKamu x, yE@[0, 1] cauraetca (| x—y]). 
Jlio6yio dyHKumio0 orpanu4yeHHOM Bapvayun, sagaHHyio Ha [0, 1], 


pemeBckux MHoxecrBax B orpeska [0, 1], ecan c .wtatb, uo mpu e = [@, dD], 
fe)=flbt+)—fla—), re f(b+)= lim f(x), f(a—)= him f(x), 
x> > a— 

WM eCTECTBCHHBIM OOpa30M pacMpocTpaHHTh 3TO ONpesemenue Ha s1000e 
Vpn 0, O< £< me 

Lx <a 
comocTaBaeTca TaKuM OOpa30M *PyHKUHA ¢, (é). a 
IIpu Takom cooTBetcrBHH yHKWMH OrpaHwyeHHOH BapHalMu, 3afaH- 


HoH ua [0, 1] u Taxo, uro f(0) = f(1), comocraBaserca HeKOTOpad MYHK- | 
(6) ’ 


5. CocuuTaeM HOpMy (PYHKILAM 9 yy (e) € BP (B). DyHKUHA v(e, e’)= 
= x (e) %y (e’), Kak HETPyAHO MpoBepHTL, ipHHagnexuT Wo,,; (2, e’) + 0, 
KaKOBbI ObI HU ObIMM OKPecTHOCTH @, e’ TOUeK 4, f,, TOAbKO AA TORK 
(FASE OUF—*) E Lip [w (8); 0,1] a 


= 1. Kpome Toro, u(x) —u(y)=o(/x—y)—=r(x, y). Suauut, 


“ 


co, tf,—=y. PyuKuna u (7)— 
4 Thiptocay 


OTKY Ja BRITeKaeT BBI- 
nomHeHue paBeHcTBa (2), T. e. : 


ised t, — ty|) ox (de) vy (de’), 


| 
IPcy lge Op 
a 9TOT HHTerpal, OVeBUAHO, paBeH o(|x«—y|). 

Htak, ll exyll=o(|*x—y]). : 

6. Hopmy aaementa p(é), mtopoxazaemoro HenpepbiBHOH byukuneri 
OrpaHMyeHHOH Bapuauuu p(x), TakoH, ato p(0)=—p(l1)—0, B NpoctpaH- 
crpe ©) (B), MoxHO uCKaTD CTeAyIOUMM O6pasom: 

Paso6pem [0, 1] Ha 2 HenepeceKalollMxCA MPOMeKYTKOB 


j i—| i n—l1 : ; 
vega! ott Bg hae 
Ci i uae ae en ) 1, u 1; Vane, pee: Fe 


n 


CrpoumM 
ite) a SUBS ten oo (ae ee 
Pn(e) DuPn (ei)? (0) 2? (=) Lie Je.) 
Ho 1.2 36°; ; 
lPall> lel. . 


¢- EW, , c KoTOpol BEIMOHeHO PaBeHCTBO (2), MOxXHO HCKATh B KOHEHO- 
n n 
MePHOM IIpOCTpaHCTBe, a HMCHHO: B KauyecTBe MHO2xKecTBa E, ynOMuMHaB- 


t : 
meroca BM. 2 1“, BOSbMEM MHOXKECTBO TOUeK at? t=O, 1, 2,.., 0. we 
Pp 


: n 
oueBuAHO, He HycTo. M3 yenosun v(Z, E)=v(R, R) u cpBofictBa nozo- 


KUTeMbHOCTH (pyHKHM Y BbITeKaeT, 4TO b(e, e’)=0, ecan eME=All 


\ 


oy Pe, One 


oo 


: 5 oe o. (R) — ee Pe (RY (e) =p ie 
REN ar arlene oe i,j il fe 


a we i be 


te i i : ihe i 
inh NOJy4aeM, uTo. cl") AOJKHbI YROBAETBOPA’ 
\ ABE aly Reap 


as: ‘ Ring 
a Se yemosus: c(”) ie, i, j=l, 2,- 
aS Ye ae ne a | 


ae. at {fo (x90, ide de) ae 
Bi ina ok, se oo Ee 4 
= ink |\o(/x— yl) pas PM (de) ¢ : , (de) == inf cl") w : ies 
r ; Fine i, j= ay ya (F 


me HH@UMyM OepeTca m0 BCeM a Wits aaa yCAOBHAM ¢ 
OES TEN Se 8 Gee ata , | tas 


O603Ha4uHB yepes Bay me op Ha KOTOPHX ocTHraetca HHPUMYy 
: take 1 


lOY THM : 
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Yeaonus (4) ee i SCE 
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\ k=1 j=1 
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Se aaa lal= him v Yo (4). 
: is aoe st 
7 (2) 


te Cij NOAYHHAIOTCA YCIOBHAM 


¥ (ae — a) = p ae PSO E28, aaa, 
eae ‘ ; 
7, Tenepp ‘MBL MOKEM SCP TD On Ye OCHOBHOH pe3ybTaT sroit 
OOTHI. : Fe 

i Beeriux: ‘JlenuurpaneKoro yuupepcenteta Ne 19, 1961 r. 


BOT. Pabieun Ug Wee, 


Teopema. Jax mozo 4mo6u cyecmeosa.na nenpepuenan gynicue 
Ff (x) GLip [» (8); 0, 1] maxaxz, ume aN 

1 ri 
[Fp stds pm n= 0; 1, 2,: Ce ae 
20e {»,,|—OaHHaA NOCAEOOFAMEAbHOCMb beWeCMBEHHUX 4UCeN, HEOOXO- 
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4mO - 
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i= 1:9) cs, Wey JEP, ee 


20@ vp kp, 

Jloxasateapbcetso. Heo6xonumoctn. IIpopemeM OKasaTembCTBO 
cHauana JIA Cayyuas, Kora ©(¢)=6. TloKaxeM, 4TO ONepaTop, onpeye- 
AeCHHBIM Ha MHOKeCTBE BCeX NOJMHOMOB p(x) Takux, uTO p(0)—p(1)=0,5 
¢ TONOMOrveli paBHOMEPHOH CXOJMMOCTH, CONOCTABAAIONMA NOMMHOMY p (x) 


@y HKILMIO pte) Eo (8), 1BaaeTca HempepsiBHEIM. Tlyctb ses lp(x)|=M 
xe[0,1 ca 
Var p(x) =K. IIo aa Haugem N>O Taxkoe, 4TO KaK TOJbKO n>wN, 


Tak ceHuac 2#xKe a<R. Paces [0,1] Ha 2>N Heme pecekalomuxca 


1 il eae : | 
NpOM@X yTKOB a=(0, zp ej =( as ae ba De ee Es Moctpoum & 
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P(r) 


rge ||P, — HopMa nowMHOoMa p(x) B MpocTpaHcTBe HenpeppiBHEIX py Hk-f 
WH’ Cc ({0, 1}). 


Tak ae So; Ve 


TO H3 ape niuyieeo caeyer TaKKe, ITO 
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1 —1 
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= Pp, p_-1(*) — Pret pai) 


Rae endl 


YROBAETBOPAIOT TEM 2% PEKYPPCHTHEIM COOTHOMMeHHAM, UTO H UNCMa A” y, 
o n-k 6 5 
TO { F(x) de, ,_,(€)—=A" “y,. Tak Kak dbyxHkouonaa F Bp 9 (B), nopox- 


. Rosy . 
HeHHEA pyHKuneh f(x), AMHEeH, TO LOMKHO BBIMOAHATDCA HepaBeHCTBO 


IF (x, nn €)) | <IFI-] 9s, o-all> 
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Sey 

> Sig as Vp 
k=i 

4YTO H TpeOOBatOCbh LOKa3aTb. 


Tlepefinem Tenepb K cay4ato, Korga (7) BrimomHeno c f(x) ELip [w(); 
0,1], rae (8) 40 —a1060H Mogzyab HenpeppiBnoctu; F — dyHkiMoHal B 


oy” (B), mopox qe HHH yukunet f(x). Mo-mpexuemy F(¢9, 2 =a Vp 
j j 


<V Cr ATT vg |< FIA, 


j-1 
k 


=f 


O6o03Ha4HuM 1 = os Ch(x®)(1—x)”™. Torga Me Fae Ci Pe ake : 


k=i k=i 
j-1 isa S 
ah Cc Ane ea ae | |g (Xp, p14 (e)) | <|| F|- beae (e) | 2 
k=i ‘ 


OneHuM Xi jt (e)||. Pyukuua x, ,_,(*) He OTpumaTembHa Ha [Oj Tet 

By) 2%, 7-1. ©) =X, 7 1) = 9- Kpome Toro, erKO MpOBepHTs, 

uTO B (OTE j-1(%) WMeeT @HHCTBCHHYIO 9KCTPeMa/IbHy!IO TOUKY 
} pany = sage _j A 

(60 felt (2) = Cyd (r- x) One ay Oryza crn ee 

Uf F 
j-i = j-i yank 7 
VG, yO, 


HBIM KOPHEM MpOH3BOAHOK ABIACTCA TOUKA X= 


4% 


f 


Ts On ie a | ! 
. _ Ilyctp renepp (7) Bemmomneno c f(x) @Lip [2 0, Ihe) Chava 2a eee 
_ bynxuns f(x) mopoxgaer B )(B) JMHeHHEIM yHKnoHat. IIpu stom, - 


Vila week het Bey, 
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Se ee Tree 
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oT Son 
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Cre ROBATEIbHO, Vary, 5 ie baw, a 


- Torga 


Muo2kecTBo v- __, He 3aBHCHT OT MCTPUKH B [0, 1). “Bo3bMem Ty 
. 7d a <a 
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Pel. pee Ha KOTOPOH MOCTHraeTCA a 
ty. py 


inf {jie ade de’). 


%, Ee = lat ey bev~ 
hi, j- ral 
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laa Rie 4TOObI OMCHHTb BrOpon HHTerpa, BOCNOIb3YeMCA cBOACTBOM 


(n. 3, 
Me ({ FESP e— view, de) < 
eet a? lx— yiolea il | \ | 
(1) Aisa t= 4 . 
SE WIN CAe, deve a4) Dy, jr lb’ wy S Be | 


ah 


Oxonyarenpno, |X, js lee cg) | FI 30 ( —t ) 
oTKyma ae 


j-1 | 
Yictar ty SUF Is0(54), 


u ycoBHa (8) BEIMOMHAIOTCA C M =3\/Fi. ff 
JlocraTounocts. Jlycte BEINOAHCHBI YCLOBHA (8). Paccmorpum bynk- } 


wua puna f(x) = Yan! re cb Ha yHKuMAX FER? (BDF 


i=1 
n 


BayaquM dyHKunoHan F mdopmyaon F(f(a)=% ayyj. Stor byskunonan | 


3ajlaH Ha JHHEHHOM MHOKeCTBE AGO 5") (B),. ee WM OAHOPOAeH Ha 
HeM. JloKaxkeM, 4TO ycnoBua (8) OG6ecneynNBalOT ero HHeMHOCTD. 


aoe nloMMHOM p(x) crenenu m, aoe | uTOOEL Seer 3 
Rests eHOCTE Soo eres €MY TIOJMHOMOB Bepuuirefina: 


? n= By (p; = Sar Pie jxta— y= Nap Ps St, 
ae =p) 20. | : 


Kak BIePBHe 3ameTua JI. B. Kantoposuy 71, CTeMeHb Kax OPO. 


Bb hy 
‘9THX MOJIMHOMOB ae BEUNe mm. CeqoBaTesbHO F(pn) > F (p), u60° mpocr- He 
PaHCTBO TMOAMHOMOB CremleHH He BEI /—KOHEUHOMEPHO, a B KOHeYHO- 


_ ME€PHOM UpocTpanctBe 060% aqnuTuBHElit OANOpOAHM PyHKuMOHaA— 
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©). Nloayanw 
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102KeM mo Teopeme Xana-Banaxa pacipocrpaHuTb ero Ha BCe oo) (BY) 
© COxpaHeHHeM HOPMHI. Ilo Tl. 2 ,B° 9TOT PyHKWMOHaA saqaetca bopmy- | 


oft Fe) = [fe (de), rae f(x) €Lip [» (2);0, 1], a ¢—avo6as yan 
“Una u3 oe OF (B). : : 
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ffl xtdx=o,— gig + flxydx. 


Tloazo2xuM 


f (x) =f (x) +ro— | £() dx. i 


f (ELip [w (3); 0, 1], H6o B sTOM mpocTpaHcTBe f(x) He OTAHYAeTCA OT 
f(x). Ho serko mpoBpeputb, 4To 


1 
JF atde=rp k=O; toe 
T. €. PYHKUHA F(x) pewaerT Hally pane MOMEHTOB. 
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HCKOMY1I0 PyHKIUUIO, YTO OJHOBPEMEHHO MaeT APyroe BOKa3saTeAbCTBO O- 
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U inn-i 
fe ACae Hi) ba O pid 2 ea te Re ee 


JjoKaxKeM, 4TO 3TO MHO2XKECTBO KOMIAKTHO B IpOcTpaHcTBe C ([0,1]). 


a) Muoxectso {f,(x) C Lip [3°; 0, 1] u orpaHuyeHo B HeM NO HOpMe 
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4TO H TpeOoBan0Ccb WOKa3zaTb. 

Cre opaTerbHo, ynkuun {f,(x)} papuocreneHHo HenpepHIBHH. 
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‘Orciona caeayer (cm. [6], erp. 442—443), aro 
1 
\ f(x) x"dx=pm, m=0, 1, 2. 
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“Bameuanue. STO 2OKa3aTeBCTBO He UWPOXOANT Aa m1060TO MO- 
AYA HEMPePHIBHOCTH, TAK KaK IPH OKasaTeABCTBe OFPaHHYeHHOCTH T1O- 


. 4 
ceqOBaTebHOCTH {v,} MbI HMewH Ob He | %m,|< + De weet) a lynl< 


3 M (1 - 
<]y4| +e =], CXOAMMOCTh %Ke PAA B I1paBOH 4aCTA MbI rapaHTH- 


Bupaxaio ropsuyio 6arogzapHOCcTbh KaHAusaTy du3sHKO-MaTemMaTHye- 
cKHX HayK B. II. XaBuny 3a pyKOBOACTBO paOoTOH H pA WeHHHIX 3aMe- 
 yaHHi. EMy npwnagiexuT OCHOBHaA HAeA 2TOH CTaTbH — O BO3MO?KHOCTH | 
_ mpwmenenua pesyrptatop JI. B. Kanroposuya u IT. Ul. PyOunmitetina 
XK pelieHHio MpoOeMbI MOMEHTOB. 


Summary 


The following problem of moments is solved. 

Let {p,} be a sequence of real numbers, (8) be a modulus of con- 
tinuity of some continuous function; (1) 1; Lip[o(8); 0,1] be a class 4} 
of all continuous functions satisfying the condition: 


\ su IF) =—FO)L ee tact 


x yel0,ijxey 2 C—yIl) 
In order that the continuous function f(x) Lip [# (4); 0, 1] such that 
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[7 x"dx = pn, n=0, 1, 2,..., could exist it is necessary and suf- 
ficletit that the constant M should exist so that 
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by COA, < Mo ae ‘ 


k=l 


where 
% hp, 1, bao A Lf Sr Ti fang es a Oe i+2,...; th: k= 1, 2. oi < Bois 


pe mit O14 entif 


. space of. measures 


JIUTEPATYPA 


F ets s 4a fC) rif Momentprobleme fiir ein endliches Intervall. Math. Zs. eh 200 us 


_H. 4. Axue3ep n M. r. Kpetu. O HeKOTOPBIX Bompocax reopun ‘Mome 
- Xappxos, TOHTH, 1938. 

BY Ji.) Bi KanToposuy uo. TM. Axkuaos. ynxnnonaapuprit aHaau3 B sora 0 

HbIX NpoctpanctBax. M., Pusmatrus, 1959, 

. M. G. Crein, D, P. Milman. On extreme points of regulary convex sets. | 
Ow math.) 0; 133—138, 1940. 
5. JI. B. KaHtToposuy wi ‘Ll. Py6OuHWwmTeHH. O6 OHOM npoctpancrne 
_  AWMTHBHBIX PyHKUHH. Becruuk Jlenunrp. yH-Ta, Ne 7, 52—59, 1958. - 
5. .U, Tl. Hataucon. Koncrpyktupuaa Teopua dbyHKunit. M. —JI., Pocrexu3qar, 
f. dA. B. KanToposBu4. O CXORMMOCTH MOCHeENOBATeEADHOCTH MOAMHOMOB CHS B - 
a HiTeHHa 3a Wpelenmamu OCHOBHOTO: Ue See M3s. AH CCCP, cep. he -MaTeM 
a), AMS bata ead 


Peas 


1961 | BECTHHK JIEHHHIPAIICKOO YHHBEPCHTETA 19 | 


tO. T. PemetHak 


Ob H30MNEPHMETPHYECKOM CBOMCTBE BY MEPHbIX 
MHOTFOOBPA3HK KPHBH3HbI, HE BOJIbLUEM K 


A. JJ. Anexcanyzpospm [1], [2] BBeqeHO mOHATHe MeTpH4eCcKOrO Npo- 
CTpaHCTBa KpHBU3HbI, He Oonpmelh K. Cpeau mpowux CBOHCTB 3THX Mpo- 
CTPaHCTB MM YCTaHOBJeHO, B YaCTHOCTH, 4TO OHH OOJaaloT cieyIOulMM 
W30NE€PHMeTPHYeCKUM CBOHCTBOM: Ha BCAKHH 34MKHYTHIM KOHTYp AauHB J 
B IIPOCTPaHCTBe KPHBH3HBHI, He Oompueh K, MOKHO HATAHYTb MOBEPXHOCTh, 
WAoWatb KOTOPOH He MpeBocxO_UT MiOWatH Kpyra Cc NepHmeTpomM J Ha 
noBepxHoctu Sx MOCTOAHHOM KpPuBU3HEI, paBHoH K* (B cayuae K>O 


27 ss 
npequowaraeTca, 4TO 1< ar). AHasIMTHYeCKH 2TO CBOHCTBO BbIpaxkaeTcA 
HePaBeHCTBOM ; 

i? > 4no — Ko?, 


re ¢—n70Wlaqb NOBEPXHOCTH, OrpaHH4eHHOH KOHTYPOM JuHHbI L. 

[leb HacTosueH padoTb — OKa3saTb, 4TO pacCMaTPHBaeMOe CBOHCTBO 
MPOCTPaHCTB KPHBH3HH, He Oombmel AK, Ip H3BeCTHHIX YCIOBHAX ABJIACTCA 
XapaKTePHCTHUHBIM JIA 9THX MpocTpancTB. Mb orpaHHyHBaeMcA Cay4aeM, 
KOrla MPOCTpaHCTBO ABAACTCA DBYMEPHEIM MHOTOOOpa3sveM, MPHYeM MET- 
PHKa MHOrOOOpa3HA 3aqaeTCA U3OTEPMHYECKHM JIMHCHHEIM 3JIEMCHTOM 


ds* =)(u, v) (du? + dv’). 


J\oKa3ppaetca, 4TO ECM TakOe MHOTooGpa3sve O6aaqaeT H30NePpHMeTpH- 
4YeCKMM CBOMCTBOM, TO OHO ABJIACTCA MHOrOOOPa3HeM KPHBM3HEI, He OOVIb-- 
men K. 

Jloka3aTevIbCTBO HCMOb3yeT HEKOTOPylo JIEMMy OO OFrpaHH4YeHHOCTH 
AA TocMeOBaTebHOCTeH PyHKuUH A, (4, V) (§ 5), 3amalollHX METPHKH Orpa- 
HMYeHHOM KPHBH3HbI. OTa ACMM@, KaK HaM KaXKeTCA, HMe€e€T WH HCKOTOPHE 
CAMOCTOATCJIBHbIM HHTepec. 


§ 1. OcHoBuble OnpedenennaA H COPMyAHPOBKa pe3yAbTATOB 


Ilycth M—cBa3H0e€ OTKPbITOe MHOXKeCTBO Ha IVIOCKOCTH KOMIeK- 
CHOH TepeMeHHOH 2=«-+ ly. MyoxectBso M B janbHelimem (duKcupo- 
paHo. Ilon F nonumMaetca BCerga OrpaHH4eHHOe 3aMKHYTOe MHO2XKECTBO, 
comepxameeca BM. : 

Ilycrh 4(z)=A(x, y) —u3mMepuman no Bopew (rt. e. takaa, uTO Bce 


aeOeropbl mMHoxecTBa E{A(x, y)<a}— 6opeaesckue) HeOoTpHiaTenbHaAa 
@YHKUMA, ONpeweneHHan BM. ‘ 


* Sy—nockoctb Jlo6ayesckoro c KpuBusHo K upu K < 0, epkaugopa naAocKocTe 


aupH K=0 Hu nonychepa payuyca aim nupu K > 0. 
VK 
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O6aacrs Mc saqannolt B nei dbynKunelt 2 (. 
d mneH A(x, MBI OY GM Ha3blBaTb 
MHOrooOpasuem (M, i). : ae iM 


Ilyctp K {x(s), y(s), O<s <1} — nponsponpnas CIpAMIACMad KPH- 
Bai B OOnactu M (napamerp s—auna ayru). OynKnua A[x(s), y(s)] 
N€PEMCHHOW S M3MepHMa B CmpBICe Bopens (cm., Hampumep, [3] crp. 79— 
82). Tlogoxkum 


Ul 
(kK) = | ViTE@), yl as. 


0 ; 
Beawunna 4 (K) naspipaetca paunofi xpuBoli K B cMpicae auHelinoro 


“geMeHTa 
ds* = } (z) (dx? + dy’). 


Ilyctb E —npowspo1bHoe 6opeseBckoe MHOxeCTBO, CcomepxKaleeca 


Bp M. Wuterpaa 
¢ (LE) = in) h (z) dxdy 
ve 


, 


: 
“Ha3bipaeTca 0wlabIo- MHOxKecTBa E B cmpcae auMHefinoro 3eMeHTa 


ds? = i(z) (dx? + dy’). 

B faibHehmem Q(z, r) o3HauieT samKHyTH Kpyr {lz—z|<r}, 
Q(z, r)—oTkpytTHa Kpyr {|z—2|<r}, C(z, r) — oKpyxHoctTs 
{|2—2)|=r}. I[nuny oxpyxuHoctmn C(z), r) B CMbICAe AMHeHHOrO 97e- 

-MeHia ds? =) (z) (dx? + dy’) 6ymem oGo3HayaTh uepes 1 (2, 7). Tlomo2xuM 


 TakKKe 
: 3 (Zp, r) = 4, [Q (2, r)]. & 


Onpemeaeuue. TospopumM, uto muoroodpasue (M, A) o6ananaer 
| H30Ne€PHMeTPHYCCKHM CBOHCTBOM C TIOCTOAHHOHM K, eCaUu: 
1) X\(x, y) cymmMupyema Ha m1060mM FCM uw gaa mourn scex ZEM 
A(z) > 0; 
~2) gaia Bcakoro FCM cymectsyet ¢>O Takoe, uto mupa r<e 
u Z@F xpyr Q(z, r)C M u Bilnonnserca HepaBeHCTBO 


P(z, r) > 4xs (Z, r) — Ko’ (z, r). 


ByzemM ropoputb, 4TO MHOrooOpa3He (M, 4) ecTb MHOrooOpa3suve KpH- 
BU3HHI, He OOmbmeh K, ecam CyulecTByeT BNOTHE aMMTHBHaA @YHKIMA 
MHOxKecTBa o(F£), OnpewqeteHHad HW KOHeYHAA Ha BCeX OOPeeBCKHX MHO- 
2KECTBAX, SaMbIKAHHA KOTOPHIX KOMMAKTHBI H COMepxKaTCA B M, Taxaa, 
UTO BbINOJHAIOTCA CleMyIOWMe YCJIOBHA:. 

a) o(£) < Ks, (£) gaa mo6oro mHoxectsa E; 

6) Ha BCHKOM OFpaHHYCHHOM OTKpBITOM MHOxecTBe G, 3aMbIKaHHe 


KoToporo GC M, dyuxuna \(zZ) gomycKaeT mpemcraBrenue 


d(2) = exp F \\ jeer 0 4B) + ho(a)]. 


rye z @ G, unterpaa nmonumaetcsa B cmpIcae JleOera—Cruutbeca; LFA Fee 
(byHkuua, rapMonuueckan B OOwacTH G. | 

Onpenesum B (M, dA) MeTpuKy, MOmarad Dd MpOMSBOAbHEIX z,EM, 
z,EM 

(Ge) int 4 (2), 
F z,eL, z,6L : 

rie HWKHAA rpaHb 6epeTca 10 BCe€M AOMAHBIM L, comepxamumca BM 
HW COCAHHAIOULMM TOUKH 2, H Zp. : 2 
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_ W3 pesyantatos pa6or [4, 6] BbITeKaeT, 4TO ecau “MHoroo6pasue | 
(M, 4) ecTb MHOroo6pa3ve KPHBH3HEI, He Compuedi K B HaleM CMBIcae,. | 
TO OHO ABJACTCA, IPH yKa3aHHOM ONpeeeHHM PaCCTOAHHA, METPH4YECKHM — 
MPOCTpaHCTBOM KPHBH3HH, He Oompumeh K, B CMHCe oOnpeseneHHa 
A. Jl. Anexcanzposa. ; 

@MyHKunaA MHORecTBA wW(F) Ha3sHBaeTCA KPHBUSHOH _ muorooSpasnit 
(M, 4). | 

OCHOBHBIM pe3yIbTaTOM HacTosmeli paOoTh ABIAeTCA CAeyOUlaAa 
TeOpeMa. » 

Teopema 1. Ecau muxozoobpa3zue (M, h) 06zadaem uz0nepumempu- 
4ECKUM CeOUCMb6OM C NOcmMOAHHOK K, mo OHO ABAAEMCA MHO2OOOpAsueM 
KPUsusHbl, He Consume K., 


§ 2. Cayyah peryaapHoctn h (2) 


Paccmorpum cHayana cayuali, Korga \(Z) MMeeT HeIIpepbIBHHIe mpo- 
M3BOMHBIC MePBOTO H BTOPOrO MOpAAKa MO OOe€HM MepeMeHHEIM X HY, 
npHyem A(z)>0O mpu Bcex z. PynKuna A(z) B STOM Cay4ae ONpezeaneT 
B (M, }) pumaHoBy eae 


POA (2) (dx +dy2). 


ByemM roBopuTp, 4TO ob \) pumMaHosBo, ecau A(Z) yOBAeTBOpAeT nepe-- 
UMCJICHHBIM YCJIOBHAM. 
Jiemma 1. Ecau (M, }) — pumanoso mHxozo0bpa3ue, mo ONA KaAHCOOt. 
mOoukKUu cyumecmeyem npeden 
tii I2(z, ae a (z, iy 23 


P86 o2 (z, r) ; cele (27; 


20e K (z)— zayccoea Kpusu3na mxnozoobpasua (M, \) 6 mouke z. 
Joka3aTeabctTsBo. HanoMHuM mpexyze BCeroO H3BeECTHOE BEIPake- 
Hve rayCCOBOH KpHBH3HbI 4Yepe3s PyHKUU!IO A (2): 


K() = — x [ln xx + (nd (2))yyl. 


®ukcupyeM NpOu3sBOIbHO TOUKY Z,6M u BBezeM NOAAPHbIe KOOPAH- | 
HaTbI (7, ~) C Ha4yaOM B TOUKe Zo. IlpHHuMad BO BHHMaHHe uddepeH- 
WupyemocTb A(z), no1y4uHM 
\ 


Vi (2) + re’?) = Vi (Zp) oh r [cos 9 oy Tey) + sing aa) | = 


\ 


+ ae | cos? 9 —, a sea CXED + 2cos¢sin¢ VLG. ms +sin’? 9 e ee + r’e(r, 9), 


rye e(r, ¢) > 0 npn r>0O. 
Hurerpupys no ¢ ot O go 2m, 6ynem umMeTb 


2x . 
er) \vi (2) + re!?) rdp = Qur Vr (z,) + + PAV d (2) + ree (r), © 
F 3 
rae 
aa tae e,(r)>0O npn r>0. 
AnvaJlOrHYHHIM 06pa30M Pe 


a (Z, r) = m9) (zy) + * AR (29) + re, (r), e,(r) +9 
npu r— 0. 


do, Ars on = = str [2 VG) cor Vv a ea aN] + be 
‘ aa ie, ()= = Sekt A Ko) A ih * (20) + rte,(r), 


a 


eps ee npa r—>0. 
Orcioa 
1 ve . , 12(2, 7) — 4x0 (Zp, 7) 

Be ae ar In Cz) = — K (29), 
| 4TO H TpeGoBaaocy OKasaTb. dite”: 
i ; 


Nay JlokaabHan orpanuuenHocts yHkunn A(z) 


_Jiemma 2, Ecau MHoz006pazue (M, 4) o6nadaem usonepumempu 
cKUM Cé0licmMbOM C NOcmOAHKHOK K, mo Ors b6cAakoz~o FCM Oe 
| hocmosHHan L(F)< oc, maxaaz, 4mo AA2) <L (F) ae nowmu 
ae 

JlokasaTeapcrso. Tlo ycaoButo F xomuaktuo 4, 3HauHT, 
. ‘AeTcA d>0O tTaxkoe, uTO KaxkNaa TOUKa ZE@F yaanena oT Chee M Ha 


“paccrosune, Gouputee d, Ipuyem B cayuae KES Oe (2; rie 7 
(z@Fu r<d. 

| BosbMeM Hpou3BO1bHO To¥Ky 2,6F. Ton0xuM naa “upocro A 

| 1(Z, r)=L(r), 2 (Z, r)==<(r). Beezem MOMAPHbIe KOOPAMHATH (7, 9 
_¢ HauaOM B TOUKe 2. imeem B cuay He paBeHcTBa ByHaKOBCKOrO. e 


= r 


8 a A(z 4+ rei?) de rdr, 
o(r) | J i 0 ? : 


2 


: 4 ; Qn ‘ : Qn / ¢ Qn 
ae — iJ V X(Z + re'*) ae as j) h (2) + rei?) rde je 
1 é 2 Ry 


‘lipapan uactb nepaBencrsa (3,2), Kak OYeCBHAHO, paBHa bara (r), on 
na OCHOBaHHM MSOMePUMeTPHYECKOFO HEpaBeHCTBA SaK/IO¥aeM — 


Onre’ (r) > [4z — Ka(r)} o(r). ae 


[pss yacTb WOCeqHerO HepaBeHCTBa HeoTpuaTetbHa. [IpH K<0, 
| 970 oveBugHO, npn K >0 a ae TeM, 4TO_ ee 


+ 
t i 
: o(r)< ae 
» cuay BplOopa d (mpeqnoaaraerca, uTO r<d). Orciofa 
a i 4x0’ (r) 
He Oe, St) Ke 
Ms rerpapys no r B mpemenax or r go R, naay ane 
R 
i 3 Sy Andes (r) 
13 \ 5) an— Kary) ~ >2iny 
if \r i i 
.. ) 
ATR Toi x 
\ (eae Key In An — Kx TG, on 


y a Sarr, 
fi petted (Pees ase 


«FO. TS Pearse oN. ae eee 


oTKy za 


R 
fe Anda (Ss Sa nee 
o(r)[4n—Ko(r)] ~~ 4x— Ko(R)- 4xn— Ka(r) ~ 


Tr 


Ha ocHopanuu (3,4) 
9 (k) o(r) 
In ee KR Ae Keml 7” 
HM, HaKOHeL, 
3 (R) psy 9 (r) 
Ri [4n—Ko(R)] ~ 7? [4x — Ka (r)] 
Mul noOjyuaeM, TaKHM OOpa30M, 4TO PYHKIIMA 
a (r) 
r2 [4x — Ka (r)] 
MOHOTOHHAA MH HeyObIBalollad B mpomMexyrKe (0, a]. 
Ilyctb Fg — COBOKYNHOCTb BCex TOYeK Z, PaCCTOAHHe KOTOPHIX 0 
mHoxectBa F He mpespocxogut d. Muomxecrspo Fg KOMNaKTHO H COsep- 


wutca BM penenctBue T ro, uTO Kaxwkgaa TOUKa ZE@F oTcTouT OT rpa- | 
Huub M Ha paccTosuue, 6ompmee Ad. CremqoBaTesbHO 


= {fae dxdy <9. 
Fa 


aa mo6oro r€(0, d|, oueBHAHO, HMeeM 


a(r) ns: ts 6d) 
7? [4m — Ko(r)] ~ a [4n— Ko(d)] * 


B cayuae K>0 ae a mpH r<d, 3Hauut, B CHAy HeNpepHBHOCTH 
s(r), u o(d)< oF . Orcioga nomyuaem, uto mpx K>0 
o(r) e 1 
r2 [4x — Ko(r)] |S Ka® 
ana O<r<d, = I 
B cayuae K<0O, ouepusHo, Des Ly pscewencTBHe Toro, 4TO Kpyr | 
Q(z, d)C Fy, u snauut npu K < 
g(r) Lo 


72 [4x —Ka(r)] ~ 4nd? * 


Tlon02«uM h=pe mpu K >0, ee npuo K<90 
B cHAy MOHOTOHHOCTH dyHKUHH 
3 (r) 
r2 [4x — Ko (r)} 
cymjecTByeT mpeyzea 
fim 2a ee 
0 r2 [4x — Ko Ke(r)]) er ‘4xr3 


H3 o6umx cBoficts unTerpavia JieGera BHITeKaeT, 4TO WIA HOUTH BCeX Zs 


“lim 2 = 2%) 


“MM, CACMOBATeABHO, 
A(z) <4L, 
Wd MOUTH BCEX Z, 4TO H TPeOoBarOCh AOKa3zaTb. 


os 


MEP Ac to NY. efor ieee oe ‘ fies ak Se! 
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/ 
tl 


§ 4. [puOamsxenve puManosbimMu MeTpukamu 


Tlyctb My—copokynuoeth Bcex ToUeK MHOxecTBa M, paccrosune 
KOTOPHX MO rpanuunt M Ooupme A, roe h >O. MuoxectBo My, ouesny- 
HO, OTKPBITOe. 

Ilycrh %,(t) — bynKnua KommieKcuort Te@peMeHHOK t=o- ip, yo- 
oe eae CCAYIONIUM YCOBUAM: 

y(t) >O npn |t|< A uw a, (t)=0 npn |t|>A; 

0) dyHkuna ay (t) HeMpepLiBHa HU MMeeT HenpepHIBHHe MpousBOAHHe 

BC€X NOPAAKOB 10 KaxKAOH W3 NepeMeHHEIX ¢ H 0; , 


B) Shen (t) dodp = 1 (T—nanockocrTs KomMnaeKcHO TepemMeHHot 7). 
s ty 


Tia Bcakok @ynKiunn f(z), 3ananvoli BM, moxno onpexemutb nHTerpat 


J Fe + Dan (@) dade = If (=) on (c—z) dodo, 


KOTOPHIi OyeM OG6o3HauaTb uepes [f(Z)], uan, B Cayuae, Korma 9TO HE 


MOKET NOBICUD K HEMOPasyMeHUuAM, Yepes f_(Z). PyuKuna fy(Z) ompe- 


menena Wa Z@ My uw oOnanaer caezyroumMmu cBoficrBamu [5]: 

1) fy (2) HenpeprBHa B My, u umeet B My, nenpepHBHHe mpousBor- 
HBIe BCeEX NOPAAKOB HO KaxK OH W3 M€PeCMeHHBIX X UY; 

2) ecru f(Z) cyMMupyema co cTreneHbio p> 1 Ha m1060mM FCM, to 
fn (Z) > f(z) B Lp wa Bcaxom F, T. e. 


lim {| |fn (2) — f (2) Pdxdy = 0. 
: | 


Byfem Ha3bipaTh fp,(Z) co6omepckum ycpequeHuem dbyuKuun f(z). 

Jlemma 3. Ecau mxozoo6pasue (M, \) 062adaem usonepumempute- 
CKUM ceolicmeom c nocmoxHHou K, mo coOonrescKoe ycpednenue hp (z) 
PynAKyUu (Zz) yOosrzemsopxem nHepasencmey 

1 — pln 
2p @* hele) eras [An (Z)]? > 

Jloxa3sateapcrso. Ilycthb 2@ My, u nyctb r >0 tTaKkoso, TO Kpyr 

Q(z, r+h) CM. Iipu |t|< A xpyr Q(z+1, r) CQ(z, r+A), u, 3Ha- 


WHT, KakKaa M3 BenuunH /{z+%, 7) u o(r, 2+7) HMeeT CMBICA pH 


\t|< 4.-Vimeem: 
4ns(r, 2+%)— Ko’ (r, 2+) < [L(r, z+)’, (4,1) 
O6e uacTtH aHHOrO HepaBeHCTBa YMHO%KUM Ha @,(t) M WpoMHTerpH- 
pyem no xpyry {|t|/<A}. Tlockonpxy e,(t) =O mpu |t| >A, MoxHO 
CUHTATh OGMACTbIO WHTErPHPOBaHHA B NOMYYeHHOM HHTerpase BCIO M0- 
cKocTb 7 KOMMVIeKCHOH nepeMeHHOM t, AOOMPe CMB MPpOH3BOJIbHbIM OOpa- 


30M dbyukuun, cTosmmue B (4,1) aia TeX 3HAYeHHH Tt, WIA KOTOPHIX OHH 


He uMerIOoT cmbBICMa. Tlomyuum 
4x {{o (r, 2+) ay (t) dodo — K\\o (r, 2+ %)%p(t)dtdp < 
q T ‘ 
<ff (le, 2+) an(e)dede (4,2) 
ap 
Mimeem: a 
U(r, z+) = [Viletet+ re¥)rdg, 
0 


Qn Ir 


Br, z+ )= 5 j Vi(ez+r trem h(z + 2+ re™) rede.dey 


£64 


HM, HAKOHeH, 


J P(r, z+) a; (x) dade at 


Qn Qn : | | iF 
=) if [iV MER a) ) 2 1s ore) daa Pdedgs. (4,3) 
0 


BuyTpeHHu uHTerpad B mpaBoh uacTu (4,3) OleHHM HOCPeACTBOM 


HepaBeHcTBa Bynuakoscxoro. Tloayaum ‘ 


i) Vid (24+ re) (zt + re) ap (x) dsdp < 


<y'J) h(z +t rel*) ap (2) dodp J) h(z-+7-+ re?) ap (t) dodp = 
= = Viger EEE),  «@, ‘ 


Orca 
Qn 2a 
a J P(r, z+) an ()dodp < | | Vix (@ Fre) iy (@ + re*) rde,de, = 


00 


! 


~|fVne rr ra] Ae, 2, a 


wrae Ly (r, 2) — nama okpyxHocTH C(z, r) B CMBICae MeTPHKH 


4 | hp (2) (dx? + dy’). 
anee, 


Set, z+)an() dode = {f if Fre + htels tdtde} (2) dadp = 
2n 


Rit if ) A(z ++ te!?) ap (t) dade) tdtde = 


r Qn ; 
= | Jay (z+ te#) tdtde = o4(r, 2), (4,6) 
0 0 


‘THe o,(r, 2)—naomanp Kpyra Q(z, r) B_ MmetpuKe A,(Z) (dx? + dy?) 
Tlogcrapaaa (4,5) u (4,6) B (4,2), no1yuuM | 


L(t, 2) > Ano, (1, 2) —K ee z +t) ay (+) dod. 


Orcioa 
I? (r, 2) —4nop, (r, 2) ats 3; 
oo rene. ad } 
SERS > oe ZIV z+) an (2) dede. (4,7) 
YerpemuM rf K nyaio. Torfa, Ha OCHOBAHHH weMMBI 1, meBan 4aCTE 
oMepaBeucrsa (4,7) umMeer ans, BeMUUHY mf 
= Aw fin An (2); 


Haiinem npefea mpasok yacru. Mmeem 
\\ en mo ap (t) dodp , 


ner 


ff o2(r, 2 + 2) an (t) dode 
P 


iit ee aes 
r-0 ay (7,-2) r-+0 ay (r, z) 


nrh \ 


her, i. oR). 
 22y4 


ae 2 ac eats) 


orpannueno, Jleicrsureabno, 3aMKHYTHIA Kpyr Q(z,r +A) CM. Ha ocHo 
paHwu semmMpl 2 A(z)<Ly npu noun scex z2z€Q(z, r+), rare Ly 
tocToaHHas. ae Q(z++%, r) C Q(z, A+r) upx |c|<CA, u, 3HauHT, — 


err, 2+ = & (6) oe) <1? 
es Q (2+, 7) . 


PE rctpain fleoera, BLITeKaeT, 4TO 


tinh , j VE ae) (x) dodo = f f R (z +4) a, (t) dodp = [02 (z)]p. a 9) y 
n eats Be 


r>0 


, Conocrasana (4,8) « (4, 9), nares, uTO 1paBaH WacTb HepaBeHc a 
cc 7) mpu r—O cTpemuTca K BeAMUMHe . 
} ae a 


} / ; 5) 


an i, (2) 


Nek 


Wy CHEMOBATE EHO, wepanencrno (4, 7) npu r> 0 NepexOAUT B caeayroine 


A Inky (2) > — KAO | 
achat a % 


Dip (2) “Gi 


_uro HW Tpe6oBaroch AOKa3aTb. 


§ 5. Hekotoppie npeanoxenus O PyHKWHAK 
ates orpaHHyeHHon KPHBH3HOH 


Tycrs h(z) > O — byukuua, onpeweneHHant B Kpyre Q(z, ae Ha m0- 
| “KOCTH KOMIIMeKCHOM nepeMeHHOH Z—x-+iy uw UMelOllaA HEMPePHIBHBIe 
‘IIPOH3BOAHEIe BTOPOrO NopAKa. nna MHO2KECTBA . 


0(E) =0(E; N= — Vfafinx@| dxdy 


“naspipaerca KPUBUSHUti ynkuun A(z) 
1 Jlemma 4. [Tycmp 6 xpyze Q, = Q(Z, r) 3adaKe Isaxcdwu nenpepoe- 
HO Oudpepenyupyemne Hynkyuu set RE) art Nghe) ois bANeD > 0, 


Pn (— (2) Pdxdy >0, 


‘20¢ p oe a ho (Z) — GynKyua, nosowumenbHax nowmu eciooy 6 Qe 
TMpeonondseu “mo cyujecmeyem nocmonHHaAr A, < co, makasa, 41mo 


| ot (Qi); A WA; 
i) np eceXx Nt, 2de wt (E, & n) — 8€pXHAA Mik isc PYAKYUU w(E, ie 


eS) Becriux JleHuHrpamcKoro yuuBepcuteta Ne 19, 1961 r. 


de Te Pewernak 


To2zda OAA BcAKO20 PEE t+0 waiidemca nocmosuxan 1 A<@, 


maka, 4mo 
o~ [Q (Zo, 4); An] <A 
Gan bcex n, 20e w (E, hy) — HUDCHAA sapuayun PyHKyuu ce hn). 
JLoxa3aTeabcTBo. Iycth Cy— okpyxuocth {|2—Z|= 4}, Qa 
Kpyr Q(Z, ¢). Ilonox*xum 


In (t) = {Vv in (a + be \tde, 
t. ey. 
Sn (t) = | J hn (Zo + pe) pdede. 
pa) 


Vimeem: 


j Ly (t) a =| [Vine rer (2) + pe'*) pdpde < 
t 


SO? 
<V J } dn (20 + pel?) pdede i | ededp=VaS,Q)(77—#). (5,1) f 
. M3 yceOBHH JIGMMBI BbITeKaeT, 4TO 


{f Dn (ePdxdy <A, <o, 
Q: 


rae A,— nocToAaHHad mpu Bcex ”#. OTciofza, Ha OCHOBaHUH HepaBeHCTBa 
Péapmepa, HETPYAHO 3aKJIOUNTb, YTO MPH BCeX 7 


JJ bn (z) dxdy << A;=const< ow. 


CareopatebHo, mpH pcex 72 u t 
Sn (QS 
Ha ocnospanun (5, 1) 


{ In (0) dt <V 8A, G7 —#). (5,2) 


Ilpeqno10xHM, BONPeKH JOKa3bIBAeMOMY, TO DIA HEKOTOPOTO 
Se ES 
sup oF (Q, )= ox, 


He yMeHbitas anion MOXKHO C4HTATH, YTO © (Q., Ay) mpH 
Nl ©O CTPEMNTCA K oo. =e 

Kpome’ TOrO, MOMKHO CUuMTaTb, 4TO *yHKunn + (£, Ay) pu n> co 
c1a60 CXOJATCA K HeKOTOpON bynknun MHOKECTBA ©) (£). 3amenan mO- 
CACNOBATEIbHOCTH Ay(Z) HadexaluuM O6pa30mM BHIOpaHHOH nomnocaeno- |. 
BaTebHOCTBIO, BCeTAa MOXKHO NOOMTHCH OCYUIECTBICHHA KaxKTOrO U3. 9THX F 
yCOBuit. re | 

Tlyctb @ TaKoBo, uTo fy<a<r. H3 nHepapencrsa (5,2) BpireKaeT, 
YTO WIA KaxDOTO n aa On, TAKOe, 1TO A a,< ru 


In (On) << Vea (=) = V 2A, 2 = A, (5,3) 
OxpyxHocTb Ca, sas AA MpOcTorst yepes C, Kpyr Q.- — yepes 
Q, Aas Haag m wuMeem mpu ZEQ,. 


dn date ) J Gn (2, 9) © (AE, An) + I te (5,4) 


* 
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rae Gy (z, ©) — hyukuua Vpuna sanauu Jlupuxae nasa ypapHenua Jlanmaca 


-B Kpyre Qy; h,(Z) — dynknusa, rapMonuyeckad B QO. x . 
Muterpaa B mpapoi uactu (5,4) mpeacraBaaet cool yHKHMIO, 
OOpamya omty10ca B HY/Jb Ha OKpyxKHOCTH Cy, U, 3HaUuT, Ipu ZEC, 


: Xn (Z) = exp hy (Z). 
OyuKkyga exp {x tn (@)} ABAAeTCA CyOrapMOHuMNeCKOH B Kpyre Qn 4 


» 


: oe 
CAeROBATeIbHO, AVIA 3HAYCHHA Z, MexaulMx BHYyTpU Q,, peo: ag 
1 Vv ; 5x} ae 
exp {afin (2)} < ttn (2), (5,5) fe 
Piette 
THe Uy (Z)— rapMonuueckaa dbyHkuuA, coBnafaiomaa c exp las hin (2)} Ha ue 
‘OKpyKHocTH Cy. YcraHOBHM OWeHKY ja PyHkuun w, (2), cnpaBewMByIO ne 
\ zt (a he 
‘B kpyre Q,. Tem campim 6yaeT ycraHoBaeHa OleHKa Avia exp on hn (2) : “a ‘i 
Tipu Z@Cy, up(Z)=V Ay (Z) uw B cuny BEIOOpa a, cormacHo (5,3) mody- i 
UHM ; errs 
113 hes :, vers alls 
Un (Zp + ane’?) Onde < Ay, Wade ag 
0 | aaa 
Bae (i 
Hio d@opmyae Tlyaccona umeem eee 
q Qn y i 
i ] s a p2 
IP tn (2p + pet) — oe | tin (2a + ane) Fay 
2 2 
ha § Ce 2anp cos (Y Soya p 
1 2 ies 
2 iy %n + P Int P Me 3's. 
S ia Un (Zp + ne sme And) S Ay ay * Rane 
0 
| Orciona B YacTHOCTH pH pt, nozyuuM 
é 2Ag, 
uP ——_—__—— = A, 
Un (Zo ai pe ) < Qxty (a — to) As, \ 


H, CA€MOBATeAbHO, Ha OCHOBaHHN (5,5) | es Hs 
. 1 
exp Ler ee (@)| <A; mp zEQ,. (5,6) 


: PaccTosHue Mex Ay OKpyxHOcTaMu Cy, u C;, paBHo a, —t>a—t)>0, 
| OTKYZa caenzyeT, uTO cylmecTByer mocrosaHHad 7 >O Takax, 4TO TpH 


2€Q,, CEQ, 


G,(z, 0) > xy 
mpu scex #. 3HauutT, pu ZzEQ, 


Al Gy (Z, SC) or (dEy An) > ety Gn lz, oz (dEy a) > 197 (Q, dn), ee . 
Beret” 40 i : 


| orkyaa nosyyaem, 4To mpu Bcex 7 Ana ZEQ, 
Ap (2) = exp ia \) Gn (z, Sot (dEy hy) — 
@, : 


— = {Joe De enol 


< Agexp {— yor (Q,, Xn)} de (2), (5,7) 


5 


- Muoxuterb pu Ae (Z) B nee yacTH (5 8) leas eg K HYJ1O T1pH 


 mocTynaem clexyIouluM oOpa3om. 


Tlonoxum Q! = Q(z, 4), Q’= Qo, 2h).. Hyctp 26@Q: Toraa npa 


ay ser (5,9) npexcraBaaer co6oli byHKimo, He UPeBOCXOMALLY 10 B EpYES ( 


Hatizem h>0O taxoe, 4TO 3aMKHYTBIA Kpyr 


‘Ha OCHOBAHHM V3BeCTHEIX CBOMCTB cnado Cxo_MMOCTH pyHkuni MHO- 


rae h,(z, 6) —rapmonnuyueckaa cae Mpa z€Q" 1tEQ yniauiae 


roe iia is an oo ae 
“in (2) =exp fe Gnle, OPC a 


nm->oo, Tak Kak, CormacHoO AONyueHuIo, ©; (Q,, Ay) > 9° UpH 1 > co, 
STO MO3BOAKeT MpeANOMOKUTS, YTO HaMe nonyuyenue HaXOJHTCA B Ipo- | 
THBOpeYHH C TEM, 4TO, COrmacHO ycuoBHio A, (Z), CxOAMTCA K PYHKOMM 
Ao(Z), OTAHYHOH OT HYAA MOUTH BCIONy. last 3aBeplleHHA qOKasaTeAbCTBa , 


4 


Ilyctb 2; — MpOu3BOIbHaAd TOYKA Kpyra Q,; TaKasa, TO 


9 ({21} 


Q(z, 2h) Cc Q. H Mp [Q (z:, 2h) < ae 


2KECTBA 
Tim wt [Q(Z, 24), al < © (Q(z, 2h)I, 


aoc 


HM, 3Ha4HT, HalimeTCA My TakOe, UTO MPH 1 > Ny 
a1 (2,. 28), dap 


n> Ng OyeM HMeTb 


Ma mere J) Ge {z, )wt (dE;, a} = 


—=exp|[— oo J G, (z; 0) @* (dE, hp) + 
gue i 


Affe (z, C)ot ie Kn) - (5,9) 


Tipxy z@Q’ u CEQ’ pasnocrs |z—“fl >A, u, 3nauut, G,(z, S)< 11, rae 
Y, <0 —locTOsHHad. OTcloqa sCHO, "TO NepBbiii HHTerpal 8B mpaBom if 


Q’ HeKoTOpyio moctroaHHy10 A, = tah OyuHKnHA 
G,(2z, 0) = In Hin (2, 9, 


ma 
ba 
mal 


hy (2, 9) mo aOcomwrnok BerMyuHe He IpeBOCXOAHT HeEKOTOPOM MOCTOAH- 
HOR. ITO Meer oOpasom BBITeKaeT M3 CAeMywmerd” BEIPAKeHHA | 
aad Ay (Zz, 6) | 


deg Bap) 


eT) 


He (2, 6) = In| 
M3 ckasaHHoro caeszyer, uTo mpu ce 


ha (2) As Coes \Jm- fo ee a eG aE Mp 


rae A, — nocroaunaa. 


1arax, uTO Bo No, “‘nvrerpaa 


Ip (Q)= \\ PS (2)? day. 
a a 
I Tloaoagt, ong = 0+ (K", hy). By gem umetp 


AWS oa (lal bh HEY 


Aj \\ exp a \\ in| 


ot (dEx, Mn) 


& 


Ja OCHOBaHHH H3BeCTHOrO HHTerpa.tbHOTO HPaBeHCTBa 0 cpeauem reomet 
“pueckow H CpeqeM ha eee | 


| : : ; ] 
ie | K’ 
f : 


| u, asnaunr, 
- Po, 


- ; t . “ ’ a 1 = | | | 
: nay a | | 
‘ I) ae ‘ ? oY 


=A 5 Ne 


dxdy{ ie y\ob 


Q" 


HYTPeHHMH WRTerpad 3yecb He HPeBOCXOAMT HeKoTopol HOCTOAHHOH | 
“vaK Kax 1300) yeronmio #2 *# <1. Orciwoga caeayer, 4ro 


. Ty (QYS SATAS. is 
3 — HepapeucTBa (5,10) Ha ocHosanunt (5,7) BbITeKaeT, 4TO | 
Sf Pa 1? dxdy <A, exp { —7; (Q,, %n)| > 0 


ta 


Wo #-> © (A,—noctosuHaa). Orciona, O4eBHZHO, BBITeKaeT, 4TO 
Ao (Z) =O ana nourn Bcex 2€Q”’. Takum oOpa3oM, MBI NoyuaeM, UT 
| he (2) oOpaijaercA B HYJb Ha HEKOTOPOM MHOXECTBE MOOKUTEABHOK 
Meph. SOTO mpoTuBopeynT TOMY, 4TO TIO ycuoBHIO A(z) >0 ana HOUT [ 
gcex Z. Ilonyyennoe npoTuBopeyne AOKa3bIBaeT JIeEMMY. ‘ 
_ Jlemma 5. ITyems »,(E), #2 (E),..., n(E), ...— nose addumus- 
e pynkyuu MHoNcecmsa, onpedeneHHvie Ha oepanniennon NAOCKOM 
mHoncecmse M, caavo cxoOmmUeca npu n> co K HeKomOopou Ayana 
ipPo (©) uw nycmo 


anc [pe 


| Toeda 1 npu to tn (2) -> th (2) eL, (mM) 
O28 Aiob0z0 p>}. A 
 Woxasareapncrso. llorzoxum 


(in =),= min {In ae ine , 


- #*\B HepaccMOTPeHHOM 3hech ciyyae w, 0 TpeOyemMble OWEHKH TPHBHAaAbHbI. 


on (GE), =e OT! Oe os on 
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orae A> 0, 
OuesBuyHo, 
Bi 
int — =0 mpy «<A. 
Ecau 
He ete =z |e @E), 
TO TYCTb : 


Oe= Sf lintel], cee 


. 1 be 
®Myukuna {4(z)}, HeNpepbIBHa, BBUAY HeMpepbIBHOCTH jin Sale KH Mpa 


n-> co bynKnuu {up (Z)}n — {uo (Z)}_ papHOMepHo B M, kak BBITeKaeT 43_ 
M3BeCTHBIX CBOHCTB ClaO0H CXOAMMOCTH. a 
Ouenum Hopmy B L,(M) pasnocTu ~ 


rn (@)=u (2) — (u@|n= [ff ta | -*,| 0 (aE. 


Tlyctbh 9(Z)—npoussoibHad QYHKIMA, MpHHagexKaulad MmpocTpaHcTBy 
Lg(M), 9= 5 > KoTOpoe conpaxeHo c Ll,(M), takat, 4To HOpMa 


lelg pyukuuu ¢(z) B Lg(M) pasna equnune. 
Kak W3BeCcTHO, 


rn (2) p= sup j | 9 (2) rp (z) dxdy, 


re BepXHAA rpaHb Oepetca mo BCeM eELg (M), taxum, ato |ely—T. 
VMmeem: 


\\e (z) rn (z) Bp ne Ay (Z) {I In*| 5 
M 
Meusax mo TeopemMe Py6uHu TOpanOK Hyena tet: HOA TM 
J) #(=)r2 (2) dxdy— Mi) nt ee 
— { in* 
i 


BuyTpeHHH uMHTerpan B mpaBoh actu mocaenHero _ HepaBeHCTBa 
_OWeCHHM TOCpeACTBOM HepaBencTBa Tenbgepa. Tloayuum 


)\ In* a 2 Oidrdy lela | fim z= 


oa w (dEx) | dxdy. 


i) (Zz) andy) o (dE) < 


zz|e@) ie 2 (5,11). 
3 


1 
: p ‘ 
aul zoe ; 


ihe ag pee } 
: t / 


O6 usonepumetpuyeckom cBolicTBe ABYMePHEIX MHOTOOOpasnit pint 


dst h 3 
| OyxKunsA ud Pose PaBHa HyJi0 IIpH Z, mexauleM BHe Kpyra Q(C, A) 
| M OTIM4HA OT HYIA B 9TOM Kpyre. SHauHT 


aT ME fee 
saa =) Le AL, (in* | 5 =|} axdy< 
S In* 


: if al day | an radrd¢ = z(t ma dr. 


Tpousness 3aMe€Hy Nepe€MeHHOH B MOCeHeM WHTerpase 10 opmyae 
Ba in — > Hoy 44M 


He 
H 


h co 
h | y8 tP ay h2 
\ jm oa rdr=he | spat ° ab = ean Te(piseet): 
: ‘ 
Orcioa 


2 
= Ti Bib, (5, 12) 


in’ 


Pp 
rae B,=const, u, 3HauuT, Ha ocHoBaHuN (5,11) u (5,12) 
2 


\\ eo) ra (2) dxdy <B,|o|(M)h?, 
M 
H, CAC OBaTeAbHO, 


Irn (2) p< By ba (aM) A? 
Tak Kak mpH 2 0o o,(£) >, (£) cna60, To HaageTcA NOCTOAHHAA 


_ B, takan, yTo mpu Bcex 2 


By |o,|(M) < B, < oO, 
Bo3bMeM MpoOM3BOmbHOe € >O Hu Haliqem 10 HeMy A>O Takoe, 4TO 
2 


Bh? < 


IIpu takom A 
| tn (2) — (tn 2)! <> 
mad “Beex t=O, 1.62) 2a ipa n> 00 
{Un (Z)\n > {4(Z)}n 


papHomepHo B M., 3xa4unt, BBuAY OrpaHuyeHHOcTH M {Uy (Z)}_ CXOAMTCH 
K {4,(Z)\, B CMBICe CXOMMMOCTH MO HOPME, H, CIeROBATEIbHO, HaeTCA 


Hie TaKkOe€, ITO IPH 2 > A, 


In (2)]n — (#0 (2)allp <-&-- 
TipH 27>, nmMeem 
4 (Z) — 40 (2) p< |4n(Z)— [4nl@)Inip tr 
+] {4p (Z)}n — [40 (Z)}allp +1140 (Z)\n — 40 (2) lp < hase oe 5 wigs 


; n 
TEM CAMbIM JICEMMa MOAHOCTbIO MOKa3aHa. 


nh 


cl 


BS§ 1. 


140. PRU ETH ti 


§ 6. NoxasateerBo ocHosHoli reopembi 


Jlokaxem vTenepp Hally eaane TeOpeMy, eopmy auponannyio 


Ilyctp MHOroo6pasue (M, ry oOm1aqaet u30T1epHMeTPH4eCKHM cBolicT- 
BOM c nocrosuHHoH K. Tlocrpoum co6omespckoe ycpeaHenue Ay, (Z) yukon 
k(z). DyuKuna Ay (Z) ompegenena B MeHbUTeH OOnactH My, — coBoKyu- © 
HOCTH BCeX TOYeK MHOMeCcTBa M, paccTosHue KOTOPbIX mo rpanunps Mi 
6oabuie fA. i 

Tlycrb FC M— xommaxrnoe MHoxectsBo, F. — ero €&-OKPeCTHOCTH, — 
T. @. COBOKYMHOCTB BCeX TOUeK Z, paccrosHHe KOTOpHIX 0 F MeHbUIe ©. — 
@ukKcupyeM MpPOW3BObHO 3HaYeHHe € TaKOe, 4TO SAMBKAHHe . MHOKECTBA 
F, conepxutca BM. 
Ilo aemme 3 HMeemM : 


1 
Bags A Indy (Zz) << Kp (2), 


gE ee hes 


rae 
7 IP @Nn 
Hate) oe (ze) | 
Orciona te a 
o(E, dn) < Js K Bie d oe dxdy. (6, Le 


Ilycrs G—nponu3BombHOe OTKPHITO@ MHOXKECTBO, TFakoe, 4TO ero | 
34MbIKAHHe KOMMaKTHO H cogzepxutTca B M, 6— paccrosHue Me2xKTY MHO- 
-x#«ecTBOM G u rpanuneli M. Tlycrh Gy— MHOxeCTBO TOUeK 2, paccTos- 
Hue KOTOpHIX JO G He mpesocxogut ¢. MuoxecTBo G; kOMMaKTHO, H TpH 
£<8 GCM. Nonoxum Gys—=F,, Gog Fy. 

B cuay aemMMb 2 Hafimetca mocTtoaHHad Ly Takas, uTO A(Z)QLy< 0 
AJA MOUTH BCeX aoe 


Ilyctp ee Pyukuna )py)(Z), OYeBHAHO, OMpemerena Bclony BF, 


Mv ain Z@F, umeem 


[2 (z = |f Ke an t) ap (*) dodo x 
|t1 <h # 
<Ly Wy BAO ra (2), (6,2) 
|tl<hk 
v60 npH aff, vu [tI |< 3 4 ae H, 3HauHT, 
x (z + 3 Ne 


QAA MONTH BCeX 7, [t|< 
E Vs HepaBencrsa (6, ve Ha OcHOBaHHH (6,2) BEITeKaeT, 4TO LAA AOOOro. 
cor, k 
(E, )< KL (EL), e. 


re »— Mepa Jle6era. Orcioga caenyet, uTo ana ato6oro ECF, 
ot (E, hq) <KL (E). 


Nycrs 2@G—npouspoapwaa TouKa mHoxectBa G. Kpyr Q(z, 


C F,, v, 3na4nt, mpu A< = 


wt 2 (2, x) n | < KL on (=) cals fi 


‘ é mar 

: as (2), oramanofi or nyan mourn ‘Beiogy BQ be | 
“parenbuo, mo aemMe 4 Hafimerca EHO A(z), Takoe, 4TO AA orkpHITO 0 
pene Q an 7) payuyca a <a = | | 
© |Q(z, -F), a] <A @ 


1 Mees 
apr Rew Tlo Teopeme Bopeaa HalimeTcah KOHeMHAT nocaenopare 


= 


a 


‘HOCTD TOURK. zy, By, tgs 2, © G, i takaa. 870 Kpyru Qi = Q [, : 


‘WeAMKOM NOKDPbIBaloT MHO2XKECTBO G. 


Tlono2kuM 
G, Ua, Dy = Yaco 


“Ovesnato, G, CF, u, 3naunr, 
oF (Gi, M)SKLop (Gi) =D, 


m. 


9G, nd < So (Qi, bn) SD, 


i=1 


F Tax Kak B CHAY nepapencrE (6,3) u (6, 4) noaHble Bapualtnn ee 
pe; dn) B “MHOXKECTBE G pH h <-> OrpaHudensr B SURO IROCUE Bhs 


7 
i 


nocaenopaterbioct®, O¥eBU HO, Ce Tlon02%K¥M | 
. On(Ep=olE, Wn,)s bn (2M, (2). 


Tipu Ka2K LOM n>O umeem mpu zEG. 


ee an(2)—=exp| [fla] zz] enlde) + ent) 


pne U,(z)— bynkuus, rapMonnueckan BG. ave 


— Hon0%*KKM 

eee : doch in)—= ffm ps g| on (GE), 

| rae ae ORI ies oe aemMMe 5 ea anes Un (Z) CXONATCA pH n> co 

_B kKagacce He (G), 1 <p, K ywHKunu 4, (2). DynKAM An (Z) mpu n> oO 

 CXOMATCA K at (z) B i p(G),. bap <2: ; 
: tm, a , raKas, 


_ - Suaunt, nalizetcs OMMOCAeLOBATeMbHOCTS ghd OS eelen 
TO SPH Mt > CO Un, oa (Z) uw dn mia rae) MOUTH BCIOAY B he 


Hneem: | 
a (Z)= {tn (2) + Un (z)}. 


a 


‘uTO Ip 2+ co dyuKkyus ty, (E) Soe cxomuTca B GK yuku %, (£). 
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Tlom02xuM . 
Up (Z) = Indy (Z) — Hy (2). 
IIpu m—> co Un (Z) > u)(Z) u da, (Z)-> Xo (Z) NOUTH BClOg~y, OTKyma 
BEITeKaeT, UTO 
Vo (z)= lim %p, (2) 
mao 


aaa moutu seex Z6@G. OyuKuua Vo(Z), KaK HETPYHO BUAeCTb, KORSHHAa 
mouTu BcIOowy BG, MH, CAeMOBaTeIbHO Kak pee rapMOHMYeECKOH Hy AK~ 
IMM CaMa ABJIAeCTCA TapMOHHYeCKOH dyHKmueh. TakHM OOpPa3s0M, Mb Ho- 
ayuaem mpH 2@G 5 


AG C2) ) aca) ales ae i In 
lee 
G 


© (dEx) + Up (2) (6,5) 


Tlokawem, 4T0 ©) (F)< Au(EL) gaa awb6oro ECG,. Monoxum 
[\2 (2), 
a, (E) -| \ ase adxdy. 
E 
Cornacuo (6,1), K3_(E) — ,(E)<0 gaa aw6oro EC Gy. Joxaxem, 


JleHcTBUTeAbHO, A MpOH3BO/IbHOK orpaHuyeHHoH dyHKuuHn f(z), ompe- . 
leleHHol B-G, umeem: 


n= \\ 42s (dE)= \\re yee dxdy. (6,8) 


TlompiutTerpaibHad yHKUHA B mpaBoh uactn (6,6), cormacHO OKa- 
34HHOMY paHee, OrpaHwyena CBepxy, He3saBHCHMO OT #. TpeOyeTca 2OKa- 


3aTb, 4TO 
lim In= (( f (2) n (2) dxly =I, = (0 f (2) bo (2) dxdy. 
a i 


JtonycTtum, “TO 9TO He Tak. Torga HaliweTCA moceqOBaTebHOCTh 
3Ha4eHHi 2, 2a KoTOpoL J, crpemutca K mpexeny Jo #J,. U3 3T0% no- 
CACLOBATEbHOCTH H3Be4eM MOAMOCIEMOBATebHOCTb, IA KOTOPOL 
[M (2), > (2), Mi, (2) > A) mouTn seioly. Jina sro mocieqHet 
NOANOCIELOBATebHOCTH 

Man, cea 
Zz 
a Gy (z) 


MOUTH BCIOAY HM, 3HayHT, 
[A? (z) Mn, 
Jy ONE fies @ cig ie Voge =; 


B CMY OfpaHHYeHHOCTH HOABHTerpabHOl PyHKUHH. ITO NpOTHBOPedHT ~ 
BLIOOpy MOAMOCAeROBaTebHOCTH. Tem CaMbIM jlOKa3aHO, uTo /, > /, mpH 
‘N-—> co, 3naunt, B CMY mpou3sBombHocTn f (Z), ), on (E) + % (EF) es uTO 
M TpeOoOBaslOCb OKa3zaTb. 

Dynkunn Ko, VE) — on (E) mpi nm—->co cma60 cxomquTca K DYHKMH 
Ko,(E) — ,(£), i, caenoBaTeibHo, Ks,,(E)—o,(E)>0 gna’ seex E, 
Kak-MIpewea NOCAeAOBaTeIbHOCTH HEOTPHNATeIbHEIX PYHKNHA MHOXKECCTBA. 
Pacnpocry DaHHM €@ Ha BCe OOPeMeBCKHE MHOXKECTBA, 3AMbIKAHHA KOTOPHX 


( 
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KOMN@KTHBI WH COdepxKatca BM, Tlycth E taxoe mHoxectso. Ilocrpoum 
orKpbitoe G;D £, raxoe, wo G,=FCM. To oKxasannomy (Zz) Ha 


MHOxeCcTBeE G MONYCKaeT Wpencraprenne 


ee h (z) == exp & fj In | — | © (GEx) + U (| ; 


KEM, 4TO OMpPeWCeCHHOe TAKUM OOpas0M 3Ha¥eHHe ©(F£) He 3aBUCHT OT 
BbIOOpa MHOxecTBa G. JlelicrBuTeibHO, nycTb G, u G,—RBa OTKpHITBIX 


_ ©) H ©) — oTBeyatioue G, uv G, yHKuHH MHOmKeCTBa o). Ipu zEG, 
HMeeM: . 


: = {iia 
sce le eee 


Orcioya HeETPYAHO 3aKJIOUHTb, YTO PYHKNMA 


= \f in| =| (e,— 96) (aE) 
G 


Bae wy 


05 (dE) + 0), (2) = 


w (dEx) + ¥% (2). 


| fapMonuuecKad B Gz H, CMeLOBAaTeIbHO, ©, — ©, =O B G;. B yacruocrn, 


©) (E) =o, (£)=(£), 470 u Tpe6oBanocb 1OKa3aTb. 


Pacmpoctpawenue dyHKuuu o,(£) Ha sce GOopemeBcKHe MHOMKeCTBa 


E, aaa Kotoppix E=FCM, takum o6pa3om, noctpoeno. Jima storo 


paciipoctpaHeHusa, ovepugHo, Ko, (FE) —»,(£) >0 ana smwo6doro £, u Tem 


CaMbIM Te€OPpeMa MOKA3aHa NOJMHOCTbW. 


Summary 


Let M be an arbitrary domain in the plane of the complex variable 
z=x-+iy and let A (z)=A(x, y) >O0 be a B—-measurable function 
defined in M and such that for each open GCM 


2, (G) = Jd (2) dxdy > 0. 
G 


We use the following notations: 
ar (2, r)== Jl A(z) dxdy, 
1z2—2)|<r 
2 


Dele), cides J Vid (2 + re?) rde. 


0 


| Theorem. Let for each compact FCM a (F)< cand there exist 
the constant 8>0 such that the following inequality takes place for 
z2,@F with r< 6: P 
Ki (Zo 1) & 4m, (Zp, 1) — Kor {Zo, 1). 


Then the function 4(z) admits the following expression in each open 
set G the closure of which lies in M: 


Pur. ‘a 


re U)(Z)—rapMonuyeckaa dyukuna. ToroxKum w (E) =) (E). Hoxa- — 


MHOXKECTBa C KOMI4KTHBIMH 3aMbIKaHMAMU, COmepRamUNx £, G; = G, 1) Gy, 


i 


0(E) < ka lB). 
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i oe WA Cenpkun Me 
OJHO3HAYHAA OfPEEJEHHOCTb OJHOFO KJIACCA OBLIMX 
i BbINYKJIbIX MOBEPXHOCTEM C rPAHHUEM aa 


Hh B wactosaujeH craTbe Oyger oKa3aHa OHO3Ha4uHad ONPe€AeCHHOCTh 
OOWMX BBIMYKJIbIX MOBePXHOCTeH, 3Be3QHHIX OTHOCHTCIbHO HeKOTOpOrO 
| WeHTpa. 2KeCTKOCTh yKa3aHHOrO Kacca NOBepXxXHOCTeHl Tp YCOBMH CcTa- Si 
| WHOHAPHOCTH paCCTOAHHHM OT WeHTpa AO TOUeK TpanuMbl MoKasana A.B. Tlo- ~ 
- ropezoBHIM B padote [1]. . , | Oo uae 
; Kaacc NoBepxHocTel, SBe3QHbIX OTHOCHTe€AbHO HeKOTOPOrO WeHTpa, a 
 COMePRKUT SAMKHYTHIC BBINYKIe MOBePXHOCTH, NOSsTOMY OymeT TAaKKe 
 AOKa3aHa OAHO3HAYHaA ONPeAeAeCHHOCTS OOWIMX BHINYKIbIX NOBepXHOCTeH. 
Jip aoka3aTeipcTBe OyzeT OCYyIeCTBIeHa Hex, BbICKasaHHad eme 
_ Kon-®occenom [2]. HmMenyo Koun-®occen mpeanonaraa, yTO OfHO3HAUHAaA 
 ompemwenenHoct, OOMWUX OBANOHAOB MOKET ObITh NOKAZAHA B CeRyouNe 
 aBa 9Talla. Be 
: 1. JlokasaTp, 4TO eCIM H30METPHUHBIC OBANOHAbI He paBHBI, TO Ha — 
-HHX HaHyTCA COOTBETCTBYWllMe NO H3OMETPHH TOUKH, TaKHe, UTO IPH UX ~ 
COBMeCLICHHH Mabie OKPeECTHOCTH 3THX TOYeK MOFyT OBIT BOMKeHBI APyr 
 B -pyra. i oy aie 
2. Jloka3aTb, 4YTO TaKOe BJOKeHHE AMA USOMETPHYHHIX BBIMYKIbIX 
MOBePxHOCTef HEBO3MOXKHO. pak 
.B HameM caydae TaKOe BO2KeHHE OCYICCTBAAeTCA B CMBICAe paccTOd- 
“Hu OT HeKoTOporo WenTpa. MMeHHO, Ha NOBEPXHOCTAX HIyTCA TakMe 
- COOTBETCTBYIOMINe TO H3OMeTPHH TOUKU X, u X, YTO paccCTOAHUA OT He- - 
-KoTOpoH TOUKH O NO HUX PaBHEI, a JO BCEX COOTBETCTBYIONJHX TO H30- 
-mMeTpun O1u3Kux K X, u X2 TOUeK, paccToaHua OT O y OMHOH MOBEpXHOCTH 
Goble, 4eM y Apyrof. Ipn atom oxpecruoctu touek X,u X, oOOpamenbl 
“BHINYKJIOCTbIO B OAHY CTOPOHY OTHOCHTeIBHO O. ! Ne 
-  HesBo3MO#KHOCTb TaKOPO BJIOKeHHA MOKASHIBACTCA C MOMOUbIO OAHOM e.8 
_memmpt A. B. Tloropesosa, KoTopad OyseT CPOPpMyAMpOBaHa Japue. eae 
\j JlayuM TOUHYyIO (OpMyIMpOBKy pe3yvIbTaTa. ar: 
ByeM roBopuTb, YTO MOBepXHOCTh F 3Be3qHO pacnomoweHa OTHOCH-  — — 
‘TembHO meHTpa O, ecau Kaa pHi yu u3 O, uAyMi BO BHYTPeHHIOIO TOUKY = 
-mopepxHoctu F, nepecexaet F anmb B OAHOM TOUKe, TyaM, MAyuMe BO © % 
TOUKH rpaHunb F, MOryT CKO/b3HTb MO NOBEPXHOCTH. oes 
{ Teopema I. //ycmo F, u F,— uzomempuinoe BoinykKAvne nosepxKo- eae k 
x 


“CMU, 38C30HO PACNOAOMCEHHKIE COOMBEMCMEEHHO OMHOCUMEALHO YENM- — | 
pos O, u O, o6pawennole BuinyKAOCMbI0 6 OOHY CMOpOKY OmHOCUME AbHO es 

0, u O,. [lycme 4epes mouxu O, u O, npoxodam makue naockocmu Pi 
uw Ps, OmHOcumeAsHO Komopux F, u F, pacnonoweny 8 OOHOM noAy- eae 
npocmpaucmee. Tozda F, u Fy past, ecAu paésnol paccmoxnuA om 0, ii asa 
O; 00. coomeemcmesyroumux no uz0mempuu MoLeK cpaHuy nosepxHocmeL ae 
eg th Ba 
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Teopema I comepxxuT usBectuylo Teopemy A. B. Iloropeaosa. <i 
Teopema Il. Samxnymole b6oinyKAue u3s0mMempuinele nosepxnHocmu — 
pasHol. 
JleficTBUTebHO, ZOCTATOUHO B3ATb 3a TOUKH O, u O, Be COOTBET- 
CTBYIOINMe MO H3OMeETPHH TOUKH Ha HOBEPXHOCTAX HM IpHMeHUTD Teopemy I. 
Tipu foKkasaTeapctse Teopempl | OyazyT ucnomb30BaHbI caAesyiomMue 
JIBe JIEMMBI. 


Jlemma 1. /Iycms Q, u Q,—3amMKHymue BbinyKAbLE U30Mempu4inme 
Kpusne na nozychepe. (lycmb mowku S, u S, rzexcam coomeemcméenKo — 
BHYMpu OOAACMeK, O2@paHUteHHUX KpUustimu Q, u Qs. Ilycmb, Oaree, 
X, u X,— coomsemcmsynuue no us0omMempuu mouku Ha Q,u Qa S,X, 
u S,X,— paccmoArnun Oo Hux om mouek S, u S, no nosepxHKocmu cep. 
Toz0a ecru OAK BCEX MOLeK KpUsLLxX UMeem mecmo HepabeHcmeBo S,X,— 
<S,X,, mo Kpusule KOH2pyeHmMHo u mouwku S; u Sy 6 HUX OOLHAKOGO 
PacnoAownceHn. 

_:” JloKa3aTeIbcTBO weMMbI I gaHO B pa6orte [3]. 


JIemma II. [1]. /7ycms bonyxraaa nosepxuocmbs F 3adaxa ypasne- 
HUM Z=2(X, y) U codepxcum naocKue O06 1acmu G,. Tlycms C(x, y)—. 


cocmaéAAIWaA NO OCU Z UZ2udAIMMe2ZO NOAA = nosepxnocmu F. To2zda 
nosepxuocmb OY, 3Q0QHHAA ypasHeHuem zZ=C(x, y), Ha muoxcecmee H 
mex mo4weK, KOMOPULM NpU NPOCKMUPOGAHUL NPAMUMU, NAPAANCASHOLMU 
ocu z, Ha F coomeemcméyiom mouwku, rewcaumue bHe OONaCmet Gy, 
UMEEM HENOAOMHCUMEASHKYVIO KPUseU3Hy. 

_ HemoaoxuteibHOcTb KDPHBH3HbI HY2KHO MOHHMATb B  CuIeLYIOULeM 
CMBICJe. 

ByfeM roBOpHTb, UTO NOBepxHocTh © crporo BEmyKia B TOUKe P, 
ec wepe3 aTY TOUKY MPOXOAUT MMOCKOCTb @p Takad, 4TO BCe TOUKU NO- 
BePXHOCTH, MOCTaTOUHO OwM3KHe K P, kpomMe camo P, nexaT BHe 9TOK 
MJIOCKOCTH H, Cl€ROBaTebHO, TO OAHY ee CTopony. TloBepxuocts, He co- 
Hepxaulyio TOUeK CTPOrOw BBIMNyKOCTH, OyeM HasbIBaTh MOBEPXHOCTHIO 
HeENOJIOMKUTEIBHOH KPHBH3HHI. 

Tlepefigjem kK OKa3aTebcTBy Teopempr I. 

Ilyctb F, u_ F2—MOBepXHOCTH, yROBJeTBOpAIOMIHe YCOBMaM TeO- 
pemp I, a L, u L,—MHOMeCTBAa UX TpaHMuHBx TOUeK. ByeM CunTaTb, 
uro F, u Fy oOpaljenbl BbllyKuocrbio oT O, u O,. JloKazaTerncTBo TeO- 
pempbl B cayuae, Korma F, u Fy OOpaujenst BrinyKaocTthio K O, u Os, 
npome HW NPOBOAMTCA aHaJOrH4yHo. ; 

PaccMOTpHM paccTosHue 7r,(X) or Touku O, no Touku XE Fo. Pac- 
cTOAHHe OT TOUKH O, MO TOUKM, COOTBeTCTByIOMIeli TOUKe X no u30MeT- 
puu, o6osnauuM 4epes 7,(X). BosMoxHB cienyioume Ba cryuaa: 

1) r1(X) =f, (X) ana Bcex X EF,; 

2) Ha F, naliqetTcd’ MHomxeCcTBO G, Ha KOTOpOM 7, (X) >r,(X) wan 
r(X) <r. (*). : 

Ecaa uMeeT MeCTO NepBbilt cayuali, TO, Kak H3BeCTHO, MOBEPXHOCTH 
paBHH. 


PaccmoTpumM BTOpoH cayual. Jaa onpezenenHocTn 6ymeM C4uTaTD, | 
uro Ha G umeeT ecto HepaBeHncTBo r;(X) >r,(X), Ha rpannne mMHoxe- 
cTpa G 6yaneT 7,(X) =r (X). 

Ilo ycmoBuio TeOpeMBI, Yepes TOUKy O, mpoxoguT mocKOCTD Pa 
OTHOCHTebHO KOTOpOH fF, 1@KUT MO OAHy cTopony. 

Ilycrh L —ayy, Wepnenqukyaapuni maockoctu P, u HallpaBJeHHblit 
B CTOPOHY OT NOBepXHOCTH. 

Bynem apuratb Touxy O, no ayuy L. Toraa sce paccrosnusa fr, (X) 
OyAyT BospactaTb, HM NOTOMY OOlacTb G Gyner cxKuMaTECa. B HayanbHHit 


Uy Aaa aie aia Poe 
1 
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-MOMEHT OONaCcTb G BugaHa H3HyTpH u3 TouKH O,. Tlon sTHM MBI Oy eM 
-MOHMMATb caenyromee. 


Byem rosoputs, ¥TO HeKOTOpoe MHOxecTBO M Ha BEITYKAOL MOBepx- 


HocTH F BHHO U3HYTPH 43 HeEKOTOpO TouKH O, ecru ayu OX, unzyuait 


us O B Touky X, mpoxoguT crporo BHYyTpH KacaTeabHOro KOHYyca K TO- 


Bepxuoctu F B Touxe X, (Ecau xacaTebubili KOHYC eCTb OCKOCTS, TO 


oTpespk OX AOWKEH MEKATb B TOM 2%xe NOyMpocTpancree, uT0 u F, une 
CKOJb3HTb BOIb MOCKOCTH). 


Ilyctb M,—s3amMKHyTOe MHOxKeCTBO, comepxamee G, Ha KOTOPOM 


1, (X) > r,(X). Mokaxem, uro Kak TomBKO TouKa O, caBuraeTca 10 ayuy L, 


Tak HH B KaKOH TouKe X, MHOmecTBa M, ayy O,X we Oymer KacaTbca 


mopepxHoctu Fj, uM nOTOMy MHOxecTBO M, 6ymer mOCTOAHHO BUAHO ¥3- 
HYTPH W3 TOUKH O,. 


Jia MOKa3zaTebcrBa upeAcTaBuM ce6e, uTO TOUKa O, CABUHYAacb HO 
fjyuy L v3 nonoxenusA O> B nomoxenne Q>. Tak Kak Ip 9TOM paccTos- 
HHA f2(X) BospactTaioT, TO mMHOmecTBO M, cxuMaetca. MuoxectBo Mo, 
OTBeYAOMee NOMOKEeHHIO TOUKN Ob, COMepxKHTCH BHYTPH MHOxecTBa My, 
oTBeyaloulero MOMOxXeHUIO TOUKH Oo, Tpeaznonaraa, uro M2 BuAHO BCIOLY 
W3HYTPH, KPOME€, MOXET OBITb, TOUeK, MIA KOTOPHIX YUM U3 Oz mepece- 
KaloT ero rpanuny, moKawem, uTo My BuazHo u3 O2BcIogy u3HyTpn. IlycTS 
X_— MpousBorbHaa TOUKa MHOxecTBa Mo, Tak 4TO 


OX, > O3X,. (1) 


PaccMOTpuM B TOUKe X, KacaTesbubli KoHyc. Hy2xHO 4OKa3aTb, ITO 
OH He TepecekaeT OTPe3s0K Os0>. Jia eToro moctatouHO foKa3aTb, 4TO 
ecm OH MepeceKaeT ayu L 3a TOUKOH Or’ 8B HekoTOpolt Touke B, TO 
touka B nexuT Takxe 3a TOUKOL Oo. Tipopesem uepes TouKH Oo, Oo, X, 
fmockocTb. B nepeceyeHun ee c noBepxHocTbio Fy nomyuum pzyry X,Az, 
Kacalomyloca oTpesKa X,B u usymy fo Onuxalmei K X, TouKu Ay, 
KOTOPad e2KUT Ha rpanuye MHOKeCTBA Mp. Tak Kak A, mexuT Ha rpa- 
Hume MHOxKecTBa Mo, TO 


O2,A,=O,A,. (2) 


(Tak Kak noBepxHocTp F, BEINyKJaxa, u, 10 npeznonoxenuIo M2, BAAHO 
H3HYTPH u3 TouKH Oo, KpOM€, MOMKET ObITL, TOUEK, YUH B KOTOPHIe Mepe- 
cekalor rpanuny, TO myra X,A, OyAeT BEIMyKON, OOpalleHHOH BbINyKAO- 
CTbIO OT TOUKU Os. Bmecte c oTpeskom O2A, ona OOpasyeT BHM KYI0 
KPHBYy 10 Ch AGXs: (Ecam cama TouKa O2 we2xKuT Ha rpaHue MOBepXHOCTH, 


TO BO3MOXKHO, uTO Og—A, u orpe3s0K O 2A, cBoguTca K TOUKe). 
Ilycrp A,X,—auHuA Ha nOBepxHocTH Fj, OTBeYalollad MO: M30MeTPHH 
nmyre A,X,,'TaK 4TO 


A. (A\X,) =a. (A,X). (3) 
Tlockoanky O2A, = O,A;, TO 
mut. (O2A,Xq) = aa. (O,ArX)). (4) 


Tlokawkem, uTO TOUKa Og He MOXKET MexKATb Ha KacaTeIbHOn XB. 
TipeznozoxuM mpotTuBHoe. Torta ToaKa As TakKe MOKHa exKaTb Ha XB 


u ga.(O2A,X,) = O.X2. Tak Kak X,€M, 10 O,X, > O2X,. Ho 
mat. (O,A;,X,) > OX, > O2X, = a. (O2A2X,). 
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B cuay (4) 3axmo4aem, TO OLX, = 02X>. Ho toraa OX, < O,X,=02X, a 


yero HE MOxKeT ObITb, TaK Kak B Tpeyrompunke O2X,O> yroa HpM BeplIMHe — 
O,— tyno0i. Mpopexem yepes O2 npaMylo, WepleHAuKyApHylo aAy4y Be 
mycTh C— Touka lepeceyenua 9TOH IpAMOH Cc KacaTeaDHoH X.B. OueBuguo, 


O2C < BC, Oe 


mpwyem ga. (OC) #0, Tak Kak 10 NOKasaHHOmy TOuKa QO) He e%KMT Ha 
KacaTerbHol X,B. Tocxoapky annua O2A,X, BEINyKAa, TO 


mn. (OC + CX,) > na. (024,X,). (6) 
V3 nepapeucts (5) u (6) caegyert, utToj 
(BX, = a4. (BC) + 21. (CX2) > aa. (24,2), 
a oTcioqa B cHay (4) HMeem= | 
BX, > na. (O,A,X,) > OX, > O2X9. 


Hepapeuctpo BX, > OX, Kak pa3 H O3Ha4uaeT, 4TO TONKA B aexKUT Ha 


_ ayue L 3a TouKOhH Oy, 


Cmectum Touky O, no ayuy L. Torga, nO AOKasaHHOMy, MHOXKECTBA 
Mz, OyxeT BuaHO M3 O, uzHyTpH. Touky O, Ha F, CMeCTHM HEMHOPO BHYTDb | 
BHIMYKAOH O6oM04UKH nNOBepxHocTuH F, u ToukH O, B MOMOmeHHE Op. Ecau 
cmMemenne O,O, Mato, TO H3MeHHBIeeCA MHOKeCTBO M, Ha Fo. ocTaHeTCA — 
BUXHBIM u3HyTpH u3 O,. Tlopepxuoctb Fy-43 TOUKH Oy Oy AeT BUAHAa CTporo— 
M3HYTPH. SaduKkcupyem Touky O, u pacctoauua r,(X) Gygem B ZaibHen- » 
IM€M H3MEPATb OT Hee, | 

Tak Kak mpH cmMemeHHu tToukn O, no L paccroanua r,(X) pactyt, 
TO B HeKOTOPHI MOMeHT. OKaKeTCA, 4TO OGMacTb, rae 1; (X) >7r,(X),. 
ucuesHeT. STO TomOxwKeHHeE TOUKH O, O603HaNHM Yepe3. O>. B stor MO- 
MeHT Ha HEKOTOPOM MHOxecTBe M Oyxet r,(X)=r.(X) uw BCIOaY BHE 
ero r,(X) <r,(X). Tak Kak 3amKHyToe MHOKecTBO M BuAHO H3HYTPH U3 
Os, TO H HeEKOTOpad COMepxXallad CTO OKPECTHOCTh BULHA M3HYTPU H3 Os. 
Touxn mHoxectsa M 6ymeM Ha3bIBaTb TOUKAaMH BAOxKeHUA, a TOUKy O5 
OYAeM Ha3bIBaTb MOIOCOM. . 

Cyrpunem touky O, 43 HauabHOrO MO10%KeHHA To Ay4y L zocTaTOUHO 


MaIO B MoO02%xKeHHe O2, Uepes touxy Op: 6ymeT MpoxomUTD GecKOHedHO 
MHOTO IMOCKOCTeH, OTHOCHTe€ABHO KOTOPHIX MOBepxXHOcTh Fy, pacnomowena 
NO OfHY CcTopoHy. Tenepb Mb MOKeM ABUraTb TOUKy O, u3 NOMOKeHMA 


Oz 10 weromy Konycy K Hanpapaennit. 1a Kaxk oro HanpaBenua cyue- 
CTBY€T CJMHCTBCHHBIM NOI0C H HEKOTOPOe MHOKECTBO TOUeK BJOKeHHA, 
COOTBETCTBYIOINHX 9TOMY NOMIOCcy. MHOXKeCTBO MO.1I0COB, COOTBETCTBY OULUX 
KoHycy K, cocraBaseT HEKOTOPylO MOBepXHocTs so, JloKaxkeM, 4TO MOBepXx- 
HOCTb ¢ OOMaslaeT TEM CBOHCTBOM, 4TO KaxkAOH e€€ TOUKH MOXKHO, C OHO ~ 
CTOPOHEI, KOCHYTbCH WapOM KOHeYHOrO pafMyca, T. e. yYepes KaxKTyIO 
TOUKY WOBeEPXHOCTH & NpOXOMUT Wap KOHE4HOFO paswuyca Tak, 4TO BCE 
OCTAJIbHBIe TOUKH STO MOBEPXHOCTH MeKAT BHE HAM Ha rpanuye sToro mapa. 

J\elicTBuTebHO, NycTtb O, + HeKOTOpHH nomtwc, a X,— o4Ha U3 TOUeK © 
BIOXKCHHA, COOTBETCTBYIOWUX sTOMy NOmocy. Torna O.X,—=O,X,, rae 
X,—Touka na F,, coorsercTByioujaad 0 usoMeTpun To¥Ke X9. [lycts 


O2 = NPON3BOMbHBIA MO0c, OTAMUAETA oT O,. Torga O2X, > O,X,, 3HauuT 


OX, > O,X,. Orcioqa crexyer, ITO BCe MOMOCa WexKAaT BHE HAM Ha NOBepx- | 


HOCTH Iapa pagquyca O,X, 'c WeHTpOM B TouKe X,. M3 sToro cBolicrBa no- 


BePXHOCTH 9 BLITeKAeT, UTO Ha He eCTH raaaKue TOUKH (cM., Hampumep, [4]). ° 
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a Ilyetp O,—raankaa vTouKa noBpepxuHoctn 3. [loKaxem, 4To Torga 
‘Movocy O, COOTBeTCTBYeT AMMb O2HA TOUKA BAOKeHUA X,, T. e. MHOKE- 
cTBo M cocrouT B 9TOM Cy4uae M3 OAHO EMHCTBeHHOM TOUKH. 

j J\eticTBuTebHO, MPeANOAOX%RKUM MpOTHBHOe: ycTbh nomocy O, cooT- 


 BeTCTBYIOT 110 Kpafineli Mepe 2Be TOUKH BOKeHMA X, UH Re Ho torga s 
AOMKHG,AGKATH BHE Wapa pamuyca O,X, c wenrpom B X2 wu BHe mapa 
‘paguyca O,X2 c weHTpom B Xo, Ho Torma TOuKa O, HeEOOXOAHMO OMKHA 
ObITD ,yrOBOH", wero He MOxKeT ONT, TAK Kak O,—rvlaykas TOUKAa a. 

Iyctb X;—Touka na F,, coorsetcrsylollad m0 H30MeTpHH TOUKe Xo. 
Torga aaa Touek X; u X, uMeer mecro paBeHcrBo O,X, = O,X,, a ee: 
pcex ToueK X, OnusKux K X, u X, u coorsercrByiowux 10 U3OMeTpHH, 
pyaet Oo <- OLX, oo 

Ecun Trouku X, u X, raaqkne, TO B CHAY Toro, 4YTO pasHoct Fr, (X) — 
—f2(X) umeeT BX, 9KcTpeMyM, yrabl MexAy OTpesKom O,X, 4 HanpaB- 
JIGHHAMM Ha mOBepxHocTa F, B TouKe X, AO KHEI ObITb PaBHH yruam 
M@KY OTpe3skoM O,X3 MW COOTBETCTBYIOWWMMHM TO M30MeTpHM HampaBAeHH- 
AMM B TOUKe Xp. 

Ecau Touxn X,, X, KOHMYeCKHe, TO KaCaTebHbIe KOHYCH! B HUX 
JOJKHbI OTH paBHbl. JleicrsuteabHo. Tlomectum BX, u X, eqHHM4dHBIE 
—cceppr. B mepeceuenuu C KOHYCaMM MNOJlyYHM Be 3aMKHYTHIC BEIMy KBE 
—M30MeTPHUHBIe KpuBEle Q, u Qo. 

Ilycrp S,; u S,—Toukn mepecetenna cep c oTpe3sxamu O,X, u OX. 
Torga B cuay Toro, 4¥TO pasHOcTb r,(X)—r,(X) nocruraer B XX, MaK- 
CHMYMA€, YIvIbl, OOpa30BaHHble oTpe3KoM O)X, C HalpaBAeHHAMH Ha T10- 
BepxHOCTH B TOUKe X,, OyAyT He Gombe yrsoB, OOpas0BaHHHIX OTpPe3- 
-xom O,X, C COOTBETCTBYIONIMMM NO H3O0MeTpHM HanpaBaennamu. Ho Tora 

paccTosunua oT ToUKH S, MO ToOUeK KpHBO Q, MO noBepxHocTu ccepH 
OynyT He 6ompme pacctoanuh or S, MO CooTBeTCTBYIOWMX TOUeK KPH- 
poh Q,. B cuny aemmpt I 3aKmiouaem, uTO Q, H Qs paBHbl, a cemOBa- | 

TeJPbHO, PaBHbI MW KOHYyCHI. Ecau xoTa Ob Ofna U3 TOUeK X,, X, peOpuctaa, 
TO yrJbl, OOpa30BaHHble MpAMOM, KOTOPad CoOTBeTCTByeT peOpy c OTpe3- 
KOM O,.X,, MOJDKHEI OLITb PaBHE! YrviaM, OOpa30BaHHbIM COOTBeTCTBYIOMeH 
mpamoH B Touke X, c oTpe3KoM O,X,. 

Jisuxenuem mopepxHoctu fF, coBMectHM ToUKy X, c X,, TOUKY Og 
c O, UW COOTBETCTBYIOMME MO H3OMeETPHH HampaBeHHa B TOUKaX X, u X, 
(ecu XOTA Ob! OFHAa “3 TOUeK X,, X, peOpucran, TO COBMeCTHM HallpaB- 
“Jenna, CoOTBeTCTByIOUlNe peOpy). CoBmeulenHple TOUKH Oy, O, 0603Ha- 
‘uum uepes O, a copMemleHHbIe TOUKH X, H X,— 4epes X,. Torma 6y nem 
uMeTb r,(Xo)=1e(Xo), a Aaa Bcex X, Onu3Kux K X, HM COOTBETCTBYIO- 
WMxX MO u30Merpuu, 7,(X) <r,(X). Tlokaxem, uTo Takoe BIOxKeHHeE AIA 
BHIMYKbIX MOBEPXHOCTeH HEBOSMOKHO. - Ral 

PaccmorpuM moBepxHoctTb F c paqWyCcOM-BeKTOpOoM Fr (X)=> [r,(X) + 


+r,(X)]. Jina pcex' X, Onu3kux K Xo, ona OymeT MpencTaBiATh coooK 
BHINYKIYIO MOBEPXHOCTb, OOpauieHHy!O BBIMYKMOCTbIO B Ty %*Ke CTOPOHyY, 
uro u moBepxHoctu f/f, u Fy». ; 
Touxa X, Ha noBepxuoctu F, He MO2xKeT BCuy HepaBeHcTBa 7, (A) < 
<r.(X) mpunafiexaTb M10CKOH OKpecTHOCTH. CreqoBaTebHO, H Ha 
OHA TaAKXKE He MPHHAIeXKUT MNOCKOH OKPeCTHOCTH. : 
» BextTopHoe nose t=7,— re OyseT U3rHOaloNluM AA NOBEpXHOCTH Le Ee 
TaK Kak OHO yZoBmeTBopser ycrosmio JIunuuma u mouTu Besqe dr dt= 0. ms 
A 270, kak nokasan A. JI. AneKcaHapos, ecrb HeOOxoAuMOe MH MOCTAaTOU- 
HOe yC1OBHe JIA TOO, YTOOBI t ObINO UsrHOalOMMM MOAeM OOUeH BbINyK- 
OH moBepxHocTu [5]. in) 


' 6 Becruuk JleHHurpamcKoro yHHBepcuTeTa Ne 19, 1961 r. ‘ ye: 


x 


X 


82 E. TI. Cenoxun 


Bpegem jeKapTosy cucremy KoopyuHat. Ocb 2 HanpaBuM MO OTpesKky — 
OX,, 3a IOCKOCTb, X, Y BO3bMEM IIIOCKOCTb, MepneHAHKyAAPHY!O OTPesKy — 
OX, u mpoxogzamyio yepe3 TouKy O. aati: | 


XxX 
Tlogpeprnem mopepxHoctb F npoeKTHBHOMy mpeoOpasoBaHulo x! =e 
J. Un se . 
ar ty ake) ae 


NonyuuM sBbiltykKyio moBepxHocTh F’, OAHOSHAYHO MPOeKTUPyionly1oca Ha ~ 
mocKocTbp x, vy. BexropHoe nowe t(€, 7, ¢) mogBeprHemM npeoOpasoBaHHlo 


Z E qh ; xE + yy + 20 
Zz? ee (= Sa, 


“ 


STO BeKTOpHoe Nose *%’, no Teopeme Jlap6y — Sayapa, OyzeT usruOao- 
HM fa mopepxHoctTu F’. Tak KaKx Xy He IpHHaeKala NIOCKOH OKPecT- 
HocTu Ha F, TO cooTBeTcTBylollad ef TOUKa Ha F’ Takxe He OyeT Ipu- 
HaIeKaTb MWIOCKOH OKPeCTHOCTH. 


PanvabHad COCTaBIAIOMaA NOMA tT MO paguycy r OyaeT paBHa 
a Nai eee a tek aL 
(7; +12) (7, —1r2) ites Eile 
I7, +r2| — Iry rel | 
7! aE?) ssa) : 
B rouxe Xp) B cHly 1 —f2—O0 Ona paBHa HyJ110, a BO BCeX TOUKAX, OM3- 
KNX K Xq, M€HbUUe HYJA. | 
CoctaBasiomad mold t’ 10 OCH Z 
; wey etc. 
LA Ses 
2) + 22° 
CnenopatebHo, B TOUKe Xp OHA PaBHa Hy.1l0, 42 BO BCeX TOUKAX, 61H3- 
KHX K X,, OObIIe Hyd, Vero He MORKET ObITh B CHAY OCHOBHOH ACMMHI II 


A. B. Tloropezosa. 
ITO saBeplmlaeT NOKAZATeEMbCTBO CPOPMYJIMPOBaHHOH TeOPeMbl. » 


aoe 


_ Summary 


Theorem. Let F,, F, be two isometric general convex surfaces seen 
from One side of a point O (i. e. the angles between the inner normals 
to the supporting planes at the points XG@F; (i=1, 2) and the radii OX 


are all either less than = or greater than + 


Let there exist such planes as P;, P, containing O that F,, F, lle in 
the closed halispaces bounded by P,, P,. ; 

Then F,, F, are congruent, provided’ the distances from O to the’ 
corresponding points of the boundaries of F;, F, are equal. 

Corollary. Isometric closed convex surfaces are congruent (a closed 
convex surface is seen from within out of any of its points and one can 
take this point for “the boundary“ of the surface). 
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/ 
a 


a B.A. SkyOosuy 
YCJIOBHA HEOFPAHHYEHHOHM YCTOMYMBOCTH 
AJIA HEKOTOPOFO JIMHEMHOrO JH®®EPEHLMAJIbHOrO 
YPABHEHHSA BTOPOFO MOPAKA 


‘§ |. Moctanoska 3anaun u pesyabtatpi 


PaccMoTpHM ypaBHeHne 
a?x ax 


pity Vanes ee UL) & =O, oe Ch) ) 


Gta at 


re v>0,9>0, ¢(s+2x)=—¢(s) wu pynkgua ¢(s) au60 HempeppIBHa 
Ha [O, 2x], 1460 umeer Ha [0, 27] KoHe4HOe 4YNCIO TOUeK pa3pbIBa u 


lt 
Jl ¢(s)|ds<o. 
10) 


Met OyeM B abHeHIWIeM Ha3blBaTb TaKHe MYHKUMU 2n-NepHomMYeCKUMH, 
KYCOUHO-HENPePbIBHLIMH, MHTErPHPyeMbIMH. PyHKUMM MU UUNCIa, ecaM He 
- OFOBOPeHO MpOTHBHOe, OyTeEM MpeANOMaraTbh BeULeCTBeHHbIMH. 
| Benen 3a M. A. Afi3epmMaHom |1] OyqemM Ha3biBaTb jAuHaMMYeCKyIO 
CHCTeMY, ONHCbIBAeMyIO ypaBHeHHemM (1,1), uu, pawu KpaTKOCTH, ypaB- 


HEHO 
| dx 


A(t) Oe 


+O mpu t>-+o.. (1,2) 


cCTOAHHOM *yHKuneH Y(S) Bula 
« M? Iipu 0) << t < tT, 
¢ (s) = é 
ii. TPH et Ie oe 


aw qoKa3aa, ¥TO ypapyeune (1,1) OymeT HeorpaHwyeHHO ycTOHuMBbIM npH 
-BHINOJHEHHH HepaBeHCTBa * 


6 o2 - 
> '¢(1-3V iB) a9 


of = (m4 M?), 


- 


rae 


Boaee o6uwi pesyibraT mpocro BbIBOAMTCA us paboTH [3]. Mp ccopmy- 


aupyeM ero B Buse TEOPeMEI. 
“Teopema 1. O6o3natum wepe3 Dy,. KHOICeECMsO In-nepuocUutecKUX, 


KYCO4HO-HENpepoleHelx, UHMeepUpyemMoLx HynKkyut ~ (Ss), OAA KOMOpHX 


2n 
l 
max 9 (Ss) = M?, mm |e (s)ds= o> ) 
0 


* Mui nosb3syemca ApyrHMH OGosHayCHHAMH, 1A Hac Gonee yROOHDIMH. 
6* . 


< “> -§ , ae NEN ¥ eal 
i ; ie = Z ey ee SR Nee se 
tus pane eee el See eT raat es eG aes 
ee ee ee Oe ae WT ee eh wes i ae tee > 


HeHue (1,1) HeOzpaHuxeHHO yomou4iuésum, eciu Wa A1000r0 6 >O0 BEMom- © 


B paoote [2] Maccastpa paccmoTpea ypaBuenne (1,1) c KYCOUHO-nO- 


84 Bi. ‘Axy6oeuit oe a 


— Gukcuposannoe 4ucha, Lan HeO2panU4MeHHol yemotausocmu yp BHE 
-xua (1,1) c awbou OvHKYyuen ¢(s)EOm,s HeOOXOOUMO 1 docmamo4no, 
4moboL ONO BbLNOAHEHO Hepasexcmeo (1,3). 

JloctaTOuHOCTh MOXKHO BHIBeECTH TaKxe u3 [4]. TlocKoabKy aie 
cro [3] caoxHOo (B [3] qoKa3bIBaeTcH HaMHOrO Oomee OGuINH pesyaDTaT), 
a TaKKe NPOBeAeCHO C2xKATO HW HE MOAHOCTHIO, MpeAcTaBIAeT HHTepec MpH- 
BeCTH NOMHOe MOKa3ZaTeIbCTBO TeopemMbl 1. Hwxke Mbl MPpHBOAMM O¥4CHb ~ 
MpOCcTOe HEMOCPEACTBEHHOe LOKASaTebCTBO TeopeMbI 1, HE HCMOAbSyIOMLee 
pesyabratTH [3, 4]. : 

AnasoruuHblit pesyabrat, Korma BMecro max ¢(s) puKcupyetca min p(s), 
copMysupyerca Gouee rpomo3qKo. Menno, mpl BbIBeeM u3 [3] Teopemy: 

Teopema 2. O6o3Hauum 4epe3 Vn,, mMHOMCeCMbO 2x-neEpuodutecKux, 
KYCOUHO-HENpepolgHux, uNmezpupyemoux yHKyUuk (Ss), OAT KOMOPLUX 


— Guxcuposannoe 1uucia. Hid mozo, 4modwu ypasxenue (1,/) c npous- 

BOAbHOK PynKyuelt o(s)\E Vm; Oblso HCO?PAHULEHHO YCMO4U6oLM, HeEOO- 

XOOUMO  OOCMamo41HO, 4MOODdi 
1) npuv<m ie ecex §; OE Se OuLAO BbLNOAHEHO 


yd See 1f(o — m2 x ag 
ch —— ate =) Ein § > 0; (1,4) 

2) npu v=m ean BOLNOAHEHO . 
ye _? a 6 0.50047) a0", ; (1,5) 
20€ Vy = 2x2V x2—1 (x,— Veer )u X,=1,1986..., xopexs ypasne- 
nua x=cth«x; 
3) npu v>m ae 6bLNO.iHEHO - 

o- — m2 

hos chi 5 (Ge my) Ese > 0 i (1,6) 


OAA BCEX ae 

MOxHO pacCMOTpeTb aHaOrM4Hylo 3amayy 06 onenKe XaDpaKTepHCTH- 
yeCKHX NOKasaTeeH ypaBHenna (1,1) B kaaccax Py, u Yn. NockompKy ° 
OWeHKa XapakTepHCcTHyeCKHX NOKasaTeneli AA ypaBHeHHa (1,1) paBHo- ° 
CWJIbHa OWeHKe Gia ape h mOKa3zaTeleH a ypaBHeHua Xuaaa 


oo + +p (8t)y=0, (1,7) 


MBL PACCMOTPHM 9TO MOCeqHee ypaBHeHHe, WOMycKad Take cay4ual, korga 
@yHKUNA p(s) NpMHuMaeT OTPHMaTebHbIe 3HaYeHUA. 

MboxecTBO 2x-MepHOAMYECKHX, KYCOUHO-HENPePHIBHAIX, HHTerpupye- | 
MBIX PYHKUKA P{S), WIA KOTOPHIX (PUKCUPOBaHBI 4ucva | 


1 ; 
max p(s) a Cee on \P (s) ds Sa op 

0 F 
o003sHauuM P,, H aHaOrHYHOe MHOMKECTBO, “Korsa BMECTO Pingx bukcupo- 
BaHO 

min p (S)=Prin ? 
\ 

o6osHauum Py. Bygem mpegnomaratTb, 4TO P gia: Pep HWP mins 7: Pope ke 


KaK B IIPOTHBHOM CAyY¥ae COOTBETCTBYIONIEe MHOKECTBO COCTOAO ) On 43 
eae p(t) = const. 


Un aes oh 5 


Yeuopia HeorpannueHHoll yeroiiynBoctu aks. Sys mah 


ee Teopema 3. Lan moeo umobu. npn AW00mM §>0 u Abo bynKxyun — 
i P(S)EP,, OA peuenuit ypacnenux (1,7) Ootza cnpasednausa ouenKka 
BM, OER Mace a Ces Bee as) 


(20e » > 0—wNexomopoe guxcuposannoe 4ucr0, neobxodumo u Cocma. 
mO4HO “m0Obl OblL1O “6bINOAHEHO 


Pmax — Pep 0 
eS 2 ¥ Pcs ie Prvax zs Pep ein 


pee Re i (1,9) 
VPs, pH Pie, i Pip <0. : 


Hwxe OyqeT NpHBeZeHO Mpocroe HENOCpeACTBEHHOe OKazaTeJbeTBO 
sToH Teopempl. M3 pe3yapraros [3] Mb BpIBeeM TaKxe CreAyIOULylO TeO- 
| PpeMy. 
it Teopema 4. ua mozo umobe n u sw6om 9 >0 nu anbot bynkynu — 
P(S)GPm O28 pewenull ypasHenua (1,7) Olaa cnpasecauga oyeHKKa (1,8), 

| NeoOxodumo u CocmamouHo, umobeL : 

|| 1) mp Pirin > 0 OAK Bcex —&, OX E<t, OHNO bBLINOANEHO 


: | : De este 0, (1,10) 


§ 
Cc + cosé pe ae 


: Z 
7mio 


2) npu p,,,—O0 Ootn0 BLNOAHEHO 
> WyBYV AB (x —Y B—1) =1,0242...0,,, (1,11) 


| 20e X9=1,1996... Kopens ypasHenua x—=cthx, 
3) npu p,;,<0 Oon0 BoLnonHeHO > V — Poin a makzce 


He ch = + che — + ee +1)EshE>0 (1,12) 


3 — Pmin — Pmin 
OnK BceExX E> 0. 

ViHTepecHO OTMETHTb, 4TO, XOTA ycCaoBia Teopem 1 u 3 O6aM3KH K ~ 
yCAOBHAM TeopeM 2 u 4, AOKa3zaTelbcTBa TeOopeM 2,4 HaMHOrO C/JOMHEeE, 
a pe3yIbTaThl MOPMYyHpyloTcA Ooee TPOMO3AKO. ~ | 

if Mcnoap3sya pelleHua BapvamvOHHBIX 3agay B § 3 [5], aerko noayuuTD 
aHaJIOTMYHbIe TeEOPeMHI, KOrfa MUKCHPyeTCH OAHOBPCMEHHO Pmax H Pmin- 
Mbt 9Toro He emaemM, Tak KaK pe3yibTaT (opMysupyetTcaA OUeHb Ppo- — 
MO3AKO. OTMeTHM, 4TO 3aqaya OO YCJOBHAX YCTOHYMBOCTH JIA ypaBHeHHA » 
‘Xuata mp PuKCHpOBaHHHIX Pmax, Pmin peuena M.T. Kpeftuom |7|. Hocaea- 
Hioio samauy M. I. KpeaH cBogqua K 3afaye O TOUHBIX OWeHKaXx codcT- 
‘BCHHBIX 3HA4UCHHH HEKOTOPBIX CaMOCOMPAKCHHIX KpaeBblx 3aqay. YTBEP2iK- 
menua Teopem 1—4 moryT ObITb Nepedpa3sapoBaHbl KaK TOUHbIC ONEHKH 
'B HEKOTOPBIX KéJlaccaxX MYHKUMH BeUICCTBeCHHBIX COOCTBEHHEIX 3Ha4eHHhi 
HEKOTOPHIX HECAMOCONPAXKCHHEIX KPaeBblX 3afa4. 

OtmetuM Takxe uHTepecupe paboTn T. M. Kapacesoi [8—10], B ko- 
TOPHX BapHalMOHHbIMH MeTOJaMH, O1M3KuMu K MeTogam M, T, Kpefua, 
NOMYYCHHI YCAOBMA YCTOHYHBOCTH UM OWeCHKH XapaKTePpHCTH4YeCKUX MOKa3sa- 
Teeli WA ypaBHeHua Xu/ia B HEKOTOPHIX Kaaccax PYHKIMH, OTAMYHEIX 
OT PaCCMATPHBaeMbIX 3/[eCb. 


§ 2. oKkasatenbctTBa 


1°, Jloxa3saTeabcTsBo Teopemp! 3. Jlocratounocts. Bo3sbMem Mpo- 
U3BObHOe C > 0 wu NpousBOAbHOe (BOOOMe TOBOPA, KOMMMeKCHOe) pemie- 
Hue y ypaBHenna (1,7). Ilonaraa 


“2 


n=elyP+—ly?, 


Es RS 

86 B.A. flryOoour 5 eS Hey oe ‘ 
NOY 4AM 

. An aS 2 Og ee Il Re « 

n= (yy t+ yy) sign (c? — p)|p—’|N Flp—e ly, 
OTKY a 

hee | 
In ay Sz | P(t) — oat. (2,1) 


0 

Tlycrp (+ 4)— xapakTepucruyeckue noKasaTeim ypaBHeHua (1,7), Red > 0. 
Ypapueune (1,7) umeer pemrenue (Boodme rOBOps, KOMIIJI€KCHOe) 

y=e''n (t),, 
rae 

a(t+T)=u(), T=2n/8 

= dyHkuna u(t) umMeeT KyYCOUHO-HeMpepbIBHYIO HHTErpHpyeMylO MpOu3sBOL- 
Hyto. Jia sToro pemeHusa 

aie Re MELE), 
roe €(¢) — T— nepnoguyeckaa d@yuKuna. OTcwoya 


Reh= = lim as 
t+ 


V3 uepapeuctsa (2,1) caenyer 
rf: 
1 oy 
. Reh< uF | | p (8t) —c?| dt. (2,2) 
0 
Tak KaK, M0 yCAOBHIO, 4, > Pep» TO 
Pong 0 MPH Pe peo 
DEe— 0 pv Puce + Pep Os 


TlosTOMy MO2XKHO B3ATb . 
cian fs mp¥ Prinax rho 0 


Pep DEE Dien etepes Os 
Met nozyuuM Torga u3 (2,2) 


P max — Pep 


np Pra “De >0, 
Reva 2 V Prat : 2 (2,a)8 


V = Pes npH Pa Pop 


Tlostomy us Hepapeucrsa (1,9) crenyet »p > Reh. M3 o6uei reopun ypaB- 
HeHHA XMIa H3BECTHO, YTO 3TO PaBHOCHIbHO ONeHKe (1,8). 
Heooxonumocrs. Mbt OuKHbI NOKa3aTb, 4YTO CcymectByioT 9 >0, 
p(s) € Pm, Takue, 4TO Qa ypaBHenusa (1,7) Benuunna Red ckoubn yroxHo 
OIM3Ka K BbIPaxKeHHIO B MmpaBoOli uacTu HepaBeucrsa (1,9). Di 
Ilyctb cHauasa Pmax + Pop > 0. Tlokaxkem, uToO cyulecrByer ypaBHe- 
uve (1,7), Aaa KoTOporo 


Re h == Paes Pep OA 
2° Pmax 
B3aB mponsBoipnpe yuncia g>0, T>0, M>0, nocrpoum PyHKWHIO*; 


* Xora :bOpManbHO MbI He MCHOMb3yeM pesyabtatol [3], BUX ITOH @YHKUMM B3AT 3 
[3]. UmMenHo ata cbyHkuMa ABAMeTCA peuleHHemM cooTBeTCTBYIOINIeH BapHalWOHHOHK 3amaqn. 


Ne 
= 3 x PETE eV LS 
‘ i (ere 


va ty 


; Yenosusx HeOrpaHvyeHHOn ycTotuMBocTH 


i sin(Mt) npu 0<t<é 
Yo(t)={ Ac™* npu EXt<y, 
4 sinM(T—2) upu n<t<7, 


(cM. Pfic.“1). Unea A, B, &, 4 waxomatca us ycnosnit HelpepbIBHOCTH 
Vo(t) u y(t) mpan ON *t<KT. Bro nocrpoenue BosmoxHO aAUUID mph 


MT >=, (2,5) 


4TO Mb OY€M MpeAMOMaraTh BpINOHeHHEIM. Ycuosua HenpeppiBHOCTH 
HMEIOT BUI: 


Ae™ = +, sin(M), ABe* =cos (MQ), (2,6) 
At =F sin[M(T—7)], ABe*"=—qcos[M(T—»)| (2,7) 


TlepemHoxwKan mepspoe ypaBHeHue 


(2,6) u Bropoe (2,7), 3arem BTopoe Yo(t) y-nedt// 
 ypasuenne (2,6) u nepsoe (2,7), ; Med 
NOJY4YHM, MWpupaBHMBad pe3sy/JbTa- A 


eT DI, 


sin [M (7 —4 +8] =0. 
Tak Kak ‘ 
et a eM Oo =< aM, 
<eenes 
0<M(T—7 +8) < 2x, 


TO HMe€eM Puce. I. 


y—t=T—/M. ; (2,8) 


Us nepBblx ypaBHeHuh (2,6) u (2,7) nonyuum 
Bi—)) _ Ae" 


Ac ae q. 
TloncraBaasd 3HayeHne (2,8), Haiizem 
i255 Sing 
B = T— 7M G (2,9) 


Cuutanx, uro y,(f) aBaeTCA pemleHuem ypaBHeHua (1,7), nNOonyuHM aA 
cooTBeTcTByomen PyHKuuu p (8) Brpaxenue 
M? upyw om t<s, 


p (6t)=—**=] _ Bp npu § <0 <9, (2,10). 


Yo 


M2 npu nt <T. 


TIpomomman p(t) nepwomuyecku C mepHOOM 7T=2nr/§, us yc1OBuA 
Yo (T) = — Gyo (0) nony4uM 

é Vo (t+ T) =— Fo (E). 
Takum o6pasom, xapaKkTepHCTH €CKHM nmoka3atesemM ypaBHeHua (1,7) Oy- 
HET 


1 Tl 
h=7lngtF> 


of SM (Tt) 


ass 


*: Qn 
oe RN Ip (s)i= | |p(s)ids. 
‘ : 0 


; R 
5) 


B.A. xyGoouy 


it AS Ca 
Rei= Bie q. 
Mp umeem u3 (2,10) 5 i 
max = M3, Pop = M2 — A) (Mt? + BY), (2,12) 
Via (2,11), (2,12), (2,8) (2,9) caeayer ye 
Reh=MYV%(2—6), -) (2,138)9 


FAe 
™ 


y= 1 — Pep/M*>0, C=1— ze. 


Qn 
Tak Kak BeJMUMHY fa 0 MO%KHO MCHATb MNPOW3BOJIbHO, JAMUb ObF 


OHO BEINOAHEHO (2,5), BemMuNHY © MOXKHO C¥URTaTh 11000 B MHTepBale 
O<C<1. YecnoBue Ppaxt+ Pcp >O paBHOCHIbHO HepaBeHcTBy © < 1. 
-Tipapaa uactp B (2,13) mocruraer MakcumMyma upu C=, Torna BBINO/- 
HeHO (2,3) H Halle yTBep»xAeHHe OKa3aHO. : 
Tlycth TENEPb Pmax + Pcp <0. Torna p.p< 0. XapakTrepucTuyeckuh 
noKa3aTeib A ypaBHeHna (1,7) ABIHeTCAH HENPePHIBHLIM (YHKIMOHAIOM OT 
p(s) (8 — uxcupoBaHo) Ha MHOXKeCTBe BCeX 2x-NepHOAMYeECKHX, HHTe- 
rpHpyeMbIX WH KYCOUHO-HeNpepbIBHEIX P(S) C HOPMOH 


Tina p(s) = p(s) =— a xXapakrepHcTH4eckuM lOKasaTeeM ABAAeTCH 


: h=a= V— Pcp> 
Tosromy jas dynKuuu p(s) @ Pm, ocraTouno 61u3KOH B HHTerpatbHOM 
CMEICIe K PYHKUUMN P,(s)=— a’, xapaKTepHCTH4eCKHH NMOKAZATeIb CKOAb 
yroquo 61u30K K VY — Pp. Teopema foKa3ana, 

Sameuanne, MoxuHO OKa3aTb, YTO B CYYae Prax + Pep QO, Be 
OTAMYHE OT CYA Pmax + Poo > 0, He CymecTByeT dyuHKuHH p(s) GPx 
p(s) #const, ana Koropoh ReA=V —p.y. Mostomy maa xapakrepucru- 
weCKOrO NOKasaTeia } ypaBHeHua (1,7) cipaBeqiuBa crenyioulad OMeHKAa,. 
-yTounsiomaa (2,3) u Teopemy 3: 


Rena MPH Poy staeoy = Uy 


2¥ Pmax : 
Reh<V—Ppep UPA Pmaxt+ Pp KO. - , ie 
Jloxaxem sto. B cayuae HeKOeOaTebHOCTH, KOTOPHIi 3aBeOMO 
‘MMeeT HE CTO MPH Pmax <0, ypapHenue (1,7) umeer BeIECTBEHHOe pelle~ 
uue y=e'u(t), rge A—BemecrBenno, u(t+ 7T)=u(t) #0. Torga 
Tiveg T 
— ppt Sde= } (eta eit ge 394 
0 0 


Ti 
23 
| u* dt >, 
e. u2 
T. €, BbINIOHEHO BTOpoe HepaBeHcTBO (2,14). 
OTO #Ke paccyxXMeHHe MpoxoguT, ecu ON Prax 82/72, Tak Kak B 9TOM 
cayyae ypaBHenue (1,7) MOxeT AMWb NpHhaqwexaTb HyeBOl OOnacTH 


HeyCTOHYMBOCTH HAM UX rpaHune [5,6], T. e. M60 k yHCTO MHUMO, AH6O- 
A BEIMECTBEHHO HM MMECT MECTO HeKOeOaTembHOCTD. Ilyctp M?=p,.4, > 78/T?. 


(Re ayer 2 
MT — a 


"nas Bcex pel. Dai .. Takux, ro MT—kr>>0. Orciona 


Pig A (Ree T?< (TM — fs) (tn — alee 


Vis yeAOBNs rience JI@rKO BBIBECTH, YTO MpaBan uacTb yOnrpaer 
BeIMYeHHeM a 


(REY <x, < to = T° (— Pep), 


jong cHoBa clenyer BTopoe HepaBeHCTBO (2,14). aN 
2’. Woka3sateabcerTBo teopemn 1. Jlocrarounocrs. HMonaraa — Pe 


Reet ete a 


. y nowy4uM ypapuenve (1,7) c bynxnnel 
| p(t) = @ (8t) —»* 


ayuum CMeTYIOulyIo OMeCHKY JIA xapakTepucTayeckoro moKasaresta Ypa 


enna a 7): ae 


' Se 
Rerkxi ? V. Me 
ae ; V2 ot) pH Qv2> M? +97. 
A eorpaHHyeHHad YCTOHYMBOCTL OyeT, CCH 
. Rei <y, 


upu 2v? << M?-+ 0°, 


M2 —o2 ~ | 
Sgr geet oe pe es ee 


ie Vv—ot<y mp 2’> > M? + o?, 
Yeaosue (2,16) Bcerga BpmomHeHo. CoN (2,15) gaer 
iV < ve, ecm P< 5 1 (Mt + 3), 


a Ce oan 


Nockoapxy > 5 (Me + 3); TO yerofiunpocts Oynet mpu v Sere a 
r MM BLIMOMHEHUH (1,3). : 
\ HeoOxoqumocte, Mpeanostorxum, yTo (1, 3) Hapyleno, Te! ae | 
i” M? — o 
2y M2 — a2 : 
gapemomo 2v2< M?-+o%, Jina ypapnenua (1,7) Mbl wMeeM T09TOMy — 
ea -o?— 2v>0. H3 goxazateapcrBa Teopembl 3 caenyeT, — 
O AAA MOOBIX (bHKCHpOBaHHbIxX 
ee 4 Ne t Ding AE Lig 
» anayres 6>0 u dynKkuua p(s) G Pm, Takue, 170 
; ; : Pmax + Pep __ BUSS Saat 
@ Aaa Cmax ee? SS 
y QV pmax 2 M2 


90") ' sarees B. A. Axy6oeu4 ee 


Torma ReA>v xu gana ypapuenua (1,1) c coorBetcrsyiomeh yHKuHen — 
¢ (s)=p(s)-+v? u coorsercrsyiomum §% 6yzeT HapyureHo (1,2). Teopema — 
WoKa3ana. 4 

3ameuauHne. M3 moKasaTerpcTBa ciemyeT, YTO Npu 


2 TS ys 
v<H(\-3V2—a) 


Haliytca pyuKuua 9 (s) EO, , uw wucn0®>0, Takue, uTO ypaBHeHue (1,1) 


MMeeT XapaKTepuCTH4eCcKve NOKasaTeAM C MOMOXKUTEABHOM BeIECTBEHHO | 


yacTbio. Eciw x#xe 


TO XapaKTepHcTHYeCKHe NOKasaTeH exKaT B JeBOH 3aMKHYTOM NOwdy- 
MIOCKOCTH MU HaliweTca ypapuenue (1,1), y KOTOpOrO OfHH M3 xXapaKTepH- 
CTHYeCCKNX NOKasaTeeH ABJIACTCA UMCTO MHMMBIM. 

3°. Jloxa3sateabctBo Teopemn 4. Jioctarounoctp. Ilo Teo- — 
‘peme 2[3]* gaa cmpapenmuBocTtu oneHKu (1,6) npn dvkKcHpOBaHHOM 


Qr ; 
§= 7 >0 AoctaTouno BHINOHeHAA HepaBeHCTB 


(Pep —Pmin) T-< wn (Loa) [ch ("z) + cos (Gan?) (2,17) 
; : 


Ha Bcex Helnx k>n+1, rye n=O pu Ppj,QOU mpu Prinz > O auc- | 
AO 1 ONpewenaeTca HepaBeHcTBaMH 
n?r2 (n + 1)?x2 


Fr = Pain a Spy eve 5 (2,18) 


HlycTb Pai, > 0. Tlomaran § = PY Pain nomyyuM u3 (2,18) 


On bam 


Hepaseucrso (2,17) nepetimet rorga B (1,10), Koropoe, no ycOButo, BH- 
TOJIHeHO. 


IIpu Pmig =O cooTHomenHue (2,17) naer 
Then < (ch + 1) heee't, Oe 


T 
O6osnayaa y=", nonyunm 


9 


rs 


2~, Pep eel 
pe > p a Scher 


Benuuuna % MOxKeT OnITh m1060H >0. Batynciaa sHayeHHe MaKCHMYyMa, 
moayuum (1,11). 


B cayyae Duin <0, m0Onaraa Eas Lo Paint noryuuM u3 (2,17) co 


oTHomenne (1,12), kKoTopoe, NO ycaoBuo, BEINOTHeHO. 

HeoOxogumocrs. PaccmorpuM cHayaa cay4all Pin > O. pemnono- 
XMM, YTO WH HeKOTOpOrO §&, O<) <7, HapymieHo HepaBencrBo (1;10). 
Tlonaran, Hampumep, R= 1, 7) =&/V pai, HOAyauM uz (2,18) n=0 
min kR=1 OyfeT HapyuteHo Hepasenctso (2,17). U3 goxasateapcrsa [3] 


6 2a 
ceqyeT, 4TO Haliqetca dyHKuuA Po(t)—=p(F t nrepuona 7) C 3a%aHHbiMH 
: ; 0 


* B dopmyanposKe teopemp 2 [3] wMeeTca oneyaTka, HMeHHO:-B cbopmyae (2,17) 
nponymen MHoxUTeEIb 2 pmin & (B 13] oGosHayanoce 62 = Pain): 
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Pop Pmin TAKAA, YTO ypaBHeHue (1,7) OyzeT uMeTb xapaKTepuctuyeckHit — 


WoKasaTetb A>, T. eC. He OYMET BEINOTHATECA ONeHKA CL8):+ 

CopeplieHHO aHaJOrM4HO, M3 TOUHOCTH OMeHKH (2,17) cnenyer He- 
OOxOquMOCTh ycnoBuit (1,11), (1,12) B cayuae p,,,<0. 

Teopema jOKa3ana. 

SA Me Tanne. IlockoabKy B COOTBETCTBYIOINEH BapHanMOHHO 3amaue 
([3], Teopema 2) munumyM He gocturaerca Ha dynKunax D(s)E@ Py (u 
Maxe Ha MPYHKUMAX, HHTerpupyemplx no Jle6ery ua (0, 2x) [3]), To u3 
BHINOIHeHHA HepaBeHcTB (1,10), (1,11) mam (1,12) gaa duxcupoBaHnot 
dyukunun p(s) € Py caexyer He TOADKO OMeHKa (1,8), HO HM OmeHKa 


_y=O(e’), t++o (2,19) 


Auld HEKOTOporo € > 0. OgHakO HWKHAA Tpab sTHx © M0 BceM p(s) E Pm 


paBHa HyJ110. 

4°. Joka3aTeabncetsBo Teopemp 2. Ilosropaa moKasaTembcTBo Teo- 
pemp 1, nomyyum xe "y, Pop = 8 —V*, Pmin =m? — v2. Jia acummto- 
THYeCKOM ycTowyuBocTH ypaBHenua (1,1) mocraTouHo, uToOH vy >p. Jlei- 
CTBHTebHO, u3 (2,19) uMeemM pu stToM x=O/(e“). Tlogcrapaaa 3Haye- 


HUA Pep, Pmine WOYUUM U3 (1,10), (1,11), (1,12) coorHomenna (1,4), (1,5), 
(1,6), aro u Tpe6oBanocb 0Ka3aTb. 


Summary 


Definition. Equation (1,1) is said to be unboundedly stable if 
(1,2) holds for any 6>0. 
Theorem 1. Let ®,,. be a set of continuous functions ¢(s), ¢(s + 


+ 2x) =¢(s) such that the numbers 
2 
wf e(s)ds=2, max e(s)=ar 
6 


are fixed. 


In order that equation (1,1) with any function 9(s) € ®y, be unbo-~ 


undedly stable it is necessary and sufficient that inequality (1,3) holds. 
Theorem 2. Let VY, be a set of 2x-periodic continuous functions ¢ (s), 


such that the numbers 
ak e(s)ds=s%, ming(s)=m 


are fixed. 

In order that equation (1,1) with any function ¢(s)€@ WV, , be unbo- 
undedly stable it is necessary and sufficient that 

1) for v< m inequality (1,4) holds for all §& 0<&<7; 

2) for v= m inequality (1,5) holds; 

3) for v > m inequality (1,6) holds for all §>0. 

Some other theorems are proved. 
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| r. T. Angomun- 
TMAPABAMYECKHA YAP B JE®OPMAPYEMOM TPYBOMPOBOJE 


| Co BpemeHu nosBieHua KaccuyecKof padote H. E. 2Kyxoscxoro [1] ° 
mpoOjeme rujqpaBinyecKoro ymapa nocBAueHa OOmIMpHaa wmTepaTypa. 
Boapuimacrso uccaesopateeh u3y4ano nepexomHble IpOuecchl, BOSHHKalO- 
uve B X%KMAKOCTH TIpH M3MCHECHHM PexXKUMa MCTeYeHHA Ha KOHIe TpyOo- 
-mpopoya. B craTbe pacCmoTpeH ruspaBanueckuh yap, BbISHIBaeMBIM ge- 
opmayneh nmonjagzu ceyeHua TpyOompoBogza nox melicrBuemM 3ayaHHOro 
WaBeHHA WH MAaCCOBBIMM CHAaMH HHePWMH %XWKHAKOCTH NpH Nepemenlenun 
-tTpyOonpososa. IlogqoOunie 3aqauH BOSHMKAIOT MPM M3y4eHUM JMHAaMMYeCKUX 
“ABICHHH B CHCTCMAX OXJaKeHHA JBMraTemeH, BO3felcTBHA yapHor 
 BOJIHBE Ha TPyOompoBoy UT. J. ; 


1. OcHOBHbIe ypaBHeHnHa Va 


PaccmMaTpwBaemad 3aa4ua MpHMCHUTeABHO K CHCTe@M@M OXv1a}K/eHHA 
 CX€MATH3HPOBana CIeAyIOWMM OOpa30m. 

Ha musaungpuyeckyio TpyOy (HanpuMmep, Kamepy cropaHua ABuratea) 
-HameTa o6o104Ka (puc. 1), H B 3a30- 
pe MexKAy TpyOamMu TBMKeTCA OXaxK - 2 u(t)! 1! 

‘faioulai 2#KUKOCTb; B Kamepe 0° 3a- | Es i 
‘HaHHOMy 3aKOHY pacipocTpansetca BSS SAS rep 

001aCcTb NOBHIMIECHHOFO NaBJeCHHA (2aB- 
 feHue MpOAyKTOB cropaHua 3a Mopul- 
HEM HJM 3a BOMHOM CxKaTHA), a Cama 
‘KaMepa MOXKeT MepeMelaTbCA BOb 
OcH. 

‘BHYTpeHHee faBeHHe Zepopmn- 
pyeT cTeHKH TpyObl MH yMeHblllaeT 
“T0Mladb KOmbyeBOrO 3a30pa. 2Kug- Puc. 1. 

KOCTb, 3aNOJIHAIOWaA 3a30p, 3a BpeMaA site 
‘qesbopMamuu He ycneBaeT pacTeKaTbCA, MaBseHHe B HeH MOBbIMAeTCA H 
‘B BUC BOHE THApaBIMYeCKOrO YAapa pacipocTpaHAeTCA BAOIb KaHavia. 
Tlepememenve TpyObl MpHBOAMT OAHOBPeMeHHO K MOABACHHIO MONOAHH- 
TebHOH COCTAaBAAIOWWeH CKOpOCTH 2%Xu_KOCTH. PaccMOTpHM BO3HHKaioulee 
'B TaKUX YCMOBMAX HeEYCTAHOBUBIMeeCA JBUXKEHHE XKUAKOCTH B 3a30pe. 

| IIpeneOperaa Tpeswem M TeOMeTPHYeCKHM HamopoOM, CHCTeMy ypaB- 
HeHUH, KOTOpad OnpezeraeT COCTOAHMe XKUAKOCTH B CHCTEMe KOOPAHNHAT, 
-CBaA3aHHOM C Tpy6oH, BO3bMeM B Buse [2] 

Opa Oper =. 

par ine Ox aa, (1,1) 


douF , dv nop du ae 
of + Ox a ag ee ae) (1,2) ove 


2| U(t)| 1{ ; 


94 T. T. Andouuxn 


P+ P» _ const, 
rhe U, P, p—CPpeHve B CEYCHHH MPOMOAbHad CKOPOCTb, AaBAeHHe, OT- 
HOCTh 2%KHAKOCTH; F —nOMalb CBOOOJHOFO MpOxOHOrO CeyeHHA;, X —KO- 
OPAuHaTa B HampaBAeHHM OCH TPyObl; “—CKOPOCTb NepeMelleHuA Tpy On; 
: ° 

Px, 1—TOCTOAHHEIC; LIA BOLI pH Temmepatype 15°C p, = 3000 Ke/cm’, 
Weil: 

YpaBHeHve COCTOAHHA NOWaNM 3a30pa, YYMTHIBAA MaJIOCTb H3MCHE— 
HHH W1OWatH, MOXKET OLITh B3ATO B CPOpMe 


F=F,(1—a, 7a +425"), (1,4) 


rae P—BHyTpeHHee JaBeHue B TpyOe; E—MOfy1b yupyrocTH MaTe- 
puama CTeHOK. 

3HayeHua KOIPHUINMeHTOB LePOPpMalUH Q), A, 3aBHCAT OT TOMLUHHEL 
HW MaTepHayla CTCHOK TPyOL, OOOM0UKH HM QOpMbl NOMepeyHoro CeyeHHA 
gasopa. Jia CTaIbHbIX TpyObl W OOOJOUKM C BHYTPeHHUMM HM HaPy2KHBIMH — 
PpaMvyCaMU COOTBETCTBEHHO Fj, fo, fs, 7, B CAYYae KOJMbUeBOrO KaHawa 


oes 4rre 
miGmalcns is 
«it etary) ok wea) 


Jia 3a30poB MexAy TpyOok u OOo0NKOH HHOR POPMBI, eM KOJIb- 
eBOK, 3HAaYeHHA Q,, A, TAK2XKE MOLYyT OBITS Hal eH! W3 PeMeHHA 3aaun 
Jlame aa TpyOb. . 

B o6acTH MOTOKa %#XMAKOCTH, paCnOwOwKeHHOH BHE 30HHI eiCcTBUA 


BHYTPCHHELO JABIeCHHA, IWIOWatb NPOXOAHOTO CeYeCHHA ONPeTeMAeTCA ypaB- 
HeEHHeCM 


Fo Pi(loeatee |. ~ (1,6) 


rye a, onpemeasetca no (1,5). 


2. Tpanwunble WH HavabHble YCAOBHA 


Tipu u3yuennu HeyCTaHOBHBIeroca ABYXKCHHA 2KUAKOCTH B KaHale OX- 
Jax €CHHA MPHMeM, 4YTO AO MOMeHTa BNeMeHH f=(Q ABHKeEHHE 2WKUAKOCTH 
Obl0 CTaMMOHAPHBIM Cc pacxoZomM Q, Mu AaBeHHeM Po. Hauanpune ycno- 
BHA MO OTHOUICHHIO K BeJIM4HHaM Q=opvF uw p Ha BCeM yuaCTKe OXax- 
nmenua O—L, cnenosaTerbuo, 6yzyT mpu ¢=0, OC x<L 


Q(x, 0) —Q=0, 14 (x, 0) —P)=9, (2,1) 


TPPaHH4HBIe yCAOBUA Ha BXOe UH BHIXOMe WHAKOCTH M3 Kanata OXaxKTe- 
HUA OMPeAeAAIOTCA KOHCTPyKuHeH CHCTeEMBI OXJaxmeHua. Ecan cuctema 
MOMaYH XUAKOCTH HE YYBCTBUTEbHa K KONCOAHMAM JaBeHHA B KaHawe, 
TO CKOPOCTb BIpPbICKa 2%XHAKOCTH OyAeCT HCHSMEHHOH, T. e. mpu t >0, x=0 


| Q(0, t) —Q =0. (2,2) 
B Tom ciyuae, KOrZa CHCT€Ma NOWayH MKUAKOCTH COeCNHHACTCA C Ka- 


HalaMH OXJlawKReHHA OypepHow KamepoH, KOmeOaHHA WaBeHHA TacATCA 


B KaMepe BOAM3M BXOla #XHAKOCTH, PpaHH4yHOe ycoBHe Ha BXOJe NOTOMY 
MOMKHO B3ATb upH t>0, x=0 


P(O, t) — po = 0. | (2,3) 


0) SG 


vy 
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s Tpannunoe ycloBue B ceyenun L onpexeraerca npuHaATO B cucTeme 
~CX€MOW NOTOKa %XuAKOCTH. B mpoTuBoTOUHHIx cucTemax rpaHH4HbIM yco-— 
-BueM B ceyeHuu L OyyzeT paBeHCcTBO HyJ10 M3ObITOUHOTO pacxofa upH 


> 0, x= L ; 
QL, )—Q=0. (2,4) 
BefipaMOTOUHBIX — ypaBHeHHe, cBa3bIBaIOUee pacXO %XUAKOCTH C 1aB- 
_JIGHHEM 
; == 1 Pp (L, t) — Pa 
QE, N= FV eV 22Gee (2,5) 


rye €— Kos uunent mecTHoro conpotupaenua; py — aTMOCepHoe aB- 
menue. 


PaccmoTpuM yclonua B cevenun / (¢)— ponte o6acTH 2aBeHHA p, rae 


“MMOUaLb CCYCHHA Kanada U3MeHAeTCH OT sHayeHuii F—F,(1 —a, eo + 


ds oe) HO 3HayeHnit F=F, (1 +4,- 57). TIpoTaxKeHHOCTb 30HBI 


PesKOrO H3MeCHEHHA TOWaqM Mala NO CpaBHeHHIO co BCel Ob6macTHIO, 
3aHATOH 2KUAKOCTbIO, H MOTOMY €€ MOXKHO CXeMATM3NPOBaTb CKa4KOM 
MMOUladH, MEPeMEMAOWMMCA BAOAb TpyObl CO CKOPOCTHIO pacmpocTpaHeHHAa 
oOmacTu naBienua D. Ilpumenad 3aKOHbI COXpaHeHHA K KVAKOCTH, 3aKJ10- 
4eHHOH B STOM 30HE, NOJYYHM KOHEYHEIC COOTHOIMICHHA, KOTOPHIe CBASHI- 
BaloT NapaMeTPbI MOTOKA Ha PaSpbIBe, COOTHOMIeHHA THMa YapHHIX BOJH 


F p,W, = F292We, 


, 2,6 og 
Fp, — Fp,wi= F ip, ae Che el Ud Ware oas 6 ( ) 3 4 


afech w= D— VU —cKOpOCcTbh %KHAKOCTM B CHCTeMe KOOPAMHAT, CBA3aHHOH ie 
¢ @pOHTOM pa3pbIBa; p’ — FaBenve #%UAKOCTH Ha MMomanKy (F, —F,). On 
Bernunna p’ onpegersetca no dopmyae- Buza | 


p’ =p, + %0,w? (2,7) 


-C 3KCIEPHMEHTAIbHO ONpeseAeCMBIM KOIPPAUMEHTOM &, 
3aKOH COXpaHeHHaA 9HEPrvH NpHOW2xXeHHO 3aMeHHM afuadaTOH 
| : Se 
Pi es Ly se r (2,8) : 
Py Po 
a JA ypaBHeHuA COCTOAHHA MOWaTH CUHTAeM CIIpaBeMBbIM CTaTH4e- 
, ekue 3aBHcumocTn (1,4, 1,6). 


Beona u36nITOUHOe aBleHve p=p,+p, u3 (2,6—2,8) nonyyuM | mB 
ypaBHeHHA, CBASHIBAIOUIMe THAPOMMHAMMYECKHE 9ICMEHTH! Ha PaspbIBe te 


BS 2 
eae 
Sealey 1+nM; : 


2 
ay MEM (2,9) 
@, ~~ 9 14M Mj’ 
2 
oe gg LMM ME 
Px 1 + BaM? M3 
rye 
spt, G—o—(c—1)z. 
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B nocaeqHux BEIpaxennax M, = Pa LS aah uncia Maxa B Ceqe- — 


Huax 1—1, 2--2, MexaY KOTOPHIMH, B cBOIO O4epelb, HMeeT MeCTO CO- 


oTHOMeHUe j 
1+ 8n M? sare ny Wi en Mcrae i 
ee (2,10) @ 

1+nM, ‘i 


re j 

: np. - 
Boy v7 CKOPOCTS 3ByKa B 2XKUAKOCTH]. 
BuipaxeHne WA OS, YUNTHIBAA MaJIOCTb H3MeHeHHA niouranen, 3anmd- 


mieTcA Kak 


PP Dy ps : 
See ay et a eee (2,11) 
3 iE E 
TakuM OOpa30M, CCIM JaBJICHHe, MIOTHOCTb, CKOPOCTbh %XHAKOCTH HO | 
ONY CTOPOHY paspbiBa usBecTHH! u P, D safanbl, CucTeMa ypaBHeHHA | 
(2,9—2,11) no3Bo1seT HaliTH MapaMeTpbI NOTOKA 3a CKa4KOM. sid 


3. HpuOamKenHoe pellienve 3aa4uu B BHJe NpOXOAAUIMX BOH 


Tipu pemenuu cuctemnt (1,1—1,4) Bocnonbsyemca onyueHHaMH, 
OOBIUHBIMM B TEOPHH ruApaBsuyecKoro yapa [2]: B BEIpPaxeHHAX, He CO- 
epwamux muddepenynpospanue p, Ff NO BpeMeHH, CUYMTAeM pp), F=F, 
10 MaJOCTH HX H3MCHECHHH; KOHBEKTHBHEIMH 41eHaMU TIpeHeOperaeM BCser- 
CTBHe MaJOCTH CKOPOCTH %KHAKOCTH MO CpaBHeHHIO CO CKOPOCTbIO 3ByKa. ~ 

Tipu TakuX MONMYMIeHHAX, COXpaHHB MNepBHIe 7Ba 4eHa B pa3zloxKe- | 
P—Po 


pet Po” yYpaBHe€HHA HePa3sPpbIBHOCTH U J.BYDOKeHHA IIpH- 
* 


HHH @ MO CTeNeHAM 


BORUM K BUY 
Poo (Py t+ Po) n—1 p— Op , OvuF ay oP 
n (Ps + Po) [ te PAG Ro poe pl Ok Nc dee cee ee 
du é (3,1) 
Fo e+e a = — OF 
B ypaBHeHHv HepaspbIBHOCTH JIA YNPOWeHHA JIMHeaTH3HpyeM “eH — 
li+a , APs prnPA) Ep Co 0 Ue 3aMCHHB MOAY Jb YIPYrOcTH 2#XHTKOCTH 
E Nn Pat Po | et ? ya ERY. 
NOCTOAHHBIM 3HAYCHHEM, PaBHbIM e€fO 3HaYeHHIO MPH MA@KCHM@/bHO O%KH- 
MaeMOM [aBNeHHH Pyax- Takad 3aMeHa NPHBeAeT K HEKOTOPOMY 3aBbllle- 
HMIO HCKOMOTO JlaBJeHHA. 
Cucrema (3,1) B OTH4He OT OOBIYHO paccMaTpHBaeMOH B TeOpHH 
ruApaBMyecKOrO yAapa — HEOAHOPOMNAA, POAb BOSMYWMAlOWNX CHI HTpalor 


BHYTpeHHee WaBleHHe B TpyOe P uw MaccoBad CHa WHeEpmUN Pe a 


BpemeHHeM HOBBIX HCKOMBIX PYHKIHA 
I(x, t) =pF(u+4u)—Q, U(x, )=p— — py —a-s ps Py), 


cuutaa P=P(t), c yueTOM CKa3aHHOrO Bplle, cucremMy (3,1) cBoquM 
K OObIUHBIM BOAHOBLIM ypaBHeHHAM 


oll K ol 
ot hee Po Fo Ox = 0, 

3,2) 
ol 1 ol (3,2) 


dx + Fy of 9 


TuapaBsmueckhit yap B gepopMupyeMom tpyG6onpoBoge 97 


sa 7 1 (Pe + Po) - 
Pie Mess en Sone mig tae 
. fa, "Ps EPS) n= 1 Pex = Py MHHEATHSMPOBaHHOe sHayeHHe 


n Px 


Ka*KYDIErOCH MOYVIA C#XaATUA 2WKUAKOCTH. 


Pemenne MOCe€MHeEH CHCTEMbI H3BeCTHO: 


os W(x; fy (eA F+W), 
| . ‘ (3,3) 
E(x, == 22, (4 — NE) — SE fel 4). 
Smech A= VY BES ii 
mecb Ak ; CKOPOCTb 3ByYKa B 2KHAKOCTH, TeKyWieH B KaHasme 


¢ yupyrumu cTrenKamy; fy, fo — NpOH3BObHbIe MyHKUUN. - 

Oomee pemienve B Popme (38,3) OMMHAaKOBO MpHMeHHMO K OG6aacTH 
“MOTOKa 3a CKa4YKOM HM K OO/aCTH BHe ero. Pemenne B OOnacTH O< x*< 
</[(t) a01%HO yOBIeTBOPATB TpaHHYHOMy YyCOBHIO Ha BXOJe %KUI- 
KocTH (x=0), B oOmactu /(t)< x<L—ycnosuiwo ua Bprxoge (x=—L). 

Kpome Toro, pelleHHA B OOeHX OONACTAX OJKHEI YAOBACTBOPATH 
YCOBUAM JMHAMHYeCCKOM COBMeCTHOCTH Ha pa3pHIBe MIOManH CceyeHuaA, 
KOTOPHIe, CCH yueCcTb, YTO o,f, Maso OTMMYaAeTCA OT Poy) u p, (x, Z), 
BooOMle FOBOPA, MANO NO CpaBHEHHIO C Px, MOXKHO CBECTH K BUY JHHeH- 
HBIX YPaBHeHHH, CBASHIBaIOWMX PpacXOZ HW MaBJeHHe 2KMAKOCTH Ha paspEIBeE 


— WwIowlaaH 


| 2n 
F M nel 
fea P2 (x, t) =p, (x, pS 1 they (.*4) ilo, 


Qs (x, £) = Qi (x, )— nF [1 4. (eR) 


is} 


Mr 
ynkunaA oy mpH M.,, HE OYeCHb OJH3KUX K CNWHHIC, HG, HE CAHIUKOM 
2 


ie - 
oTaMualoMlaacd OT CAHHHUbI (cnyyaH Kak pa3 MU MpeACTaBAAIOWHA MHTe- 
pec), Malo OTAMUAeTCA OT CMHHIB, Kak 06 9TOM MOXKHO CYAMTb 0 


Ta6suue, COCTaBIeHHOH Aint BOM (7=7) Mpu sHayeHuax a=—O; 1; 


s—= 1,005; 1,05. 


M 
SHaveHHA PYHKUHH o az 
2 


a= 0 C= 1 
Mo 
3s = 1,005 o=!1,05 s = 1,005 6 ==0).05 
nn nee EEEE EERIE EERE 

0,0 1,000 1,000 1,000 1,000 

0,1 1,000 0,998 1,000 0,996 

0,2 0,999 0,992 0,998 0,985 

0,3 0,998 0,982 0,996 0,965 

0,4 0,996 0,966 0,992 ° 0,937 

0,5 ~ 0,993 0,942 0,987 0,899 ( 
0,6 0,990 0,907 0,979 0,852 

0,7 0,982 0,869 0,966 ; 0,796 

0,8 0,967 0,818 0,943 0,734 

0,9 0,927 0,747 0,901 0,670 

1,0 


~ 


0,854 0,691 0,832 0,607 


-7 Bectunk JlesunrpaycKoro yHuBepcuTera Ne 19, 1961 r. 


2n (3,4) ; 
|p 


OTMeYeEHHOR OOCTOATEbCTBO MO3BOACT AAA OMpeAeCMEHHA BeMUMHBE 
M : { 
o—/ nonyuuTs 43 (2,10) npHOmmxKeHHOe BEIPaxKeHHe 


Me ‘ 
M +41 1-5 
of | —4 4" F(M,) (3,5) 
M D 1 et , | 
n M3 
EY aber 4 
2 


SaMeTuM, 4TO KospdunweuT « B BEIpaxeHHH (2,7) cmaOO BAMAeT Ha 
BeJIMUMHY oi: aa o= 
PLE Nia ais OC a 1,05 u M,=0,6, wanpu- 
Mep, H3MeHeHHe %OT HY 
NO @RMHUIbI YW3MeHaeT 
ore pcero Ha 6%. Huxe 
npuMemMa==0O (8=s), T. ec. | 
apienue p’ onpeyemiemM 
mo bopmy.e p’ = p;, OTBe- 
yalomeli O3By KOBOMY BTe- 
Kano xKHAKOCTH [3]. 
Ha puc. 2 Rano cono- 
cTaBeHHve TOUYHOTO BHpa- 
a5 *KeHuA (2,10) (cnOmHHe | 
0 Of 02 03°04 05° 06 07 08 09 {0 JMHHM) C MpvOW2KeHHEIM ~ 
(3,5) (1yHKTHpHBle), KOTO- 
Puc, 2. pble MOKa3bIBaloT yOBeT- 
BOPHTeIbHOe COBMaqeHHe 
-o6eux 3aBMcMMOcTeH B juManasoHe OX M,<0,8. Hs (3,4), monmaraa 
M,=0, MO#KHO NOAYYNTS YCIOBUA Ha pa3spbipe MiowWaqy B HeECKMMaeMOH 
*KADKOCTU 


Ps (x, H=p, (x, ¢), i 
Qa (x, t) = Qi (x, t)— poo (s—1)D. (3,6) 


YcaoBHuAMH (3,6) 6e3 cymecTBeHHOM MOrpelIHOCTH MO2KHO M0/1b30- 
BaTbCA NO 3HayeHHd M,—0O,3, pH GOoabuiMx 3HaueHuax M, yueT CKH- 
Ma€MOCTH CTaHOBHTCA 3amMeTHBIM. Uncuio M, onpeszeraetca u3 BHIpPAawKeHHA 


n—1 


M,= (1 ia #) (2) x | an 


IIpu Mannix unciax M ycaoBua Ha pa3spHIBe He 3aBHCAT OT CxKHMae- | 
MOCTH 2KHAKOCTH, C€QOBaTebHO, M OT TOrO, KaKHM OOpa30M onpeze- 
asetca M;. IIpu Oonbpurux sHayenuax M,, T. e. npH 6ombMMX 3HAaYeHuAX | 
‘CKOpOcTH MepemMelleHuA @ponta pasprrBa D, cKoOpocrThio XHAKOCTH MOKHO: | 
npeneOpeyb M0 CpaBHeHHIO CO CKOpOCcTbIO (pouta, u, MpeneOperaa Aonon- | 
HUTCbHO H3MeCHEHHEM MAOTHOCTH, H3 (3,7) nOoTy¥aem af 


D 4 
Mo ae: (3,8). 


Co 


y 


Uvcao M; MOXKHO, TaKHM 06pa30M, CUHTATh H3BeECTHOM dyHKunert BPeMeHH. 
_/lua ompegetenua Broporo mapaMerpa—o, Bxogamero B (3,5), u3 | 
(2,11) nomyyaem ypaBnenne 


Pe F (Mz) = 0 


Jina sanannoro P(t) u Mg, wapecrHoro u3 (3,8), oe oth) "ra KK 
6yner usBecTHOH yHkuuel Bpemeun. ae 


YciOBNA Ha pasppiBe miomann (3, 4) CBOMATCA, TaKHM o6pa3c 
rs ypaBuenuam panies. 
& 3 P(x, th=pi (x, t)—©, (t) Px, 

E are Qa (x, N= Q(x, ¢) — po o®, (¢) D, 
ne ®, Op) cay it aaa eel aD 


) aS BpeMeHH. 
Cootuomenua (3,10) eyolecese C fpaHH4HbIMM yCOBYAMH mpu ae = 
| ee L MO3SBOJIAIOT Sonn Me BOJHOBbIe PyHKUMN B (3,3) ana 8a HB 


+ pannunirx yenopnit. 


pe § 4. Puxpasauyecknii yap B NPOTMBOTOUHbIX CucTemax 


TlpoTupoTouHad CxXeMa NOTOKAa 2*KHAKOCTH eT Onay ete rpanmannim 
yenoBuemM Q=O npn x=L. 
- Tpanwunoe ycnosue Ha Bxoe 2KMLKOCTH BO3bMeM B BILE (2,3), Haya : 
HpIe ycoBua — (2,1). Ycnopue mpu xO gaer ypaBuenne, cosa t 


| ae Tis Sas . Bt is 
Ps fe M)=—f1-G-9) a FP(e—¥), 


“rae P=P—P). / 
Ananorw4Ho 3 YCOBHA 1IpH xX == L~umeem 


fy (+ Mt) = hy, [2L — (2 — 2)| — ght oe ae) 


“waem eee “7 4 
pe, )=4,kPO- Pl oe ee 


Qk, a pe ase x 
— Fo p(x +a) — Pf, [—(*—)] 
man OD eK I(t): 
Cd a 2) 4 (eM) +4 [QL (+29) 


ae, £) = — pF at (6) + eoFow (t— 25 *) + (4a) 


+ Fn (x—Mt)— 7 hy (QL — (x +24)] 
AAA L(th <x. 


(4,3) 


pres 


\ 
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Ocrapmueca HeusBecTHbie PyHKgUH fy, /, onpeneasioncs u3 yenosuit 


COBMeCTHOCTH pelleHnii Ha AMHHH X—=1 (2); 
h, (Eby fh BGet cra Pie 
+5®, (t) px + 3 (OD, 
Ka l (9) 
Kos opel dco | 
+4 ®, (£) px — 5 pd®, (t) D. 


Pemenve cuctempl (4,0) MOmeT ObITb NOMyuYeHO JAWMMWIib HO waraM. 
TlycTb, a+ MpOcTOTH, B HavabHbI MOMeHT f=O nomoxwKeHHe pouta | 
copnamaer c cevennem x =O0O vn “4(0)=0. H3 Hauanbupix ycaosun (2,1) | 
cyHkmusa A, u3spectHa B mpoMexyrtxke (0,22). IIpu u3smeHeHum apryMeHTa — 
2h —(i+2t) 8 (0,2L), apryment 7+ At usmenaetca B (0.2L) Hu BTopoe 
u3 ypaBHenuit (4,5) no3sBoseT ompeseanth fo (2+ if) B uHTepBase (0,22), 
u60 Ipapad YaCTb yPpaBHeHHA ABAACTCA H3BECTHOH PyHKIUMeH BPeMeHH. 

Tlo 3Hauennam f, B (0,2L) u3 nepBoro ypaBHeHusa (4,5) Hatimem -/, 
B (—2L, 0), 3atem f, B (2L, 4Z) ut. og. 

TakuM mytem dyukuuu fo, 4,, a BMeCTe C HHMH WaBmeHHe H pacxos 
WUAKOCTH, ONPeAeMAIOTCA HHTePBa 3a HHTeEPBaoOM ua Bcex ft >0. Mo- 
MOOHEIM OOpa30M UcCeqyeTcCd YTHApaBMyecKHH yap B NPAMOTOUHHIX 
cucTtemax. M3 rpaHuyHoro ycoBHa npH x«=L 


eX aD Yen DL a | 
Qo =f 14 oho cH : (4,8) 
NOJYYHM ypaBHeHHe, CBA3HIBaloulee GyHkunH A,, h, — ananor ypasBre-— 
Hua (4,2): 
1 u («- L eC od 
Os as [2L — (x +224] + oy) + = lee oe “= 
0 
s ea Or) 4a, 120 (et 9}, (4,7) | 
Pre Vp — HavabHad CKOPOCTh ABYXKCHHA XAAKOCTH B CHCTeMe; | 
T= PoUoh | 
a : /— xapakTepucTuku TpyOonpoBowa. 
2 (Po—Pa) | 


YpapHenue (4,7) copmectuo c (4,1) mo3sBouaeT BHOBb UHCKAIOUHTB 
gynkunn fh, f;, ocrapuimeca dynKunn f., 4, naxomatca us ycnoBnii 
COBMECTHOCTH Ha JMHHH x —=1/(f) 


eS eae 
F2(E + df) = h, [2L taro | eS 


U9 
ae has aio, 
(14+ 2) © “Tage te Sag ae See a 


{Ks el ore 
5 UZP (— FO, (t) ps + + Ph®, (f) D; (4.2% 


Puapapsanyeckuii yaap p AedopMupyemMom. TpyGoupoBose 10K 


hy (L—at)=—f,[—U— it] — a, KP(t—4) 4 4a, KP) + 
+ ®, (t) py +4 poh®, (t) D. 


pemeyne cucTemMb! (4,8) HaxoNTCH Me€TOOM WaroB, Kak HW BBIIIe. 


§ 5. Puqpaspanueckuh yaap B coctaBHom TpyOonposose 


B meToge pacuera, pa3BHTOM ‘BbIIe, Mpesnodaranoch, 4TO Koad@u- 
IMEHTE! AeEPOpMalHu Q;, A, MOCTOAHHBIE HAM H3MeCHAIOTCA B Y3KUX Ipee- 
Jax, H BO3MOXKXHO UX OCpewHeHHe NO jAWIHHe. C He6ombUuMH BONOAHe- 
HHAMM Me€TO MPOXOJAMIMX BOJIH PacmpocTpaHseTca Ha COCTAaBHbIe Tpy60- 
MpOBOAb, B KOTOPHIX BeJIHUHHbI Q;, Ay PC3KO H3MEHAIOTCA BOUb DAMA. 
PasoObeM OxvlaxKqaeMbli yuacrok Ha AN yactei, B npexenaxX KOTOpBIX 


KOSPDUUMEHTH Q,, Q_ MOXKHO 3aMCHHTb UX cpemHuMU 3HayeHnaMH. IIpn. 
_ ABYXKEHHU pounta pasppHlBa nAOWaLN m0 i-my yuacTKy COCTOAHHe %*XHKO- 


CTH OlpezeaeTcA ypaBHeHHAMH: 
3a (PpOoHTOM 


‘Dy (x, t) == Ay 


. rey ea ay Weraeg Geen a pune ay 


Va) 
fn e+ Ast) pero) 2 


i; 


Q,(%, =a" fe — Mt) — 
see aa YE alts Be Sg? 


BHepeAH pa3spbiBa 


Prix, t)=hip (x — Apt) + ho, (x + i,t), 
Ze Fo Pe 9 
Q(x, j= 5p har (x — drt) — 2 ho, (x -- i,t) —e,Foru (2); (5, ) 
et Mae Parte N. 


3necb a1;, Kj, Foi— KoappuunentH wedopMauuu, MOxyau yupyrocTH 


 MUAKOCTH, HadavIbHbie MIOMatw UT. WT. Ha t-OM WAST ACTECs 


Jina onpezenenua 2N-+ 2 mpon3BoubHEx yHKUNH, COMepxKaLiUxcA 
B pemenuu (5,1; 5,2), umMeeM ycOBuA: 

1) aBa rpaHu4HHIX YyCAOBHA — Ha BXOJe WH BHIXOAe MKHAKOCTH M3 Ka- 
HaJOB OXJa.KeHHA; 

2) Ba YCAOBHA COBMeCTHOCTH pewieHuh npu x —/(Z); 

3) 2(N--1) ycnoBuh Ha CTHIKaX Y4aCTKOB, BHIPaxalolIMX PaBeHCTBO 
pacxo0B HM aBJeHHH B MeCTe COCAMHeHHA. 


[Py he Bed 
fale—h=—fal—@—hO))— an P(e—Z) 3) 
—yeospne npu x=—L, 
hoy (L + yt) = hin (L — ht) — govt (E) (5,4) 


—B Cy4ae MpOTHBOTOUHOTO ABHXKEHHA HKUAKOCTH UH 
hoy (L + Awt) = Man (L — Ant) + 


fonfit o (1-2) Vit tp —-2 £4 Fhe — wo} 649 


OY 


—B cay4ae MpAMOTOUHOLO. 
YcaOBHA COBMECTHOCTH MpH ABYXKeHHH CpoOHTa pa3spbiBa MO t-My 
yuacTKy 3amHCbIBaloTCA B Buse 


paws =} 


: (Tapes fie y ze 
fu LA Mt) = hy (Lt) — 4 aig P () —Z 1 OP 2 + 7 OO PoD, 
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Kiwz 1 1 Fe ) 

hay (0— i,t) = fu (Ut) + % aug P(O) +5 1 (OP +z P(E) eohiD. (6,5) ~ 
PapeHcTBO pacxoOJOB M jaBieHHii B MeCTax COMpaKeHHH Yy4acTKOB 
AdeT ypaBHeHHa py 
ha (Lp +A, t) = (1 Bay ei Ayr (Ly — Apt) + 


bor 
+ gchar (Lp + raat) +e" pedrsit (0), 


hires (Lp drat) =(2 a =) igh ee | 
Ir 

1 bor ‘ (5,6) ; 

os [4 a 1] hors (Lp + bait) + ee Poh +1 (2), 


Pca Riel 
- ) ey (1= ~ ) Meat) bes eet N 


Fora 
qian ceuenni x —L,, pacnom0xXeHHHIX Nepex pa3pbIBOM, H ypaBHeCHHA 


\ | i! 
Ss Ly vit) = (2 - a bio oll a Ce ai 1) fovas (Ly +Ait) — - 


1 AyerpK iy EES dik, -— to 2619 bay 
(2 za) 2E ae) a Nae 26>, Siy Pofatt (7), 


To (L, a hf) — (1 oe $,) fo (Ly = At) “ oy fori (Ly + hy41) + (5,7) 


1 Gy vio — a,K,— dey cbs ee 
ST TARO Eis P(t) | Podvi (t), 


Vie Tord seat 


Waa ceyenuh x=—L,, pacnO/O2%#KeHHBIX B OOaCTH 3a NopuinemM. CucTemMa — 
ypaBuenul (5,3—5,7) u pemaerT 3amauy. 


Summary 
The ‘paper deals with a hydraulic impact in a circular canal caused 
by deformation of the sectional area, by an external pressure and inertia — 
forces. x 
The problem is reduced to the wave equation which is solved step 
by step. Methods of solution are developed for particular types of canals. 
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_BECTHHK JIEHHHTPAJICKOFO YHUBEPCHTETA Ne 19 


nip eos Me 


Yr. Baym 


OBTEKAHHE MJIOCKHX H OCECHMMETPHYHbIX TOHKHX TEW 
CBEPX3BYKOBbIM NOTOKOM ee ele rA3SA* 


B HefaBHO OnyO/IMKOBaHHEIx pa6otax T. T. Yepnoro [1] Ona mpen- 
“IOMEH CMOCOO pelleHHA 3afa4un OO OOTeKAHUM MAOCKUX UM OCeCHMMeTpPH4- 
HBIX TC CBEPX3BYKOBBIM MOTOKOM rasa. Pemenue 3aqauu maeTca B Bue 


| c é 
“PAROB 10 cCTeneHAM MaJoro mapaMmeTpa etfs 2). Tipu 93TOM | 


1 
mpeanomaraerca, 4TO CKavOK ynOTHeHHA de a ae 
B HactosujeH pa6oTea myTeM HeECKOAbKO MHOrO, 4eM B [1], pasmoxe- 
HHA BCCX Fas0qHHaMMYeCKUX IICMeHTOB B PAH MO CTENMeHAM TMapaMmeTpa & 
NOJyueHO MpHOW2xKeHHOe pelieHve B OOMaCTH MexXAY yAapHbIM PPOHTOM 


4 KOHTYPOM TOHKHX Tea Cc OCTpOH MepegwHeH KPpOMKOM, mpwueM CKa¥OK He 


mpewmomaraeTCA HHTCHCHBHBIM. ITO PelleHHe CHpaBeAIMBO Jd 3HAYeHHH 
K>kK, rae K=Ma, a penuuuna K,y<1 ompesenaetci 43 YCAOBHA 
B—acoO(a). Smecb a u B—coOTBeTCTBeHHO YIrvbl HakKAOHXa KOHTYpa 
WU YAapHow BOAHHI MO OTHOIMeHHIO K HaOeralouleMy MOTOKY. ITOT pe3syib- 


| TaT MonowHaeT uM paciumupser Meton I. [. UepHoro Ha o6macTb MeHbILNHX 


3HaueHHA Napametpa K. 

Hanee IpHBe EHO o60O0mleHve BTOporo NpvHOAMKeHUMA Bysemana [2] 
MW yTOUHeHHOH dopMyant Hptorona [3]. Sto o6oGmjeHHe mpnw Bcex M>1 
XOPOIMO COOTBeTCTBYeT MaHHbIM, MOYYeHHEIM MO MeTOLY XapaKTepHCTHK, 
eC TOKO ynapHad BomHa — npvcoemzMHeHHag. | 


§ 1. YpabHenna ABWKeHHA ; 
Caenysa [1], BBegem dyHKunio ToKa VY, onpememeHHy!0 ypaBHeHHeM 


dV = pur’—'dy — pvr’! (1 ++ z) dx, (1) 


Tae r—=r-+ycosa; r=r(x) — ypaBHeHve KOHTypa; p — HAOTHOCTH; R— 
-palvyc KPHBM3HbI KOHTYpa; 4, UV — COOTBeTCTBYIOINIME CKOPOCTH NO OCAM 
x, y (puc. 1); y=1 aaa maocKHX MU Y=2 ANA OCECHMMETPHYHHIX Ted. 
B cucreme Koopsunat x, YW ypaBHeHHA ABHXKeCHMA 3allHCbIBaloTCA B Bue 


Oy 1 : Oe. see O. 2S) 
ee pean ae 


OU ours. Ox R} u 
Ou ov OD 
] ou u yop OD ; : 
peas Ry me 
R a(p 
Tans 
Ox 


* B paOore u3aaraeTca core pcan TpeTbeH TAaBbl RUNAOMHOK paooThl, BbITOAHeH- 
HOM MOA pykoBogcTBom you. A. A. Mpno. 
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TpaynuHne yC10BHA Ha CKauKe 


74) eet 2 pts ey, y—1 1 
poUz” yy +1 et B(1 2y Mésin2 8}? 
Uys ee 
Nie 1 2 
pee! R Cees: + ——_— 3 sj 
45 RTE || Se ee a peed, 1) M2 sin? 8 ° 3) 
Y mee ue te a (ap) P ( ys 
Lee 
TR 


— 


Ha OOTe€KA€MOM KOHTYype 
Vly =9, Vy =: (4) 


Tipx stom y—y*(x) — ypapHeHue yapHOH BOAHHI; py H U —naAOTHOCTS 
WM CKOPOCTb B HEBO3MYLICHHOM TOTO- 
Ke, JlerKO NpOBepHTb, YTO rTpaHuyHBle 
YCIOBHA IA Ui YAOBACTBOPAIOTCA 
TOK ILCCTBEHHO. PaccMoTpuM ycaoBue 
eo {1 2 
p—7F1 tT Ga pMams ©) 


y*(2) 


pelemeay, SY ts ae ea ee 
<< v-t IIlpu runep3sBykoBom noToKe M? sin? 
ats 8 >> 1 mw Gomee cyMleCTBEHHBIM ABAeT- 
"~-~y=2 Ca TlepBoe Caaraemoe B (5) no cpaB- 
HEHHIO CO BTOPHIM (HCXOZHOe MO02*Ke- 
Puc. J. Hue cnoco6al.T. UepxHoro). Mbt xe 


pacCMOTpHM C.ly 4a, Kora 6oee Barxk- 
HBIM seer Cy BTOPOH WieH, 3TO OyzeT mpu Bcex Msinf, ecan y=—1. IIpye 


M? sin? B<— 
n M? Sint > - ; UpemaraeMoe HaMH pellleHHe Ja CKOpocTeli M AaBue- * 


HHA TOXKe a nde Pay Ke JIA MAOTHOCTH pH Oompmux M?’sin?® | 
uv {#1 pacxogutca. 
B paccMaTpHBaeMOM Cjly4ae pelleHHe HULeEM B BUTE 


VS Vo PV tb Pet i 57 2 = Fees (6) 
= Ug it 8U, a} P= Por’ Slr ses. P= Pp hae ae | 


Bes yeH Oombme mepBoro. 3ameTHM, 4TO upH 7 ~ f 


rye 
fo=r+y cosa; r, = y, cosa, 
Oneuum KosdunvexTH pagos (6) Maa cayyan TOHKHX Tea. Tloq TOHKHM 
mpopusem OyeM NOHMMAaTD TaKOH Npousrb, AAA KOTOPOrO yrou % u Mpo- 
da. (3 | 
H3BOHaA 7 Mal. Tipu stom a(x) u qx UPeAMonaraioTcA HENpepHIBHEIMH 
da 


@YHKUMAMH. 3a Mepy MaaAOCTH TIpHMeM &@, T. e. — = 5 0(0).B cuay 


3aKOHa MWIOCKHX ceyeHHt [1] 
Uy = U+O0(2); uy~O(a?); Uo, v,~ O(a). 


O6TekaHne mockHX 1 OCECHMMETPHUHDIX TOHKUX Tes 105 - 


| Tlyers K> Ky, Tak, «Ton BEIMOAHANOCh YCmOBHe B — aco O(a) (K, < 1). 


* , ’ 
Torna Tak kax tg(B—a2)=—, 10 y* O(a), no y*<y*"| ex, tes 
1+ 


y* ~ O(a), u Tem Gonee yo O(a). Moncrapaaa pasnoxenun (6) B ypaB- 
Fore cetus (2) 4 B rpaHw4yHbe ycaosua (3) u (4), noy4yaem coorT- 
BeTCTSCHHO YPaBHeHMA WM TpaHw4Hble yCOBUA JA ONpememenuA Koadibu- 
HHEHTOB paslOxKeHMH. OHM CyMecTBeHHO ympomatorcs, ecm oTOpachiBaTh 
BHUX “WC€Hbl TpeTberO M BHICHIerO NOpAyKa Masoctu. IIponenas aro, 
| HOCTe HEKOTOPHIX NpeoOpasoBpaHul uMeeM C/IeMyoOMMe ypaBHeHua: ana 
iMe€pBhlx KOsmMulveHTOB 


} 


Un Z 

rae dae Eg Codes (Poin Slay. 
waa | aa Op ep ees 
0 


YY 


i 4-08 1 _ yo ; (7) 
| —a— + 9) (F) In pp =i) (VP); mm | es aW + po (x); | 
| ) ro E 
a *0 
iA BTOPEIX KOSPDuUneEHTOB 
yw i) 
04 ry he 
2+ (v—1)—h 
= — ak Woreaer oie dW. U,= yy ost 5 
MA a pr ils: Ox? 
0 
fie. Por 8 ()- 
| Deg en Ope AT) (8) 
| ges Oa EPs Oe i ++ UjV,) = 0; | 
e2 Ox Py Ox Ox 1 oul 2 


wv 
2 ro] ow se 
pa { (FA o— 1B Fa] + via) 


To Ox* ro 
0 ) 
Pe r 
Wo ompegzemumM Hw2xKe. Oe CHCTeMbI UMeIOT OAMHAKOByIO cTpyKTypy. Buy 


: * * 
| TIPOW3BOJIBHEIX MYHKWHH by, 9,, to, Po, Pi OlpewemaeTcA NO TpaHH4HbIM 
yYCJIOBUAM. 
[paHuuHbe ycaoBua na crenKke upn VU =—O0: 


SoS y,=0. 


Ha cKkauKe : . : 
Wa (x)]VopeVi+o., 


rae ) 
% ro” * Ee an 
Yo= eu Fs Wy = ePUtyiro a 

B npegeiax Halle TOYWHOCTH 


ae iy de ! Mer 
sin? p =r, er, (ey,) | hae 2 (4) = 


Be 
Meee 


Torga yc1OBuA npu WV = Wo (x) gaa Koapdunventow pa3sioxennh (6) 
| MOMKHO TIpHBecTu K BUY: 


72 * * of ae se 1 
Py (x) = p°U"r, Soph) = — Poy'li + e0l?| 23 (¢y:) car 0 =| } 


72 


Aa i : f ty" r : 
Po =p° M? ro; 01 = Pow Wi + p? M? ro 1p ol) me ; 


i 
uy =U cosa— yy [7 figs 8 a Ses 
Vo 
en ocr 6) * O *” ; 7 
=—U (ty;) (7 ae + Yo ae - — (tow +¥o Vow | a 
f 0 


; : U2 2 2 
Cpasy Halizem U) (WY) = =a° = const, 7. e. Po ?0@°. Takum oOpasom, | 
3agqaua O HaXOXKZeCHHH NepBEIX KOS@PUUMeHTOB CBOAHTCH K PeLICHHIO © 
cnenyiouleH CHCTeMbI HHTerpa/IbHbIX YPaBHEHHH OTHOCHTEAbHO ABYyX HMCKO- 
MBIX PYHKUHA Pyo(x, WV) ur, (x, W): 

$s 


Oro 


W 
To = Ma eee Ly Poe | oF par + UT : (10) 


y—1 


F ye 
4 ' 0 


‘TIpH 9TOM VU, Pp H Uy HaXOMATCH MOACTAaHOBKOH HaigeHHHX us (10) 


to =f + Yo WH Po COOTBETCTBEHHO BO BTOPOe, TpeTbe WH YETBEPTOe YPaBHEe- ~ 
Hua (7). IIpH M+ co 


ror; Po Ss: Bis (7 Hee 


4TO B YKda3aHHBIxX Trpewemax TOYHOCTH COBIlawaeT C BbIPaxKCHHEM 


-Y. VY. Yepxoro aaa po. 


Samaya O HaXOMKACHHH BTOPHX KoOspPPuUHeHTOB pasioxeHnit (6) 
pellaeTcad TOYHO TaKHM 2#Ke OOpa30m. OGe CHCTeEMBI HHTerpabHbIX YyPpaB- 
HeHHH MpeAaraeTca pelllaTb MeETOAOM TOCAeMOBaTeIbHEIX MpHOAMKeHHE. 


B cayyae mmockux mpodusel 3a neppoe nmpHOanxKeHHe NpHHHMaeTCcA 
pemlenue ia KuHa. 


§ 2. OOtekaHve nAocKHx Npodunen = 
Jia MAOCKHX elute cuctema (10) umMeeT Bua 


vy rae | 

U Cae (or Ag i 

remy | Goth Po=—U | Fea + PU, , (11) 
0 


% 
y Vo 


+ * f 
roe Yo=p°Uro. By gem npegnonarath, TO py + 0. | 
1. Kann. B kauectBe nmpocrefimiero mpHMepa paccMOTpHM 3agqayy 06 
OOTeKaHMH KuHa. OTY 3alayy MOXKHO pellaTb MeTOAOM TOCTesOBaTeAb- | 
HBIX REEMA MIPHHUMad 3a HYJeBoe NpuOMwKeHHe, HaNpHMep, 


Yoo = S . Baraucnenna NOKA3bIBalOT, UTO WOCIETOBaATeIbHOCTb pHOmWKe- 


HMM O4eHb OBICTPO CXO/UTCA, — PaKTHYeCKH, yRXe TpeTbe npHOmM2KeHHe 

coBlalaeT C TOYHBIM pelmeHueM. [Ip 9TOM us CaMoro NOCTpoeHHA cuCcTe- | 

Mbl (11) BEIrekaeT, 4TO ZaBAeHHe BO BTOPOM IPHOAWKEHHH 3aHWxKeHHOR, 

€CIM OHO B Me€pBOM TIPHOMKeHHM NOBHIINeHHOe MT. Q. Jia KaMHa CHCTe- 
' o2r i 

ma (11) pemaertca touno. 3yecb rj =const u aor =0. Jierxo wnafitn 

pemenue 


Lee Wo= p9UAax; Po = p9U?A%a5: 
ye y(t Vitae): K= May. (13 


% B Malbuehmem OyzeT OGO3HaYaT yTOA HaKAOHa KOHTYpa B 1 
‘Touke. IIppn K>a A+1, c, 
Hoptorbxa [1]. H3 puc. 2 Bagno, aro AX 1 TombKO ip K > 405 eae 
¥ Tlycrs Tenepb ¥# 1. Torma p= py + epit...# Po, Cy # Cpy OBHaKO — 
‘“ApercTaBlxeT OobuIOH MHTepec, B KaKOM Mepe MOXKHO OTpaHHuMBaTECA 

BEIINCICHHEM Cp,. IIpH Oompmux K u y=1,4 monymenve cp Cp, UpuB 
cia6o0 3aBHuc 


NoBoruenHoe dabnenue Januxcexnoe Cabnenue 


| see, Puen? Puc. 3. 
re. reais = | ; 
oT M uau K. Ecru xe K~0(1), To cp cuabHo 3aBucuT oT K, uw BaMa- 


Hue {— MeHee CYILECTBEHHO. it 
_ Ws puc. 3 Bugxo, uro npu 09<K<3 u y= 1,4 Cp, oTAM4aeTcA 


H) 


| 
| 


Cp MeHbUe, ¥eM Ha 10%. OJTomy cmoco6cTByeT TO OOCTOATEALCTBO, | 


Aye 
a 


ie a : d 
“Mp Mavibix yuciax K so3pactaHue { BISBIBaeT NOHMKeHHE WaBJeHuA 
_ OOTEKACMOM KOHType (npuH Oonbmmux K BAOTh BO oO BO3pacTaHH 
_ BHISHIBAeT NOBBIMICHHe aBleHHa). QTOT rpaPuk nowyyeH MO AaHHbIM Ta 


rar [4] aaa % 0,2. Tipu mpyrux % oH uMeeT IpHMepHO TaKO xe 


2. Uckpusaennpe npoduanu. Cuctema (11) pemaetca metoa Mo 
‘MOCIeENOBATCIBHEIX MpHOWKeHHH moO cHemyiomeH CcxeMe (MCXOZUM H3 — 
‘pelleHuaA WIA KMHa): elas 


X 


Bis Acre ee’ roo = %AX; 
om ane Woo = pUaAx; 
3 ! ate aie ee OT fare 21 
Pa =P U ag A : ; 
Tloacrapaaa po; B meppoe ypaBHeHue (11), HaxoauM fo. TogcraBiaa Foq 
BO BTOpoe ypaBHeHue (11), mOmyuaem BTOpPOe MIPHOTMKeEHHE Pog MT. A. | 
SameruM, 4TO B XOfe BHUMCIeHHH HMKHHH Mpewel MHNTerpupoBaHuA BO 
BrOPOM ypaBHeHun Takxe MeHaeTcA. Hak, ; 


ee wv % = 00 rae COX ). 
Foy or ot UK2A2 ° A ao agg UK2A2 SGA en te 


| Np My or 2 é 
Parcs \ oe Ch ai (aly UCT acer + pL? (ss’)’; 


es jen MD res, ; 
Tog + ye in (1+ TORGSY) ' 
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* — R 3 ; ae | 
Yo= eur oa M2 In rl > Sil 
oes aaa ae st R_|_ 2s s- | 
rar +yeiR in oy + oy ar +z) 
Jlanee, ( 
° Or, 
02 ne 
Pow=— U \ sr AE + pU* ro, 
Vo9 
WK : 
Poa) 8 Ee ee als = 
00U2 mab), cee 0 
CT can ce | (Rz’)’ , 2Rz” au) te 
x {Ro + 5(R— SS + | (1 + oo) 
Ww nr P Rz2” % x” 14 
+ 000 e tie we = )+ a Le, CG 
z ( fe a re ts 
. ° Toe 
rye 
Ea aust 
2(X) = RSS yiag | 
(14) copmectuo c (13) gaeT RaBneHHe B TpeTbeM npH6aMmxKeHHH. JlaBreHHe | 
Ha KOHType f 
R- ‘ 2 nay 2 
Po3(*) Yoo 1f) Re eos eae ene 2Rz’ 
U2 Tae THE UR + MB o0U = Zz R’ Rage “> = x 
Woz ; Woo if (Rz')’ Rz" 4 
x in(1 + eee R> z = ages , 
3 Rz’ ] ae 
— See ro - 
Fae ee Wag + Foz 
poU 


CopeplleHHO ACHO, 4TO TepBOe MpHOMM2xKeHHE WaeT MOBHINeHHOe WaBle- 
HH€ Ha KOHType, COBMawad C TOUHBIM pelleHvemM B mepemqHel TouKe. Kak 
WB CAyuae KAMHa, BTOPOe MpHOTH2KeHHE TOA ROMKHO JaTb 3aHW2KeH- 


HOe JaBeHue. TpeTbe NpHOAHKeHHE YKE YROBICTBOPHTEIBHO CoraacyeTcH | 


¢ faHHpmmu [5]. it 


Sameuanna. 1) Econ y#1, To, BooGme roBops, Haqo HaliTH ewe | 


P;. OmHako Ha NpwMepe KAMHa MBI yOeNIuCb B TOM, YTO B ONpemeneH- — 
HOH OOmacTH 3Ha4yeHHH K ye Cp, WaeT XOPOWIMe Pe3yAbTATH, Maxke ec 
¥=1,4. Tounoctbh paBencTBa Cp~Cp, YBEAMYMBAeTCA, CCIM BMECTO STOFO | 


NOAb30BaTHCH POPMYOH Cp—= cy. [pu 9sToM & onpemerseTca U3 ycuoBua, | 


t 


Kora B Mepequel TOUKe NpOusA Cp COBNanaeT C KOIPHUMeEHTOM aBe- 


HMA JIA COOTBETCTBYIOMerO KuHa, SHayeHue k npu 3sanaHHoM K aerKo | 


HaXOAMTCA M3 pu. 3. . 

2) Jia Hyokuei uactu upoduna R nano samenuTh na —R. Yroa 
aTaKH YYMTHBaeTCA B BeEJIMUHHE 4, TAK KaK @® OTCUMTHBACTCA OT HallpaB- 
JI@HuA HaOeraioulero MOTOKA. 


3) Halimennoe pemenue ompemeaaer Bclo KapTHHy TeyeHuA B OOMAaCTH 
M@X LY YLapHbIM (PpPOHTOM HM KOHTYPOM HU, B YaCTHOCTH, TeEOMETPHYECKYIO | 


(opMy yapHoro dpouta (pemaetrca mpaAmaa samaya). | 
4) Bce BEBO CHpaBeAAHBLI MPH Py 0; Po; #0, a Pon HA KOHTYpe 


oOpawaetTca B HYJb pH (ss’)’ = 8" — 4-0. IIpu ydanenuu OT HOCHKAa 


_ OOrekxanue nmocKux u OCECHMMETPHYHBIX TOHKHX Te 109 


=. of 

_ BBIITYKOrO KOHTYypa s’ yOnlBaet, a S BospacraerT, Ilostomy R jom%«KHO 
_AOcTaTOuHO OBICTpO Bo3spacraTb. B nporuBHoM cuyyae MBI JOXOLUM 10 
(TaKOW TOUKH, Pe Po,—=O0. Tlonyuennpii pesyanrar cupaBenins TOAbKO 
‘Baad OT STOM KpUTHYeCKOH TOUKH, KOTOpad wexKUT Hue 0 MOTOKY, 
“4€M KPHTHYeCKad TOuKa B MeTose I. [. Uepnoro, onpeqerasemasn pasen- 


CTBOMgérr*)’ = (0. EcrecrBenno, uro npu K-co o6e TouKu coBmaaior. 


PacxoxKqenve BOIW38H KpuTHuecKo TOUKH Merona I. I. Yepuoro 
HM W3saraeMoro OOOOMIeHMA C MeETOAOM XapaKTepHCTHK OObACHAeTCA TeM, 
4TO CaMa MCXOHaH CHCTCMa ypaBHeHHH ra30guHamukn (2) upn y=1 
MMCCT CHHIYAAPHOCTbh B ITOH TOUKE. Dro yTBepxXTeHHe OGOCHOBHIBAeTCA 
i YY 


y - av 
wuCcCeROBaHHeM MHTerpasa y = pecs SaMeHad p yepes p MU HEKOTOPYIO 
our 
0 


@yuHKumio or WY coraacuo (2) uw pasaraa Bce BxXOoZamMe B NOAbIHTEL pastb- 
‘HOe Bbipaxenve MyHKUNN B paZeI nO crenenam VW, mpl yOeauMcsa B Mpa- 
BUJIbHOCTH BBILeyKasaHHOrO yTBepxKTeHHA. 

B xauectBe mpumepa paccMorpuM oOTeKaHve mpodunel, oOpasoBax- 
HBIX AyraMH OKPy2XHOCTeH Hn MapaOom. B mpemenax Hae TOUHOCTH 


x2 
OHH 3aaloTCA OHUM OOWLHM ypaBHeHHeM r=— jp +%x, mpHiem 


R=const. Cormacuo 3ameuanuio 4), PopMysa AAA Pog MaeT WOcTOBepHbItt 
Ppe3yIbTaT TOKO BOM3H NepeaqHeH KPOMKH WZaHHOrO npomuasa. Ha puc. 4 


Puc. 4. r Puc. 5. 


J — MeTOX XapakTepHCTHK; 
2— meton Uepxoro. 


i —™MeTOA XapakTepHcTHK; 2 — mepBoe 
npH6amKeHHe; 3 — BTopoe mpHoOj.MKe- 
HHe; 4 — Tpetbe npHOMxKeHHe. 
TIPHBeeH PesyAbTaT CpaBHeHWA C MeTOAOM XapaKTepucTuK [5] Ana mpo- 
(bua C MaAKCHMA@/IbHOH OTHOCHTeEAbBHOK TOMUMHON «=0,1. Ilpu cpaBHenuu 
MCNOb30Baach POPMYWa Cyp—=Rep,. YrOM aTakW PaBHAeTCA HYVIO. Kpurtu- 
yecKad TOUKa sexUT mpH x=0,207, rae 7—Aauna xopay. Puc. 9 
oKa3bipaeT cpapHenue Metoga IT. I. Yepworo (c y4erom p,) C MeTOZOM 


XapaKTepHCTHK In TOTO 2%Ke KPpbia. 


§ 3. OGTeKaHHe OCECHMMETPHYHDIX Ted 


Pemenue sTOH 3aga4uH CBaAsaHO C ropa3q0 OOAbUIMMM TpyAHOCTAMH. 
Ypaspuenua (10) mp v2 uMetoT BUA: 


U aw = 
ro= we | pore 
0 


gettin 


40 


w 
PR=—U Ve ai Uy 
ital’ 


. Torna 


3a HyeBoe MpHOMxKeHHe MPHHUMaeM Yoo — | 
3 
es 


Kk2 


Too = Cr, Vo= = ye 


\ 


rae : 
C=1t ar 


% ’ : F 
TloxctaBaaad fo, X Woo BO Bropoe ypaBHeHHe (15), HaxoquM 


p°U? poURr Seber 2) 
Jlanee, 
wv 
= U ay a R v 
ra =? + yer | PoToo =r+oyeln Lore = eae 
8 pPeURCr Ge —oR LS 
Ilia KOHyca Jerko noa”yuuTS BTOpoOe NpHOaMxKeHHe. JehcTBUTeAbHO, 
Kak R= 0o, TO 
| ae pees eee 
TS UK2C3r ’ 
roi = Gr: 
Ral see 
rae 
1 
C; =1 =. 2CR2 ? 
a 
| 2 ie eee 
Po2 209 3 pUK?Cr 
Th te _ sir + 2a0Ci + 200K2C%In —F— Pe 
ee 
a 2K2C3 


Thee i Tlanpueliiee HHTerpHpoBaHHe MPHBOAHT K OUCH FPOMO3AKHM BBIparKe- 
ye HuaM. Kak u MId Cy4ad MOCKOrO Mpopuia, MepBoe mpuOwmKeHHe RaeT 
ae NOBBIIMeHHOe aBleHHe Ha KOHTYpe, a BTOpoe — 3aHMxKeHHOe. Mx cpeguee — 

f apudbmMeTuyeckoe Ha KouType mp K>2 ouenb O1u3KO K TOUHOMY pelle- 
HHIO (oWHO6Ka~ 1,5~2% ). 


§ 4. Huterpuposanue BTOpOH CHCTeMbI HHTerpadbHbIX ypaBHeHHA 
Coraacuo (8), asta CHCTeMa 3aNHCBIBAeTCH CeAYIOULMM OOpa3om: 
vy 
sere et 4 v 1 
flemeiaplars a). || Cane titans (2) BO ) a 
0 


av 
y—1 ; 
Poro 


‘ | 
2 ro] av * 
a=—U) [Sr 0-2 Fa | per +). 
ve ‘ 


0 


iy 
fore or 
ant oft Got UW + pi (x). 


D, Vi Pi. Gittem (ig) pellaertca MeTOmOM MOC€LOBATeAbHBIX mp6 A 
MH, TOUHO Tak %e,° KaK cucTema (11). PasHuma npexje Bcero CocTOuT 
| TOM, YTO AA WHTeErpHpoBanua cucTempl (16) HeOOXOAMMO TIpemBapUTeAB 
Oe 3HaHHe ypaBHeHHA KOHTYpa, TaK KaK TOJbKO B 9TOM Cayuae MOXKeT. 
ObITh Onpemenena cdynKuna ,(¥). UW sgecb pexomenzyerca pwHuMe 

a mepBoe MpudrMxKeHHe pelmenve fia KimHa. B cryuae Kanna cH 
(16) pemaertes touno. TIpu stom Hao ucxonuTp u3 TOPO, 4TO Po, 


02 3 
, ¥, — MOCTOAHHHIe, a =0. Kpome Toro, Haq0 yuNTHIBaTb Oy TO! 


aerko HaXOMUTCA pemenne aie ; 
o Biel os She ee hhOe: 
pun at ae ae 


3} KAYECTBE Py. 
pea P1 
Cp —— Cp, 4+. > U2 E, 


Epon io! iced 
Qa? Roe es : TARE) 


'B npoMexxyTKe (153.71 0) ppekan oyna ot K menaer 3HaK. “810 
XOJUTCAH B CooTBeTCTBHH c TeM, 4TO IpH maabix K BospacTaHue ° 
eyeT 3a: CO6OM nOHWKeHHe faBleHua. B cBA3H C 9THM B YKa3aHHOM 
OMeKYTKe P, He CAeMyeT YUHTHIBaTb, TaK Kak 9TO MOMKET MPHBeCT) 
ft) meric pe3yiptata. 


"8 5. O6o6menne BTOporo npHOamKeHHA Bysemana u yTouneHHon 
cpopmy.int HbroTona 


Cores. BTOPOMY MpHO.IM2KeHHIO Bysemana, Koosm@puyHeuT 1aBAeHHA 
Id TOHKOTO MAOcKOrO npoduaa | 
Cp Cir. er” (17) ‘ 


22M? 4 See 
sae 1g ea alee U1 


112 : I. Bay 


Tipu snauenuax K = Ma, no 0,6+0,7 9Ta GopMyia AaeT XOpOnIHe — 
pesyabraTh (puc. 6), ‘pi TakuxX 3HayeHMaX A BJMaAHMe CKauKa HeCy- 
WleCTBeHHO. TaK KaK CKauOK WMeeT CBOIO HaHOOJbINy!o HHTCHCMBHOCTH © 
BOJIM3H NepewHeH TOUKH KOHTypa, TO Tpexwe BCerO TaM C POCTOM K 
3aMeuaeTca pacxoweHHe dopmybl (17) C TOYHBIMH aHHBIMH. CrenoBa- ~ 
TeIbHO, KOIpPpuuneHTH! B opMyie (17) OJAI 6bIThb BHOPaHbl HHEIM 


oOpasom. 
B cuay (17) 4 
Cp $x “p 
Cyr! + Cor” Cyt + Comp” 


ies Pue.0. a0, 16a. 


I — MeTOA XapaKTepHcTHK; 2 — BTopoe npkKOHxKeHHe By3emana; 3 — no dopmyue (19). 


rye c, — kKOIPMUUNEHT AaBAeHHA B NepequeH TOUKe. 
Orcroja zs 
st Got -- Cor’ 


Cp = C, >. 1 
¥ P  Cy29 + Cya9 ( 9) 


B gaipHehuiem 3a Ch IIPHMeM TOUHOe PelleHHe B MepesHeH TOUKe, KOTO- 


poe copmaqaeT C H3BeCTHHIM PeCWICHHEM AMA COOTBETCTBYIONErO KJIHHA. 
ipa TakoMm ompegenenun c, mo dopmye (18) gocruraiwrca ayumme 
pe3ybTaTol. ; 

Ouesugano, C,>,72 0; ae IlostomMy c poctom M_ sropoit , 
umeH B (17) Cyr’ >O0 oxka3bipaeT BCe OObIMOe BAHAHHeE Ha NOBeTeHHe Cp. 
HauuHaa c Hexotoporo M (ama KpyroBoro cerMeHTa c a),=O,2 npH 
M>5), no dopmyazam (17) u (18) noayuaerca 3amMeTHOe noBHIMeHHe 
AaBAeHWA Ha 3anqHeH 4aCTH MpOPuia, uro dusvyecku HeBOSMOXHO (TeYe- 
Hue paspexerua). B sro saqne oOnacTH caeqyeT NONO%KHTS 
Cp = Cp min = Const. JLelicTBuTeAbHO, TaM AaBAeHHe Ha Mpodune OOpamaer- 
CA B HYJIb, COM YMIOTHEHHOPO, raza OTPHIBaeTCA OT CTCHKH UM OOpasyeTca 


‘ 


i. Np cane 7 | 
aKYYM. Tak Kak (p= 2 ane — THE? TO B 9TOH 30HE Cp = Cp min = 


2 
Juez = const, mpnyem ara nocrosHHan mpH M+ © crpemurca kK HYy- 


0. C poctom M TouKka orppipa mepememaerca BBepX 10 nOTOKy. Ecau 
Mi > co wf y=1, TO 9Ta TOUKa HaXOAUTCA M3 ycOBUA (rr’)’ =0, a ecau 
(== 1,4, TO OTPHB MpoMcxOgzNT npumMepHo mpu 7r’=0. ITH YCOBHA Cqe- 
lyIOT 3 cbopwya Bysemana [2| u Hobwrona. VHsa (18) prrexaet, ato 

a ley 
Cay + C925 4e5 


SS ee ( 
Cpntn == MMee€T MeCTO NIpu r a et 3amMeTuM,  4TO 


3 WelcTBHTebHOCTH, 0 (18), Cp HOCTHTae€T CBOerO MHHHMyMa HeEMHOTO 
aHbINe, vem — qaBulenne OOpamaeTch B  HYdb. CoOTBeTCTBEHHO, 


c c 

‘p 1 2 
————,:->—— MeHble 4eM —— . OyHako BHTeKaIONIAA - 
i cop? des 7M2 7 max OTCloAa Norpent 


1OCTh OYEHb HE3HayuTebHa HM MpH M-> cocTpemuTca K Hyauo. 


Takum oOpasoM, Ja HaxOKWeHHA pacupeseneHuA WaBeHHA NO BCeMy 
(OHTYPY MO2XKHO MOIb3OBaTbCA CACAYIONIMMK COOTHOUICHHAMH: 
* qr Hsigs yt Ry 2 
sre a HD Oh clea CRE 
id as : 2 (19) 
3 hy 
——5:=— mpur’ << — 
C409 + Cn05 4c2 P PET eece 
ITH COOTHOWICHHA CpaBeIMBH mpH Bcex M>1, ecaH TOKO yWapHan 
OHA — TPH. OC AMHEHHAA. 
Tip» M>oco, Kak “acrHblit clyual, nomyyaem yTouHeHHy bopmMyay 
dbioTtona (sopmyay Jlusa): — 


eres 
yr — 
C, 2 MpH ro O: 
0 


Cp= 
0 mpu r’<0. 

IpH OCHb 6ompmux M wy, Onu3KOH K eHHNIe, cleqyeT y4UThIBaTb 

JIMAHHE WCHTPOOexKHEIx cu. TlosTOMy B 9TOM Cayuae BMecTO (19) «ay4- 

@ MPHMeHATb YTOUHEHHYIO Popmywy Bysemana 


* 


a p= 4 (rr). 


Ppabuku (cm. puc. 6, a, 6, 6, 2), rae MpuBeqeno cpaBHeHue copmy- 
bt (19) ¢€ Me€TOMOM XapaKTepucTHK A MapaOornyecKoroO MpopurA MpK 
lymepom yruie ataku (t=0,1; y= 1,4), moKaspiBaioT, uTo Popmyaa (19) 
aeT BECbMa TOUHBIC Pe3yIbTAaTHI. 

B 3aKkm10ueHHe CUNTAIO CBOHM JOMTOM BEIPasHTb OarofapHOCTb CBOe- 
fy pyKoBoguTemo mou. A. A. pu6 3a pykoBorcTBo pa6oTtoH nu Kadenzpe 
wumpoaspomuHamukn JITY, roe era padora BbINO/IHAaCb. 


Summary 


An approximate solution in the region between the shock front and 
he boundaries of plane and axisymmetrical slender bodies is obtained 


yy the representation of all gasodynamical parameters in the form of the ' 


eries of the small parameter of « degrees (as it was done in GEG: 


- Becrunk Jlennurpagckoro yHupepcuteta Ne 19, 1961 r. 


O6rekanne nocKHX H OCECHMMETPHUHbIX TOHKHX TeV 113 
Ty i cccbass GN i os en re ES Se a 


mee NMTEPATYPA 


FIA h hay 


Se T.P. Yeproit. Tesenne raza c Conemoe cvepxanykonott ekopoctbio. M, 
o) nna; 1959: 


A. Busemann, O. Watcher. Draiiieigeaueratien: bei " Uberschallge— . 
._keiten. Forschg. Geb. Ing. Wesens, Nr 2, 1933. Seu ne 


3. L. Lees. Hypersonic flow. Inst. aeronaut. sci., Preprint. No 554, 1955. 
e me Handbook’ of supersonic aerodynamics, 2, Nav. Ord. Rep., 1952. 


A.J EB g.gers, Co1A- Syverston, S. ‘Kraus. A study of inviscid flow abo 
ne _ foils at high supersonic speeds. NAGA, Report, 1123, 1953. 


M. MT. luns6ypr, Fr. B. Kouepsrne . 
TYPBYJEHTHBIM NOPPAHHUHDI COn Gavan 


TEMMOH3SOJIMPOBAHHOLO KPbIIA WIM TEJA OGEBOH™: 
CHMMETPHH 


a ek enor cTaTbe, Oa3Hpyscb Ha pabaey [1], Mbt noKaxkeM, Kak p 
maetca 3aaya O JIBHXKeHHM Ta3a B TypOyicHTHOM NorpaHHyHoM > 
jxpeaa. HIM Ted oceBoit CHMMCTPHH, NpeAnosaraa Pr= 1. 


Ath es I Haxouenne npoduas ckopocreii_ 
- Tpeanozoxun, Kak u B paoorte [1]: 


a) UTO HallpaxKeHHe TpeHHaA B NOrpaHH4HOM Cre MOXKET ObiT HDS 


BHMO- NOAHHOMOM BrOpoH cTenmeHH OT 2, a HMCHHO: 


s+(['-@)](2-@))- 


i Tae ty— HalpaxKenwe TpeHwA Ha CTeHKe, $— TOAUIHHAa norpanu 
Sama y— paconane OT CTeHKH; 


0 
6) ras AeANbHEIM, 4TO mpuBoaH B CHIY J PaBHoaHE ayaa 


rae Po» Tis M,— 3HaueHHA MVIOTHOCTH, “ gemnepatypHi H MOseKyampHO 


|| Beca BHe MOrpaHH4HOTO COA, Py, 7th My — 3HAYeHUA TEX 2KE BEAHY 


‘Ha CTCHKe; 
mB) PHBE CME papencred 


=ch+d. 


“cuay TIpeANOOKeHUA, ATO Pr=1 Hu TeO TeENAOM3OAHpOBaHO, NOH 
emlOCOMep2xKaHhe CMHAMEI MaCChl ABWKYULerocA Tasa Oy eT nOCTOAHHO 
eJMUMHOH, T. e. ; 


y vw. U2 
HahtAt=Hy=W=h+as, 


ame (Hy, —3uauenue HOHOTO TenAOcoep2xKaHHA CMMHHMEI MACCbI raza BH 
“morpadw4Horo Ca0#. 
ie ean u3 (1,2), (1,3) cnenyer 
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Ht 
e 


BocnoOab30BaBUIHCb OCHOBHHIM COOTHOWCHHeEM MOAYIMMHPHYeCcKOn TeOpHH 
TypOyAeHTHOCTH ; 
mi t= ok? y? dv, \3 

‘ —— Pp J dy 


\ 


w ypaBHeHnamu (1,1) “ (1,5), 414 onpegeneHua BAA Mpoduaa CKOpocTu 
B TYpOyeHTHOM NOrpaHH4YHOM coe MOy4YHM Cenylomee ypaBHeHHe: 


UHTerpad KOTOPOTO 3anHeTCA TaK: 


F(¥) eis [arcsin Zu —arcsin uJ, (1,6) 
ie , 
Za) ta, SS ee 
7 pee V = 
2 (He + a Pw 
Se wa Os \ 


re & — CKOPOCTh Ha TpaHHye NOrpaHwyHOrO cao, 


(g)~- | ee Beery 


—dJ, 
wes 3 
5 
z 
UpHueM pH © > — | ee 
1) VRE aro RF - 
i o—20-+)(4} “| 
ey Tea arcsin aE ERODE) Fs es a 
ett) + Vie ET 
leh, 


y y | 
pH MaJIbIx —- t(3) aNpOKCHMMpyeTCA BHIpaxeHHeM 


fe) a). 


Iipeanowaraetca Haauune JamMuHapHoro mOgcaoR. , 
B waMMHapHOM NOACI0e NPHOAWKeHHO MOXKHO NOAOKUTS 


Vy=Zy~—Fy ; (1,7) 


ToauwHa jJaMuHapHOrO nomcos Onpeqeanetca U3 YCOBHA paspEIBa po- | 
MSBONHEIX OT CKOPOCTH pH Mepexofe yepes rpaHuny smaMHHapHoro 


MlOACAOA, T. e. 
ee Ley (3) 
3 “Oy — 1 —_ ‘ 
y y=b =e oy y= +e 


TypOyrentanit norpanwunplii caoit TENJOH3OIMPOBaHHOrTO Kpbivia in 2 WA 


Ws mocaeqHerO YCAOBHA NOYIHM, YTO 


Rk k I 
8. i Pane ha CAO ea tana): 1.8 
rd k VW tren k V1+0, ; or) (1,8) 
sy ADs 
Pw 
De a 
a 2a dp Btw ap 
‘A Ase, tl R ma 
Paty ews 
Pw 


Hs (1,7) gaa ckopoctn Ha rpaHHue aMHHapHOrO NoAcIOM HMeeM TaKOe 
BhIpaxkenue: 


re 


§ 2, HaxomwseHHe 3aBHCHMOCTH MeKALY ty H 3** 


llonarax B ypaBHeHun (1,6) y=6,, a Vy, HW MOACTABUB HX 3Ha- 


yeHHaA H3 (1,8) nw (1,9), nOTyauM caemyloulee ypaBHeHHe, ONpeneialomee — 


3aABHCHMOCTh ty H 4 


146 ; 5 ky ue kh, e Yow 1 @ 
= jaresin hE aresin i] =In(4p ERG Alas =| oie 


ky uw ky u s Beis 
Pa30x%KHM arcsin —---- B pan, CuuTad —=--- Mano BenMunHOn. Tlo- 
Jy 4M mn 
R e 
aa ares =e + — arcsin “| ao 


e 


ale 6 u see | 
ode arcsin + Spe aR NER ce +... 


d 1 
WH MpHOAHxKeHHO (c TOYHOCThO 0 z) 


RC Ry Vy 1 SG) eer 
—E aresin a + y= In (] aa Fae 7? 


= a k 1 Wy te) 
# arcsins —(—In +4 +) =In az a + a 
CT 


1 
In ary 
Orkyya uMeem 
3 3 ‘ Re arcsin u 
— 2. vis e” ; (2, 1) 
w Dy 

rae * 

Cay ea 

p= i e 


u Pees oF 3 
— (1,9) 
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Jlia pelienua 3aqa4uv O HaXOK CHM COMPOTHBeCHHA TPeCHHA Kpblla wH 
Tel OCeBOH CHMMeTPHH HYKHO MOJYUMTb BTOPOe ypaBHeHHe, CBASHIBAaIO- 
mee TOMMWHHY NOrpaHvyHOrO COA U ty. OTO ypaBHeHHe MBI NOAY4MM, 
MCHOb3yA HHTerpabHoe COOTHOMeHHe, BbIpaxkaloulee COOOK 3aKOH KOMH- 
yecTBa ABHxKeHNA. Jia TOTO 4TOOB! HM BOCIOMb30BaTbCA, HYKHO 3HATb 
TOAUMHY MOTepaHHOrO uMnyaLca 6** uv TomuMHy BbITecHeHHa” 6*. Ecan 
pH WX BHIYMCIeHHH peqnOsaraTh mpodudb ckopocTe B NOrpaHvuHOM 
cmoe TeM %*e, YTO M AMA MWiaCTHHKH, TO, Kak MOKa3a@HO B pa6orte [1], 


cy) 
TM pHO1W2K CHHO OTHOIMCHHA — — H oe MOXKHO 3allhCaTb B BHC 


1 : f 
sus ag i eet ay OIE ee es Se 
The f(a ee (2,2) 
rae (Hy = 1) 
NE Wak GMa Pad aeE al 1 w(a+2) 
1 ER Vise OP ae * Gay 
fe Aw . 
Po 
H / 
ae f+2? 1 1 ; 
oF 7 ge pan a ae rane (2,3) 


® 


3 
B pa6ote [2] aaa onpemetenua ye Ha OCHOBe OOOOUIECHHA HEKOTOPHX 


9KCI@PMMeHTOB Hpemaraetca cesyioujad NpHOaWKeHHaA PopMyaa: 


pea (sr) (1 -+0,3M0), (2,4) 
M,=0 ee 


s} 


u 
rae M, — uncno M = — uaGeratoujero notoka. 


Ecaw yuecTb BAMAHHe 'MpOAObHOrTO Mepenaga AaBeHuA Ha NpodHAb 
* 
ckopoctel, TO Bbipaxkenua Wa / M se MPHMYT BUHL: 


oe FO) Bae) we) 
RC ae a u? (Ro)? 1 et u* (RO)8 al ia a2) pa eae 
Bh Vis k(o) 1 
Dee yo ae SMR ES ice et (2,9) 


rae 

k (w) = 1,084 40,0450 npn o> 4,_ 

k (o) =0,981 +0,070 npu o<4. 
Tlogcrapus B (2,1) BMecro 6 BeawunHy mOTepaHHOrO uMnyaBca 3**, orpa- 
HMYMBAACh B (2,5) 4YeHaMH, COep2xKallHMH ye WouyyumM caexyioujee 
ypaBHeHne, KOTOPOe ONPedeAAeT 3ABHCHMOCTh ty OT O**: ; 


ge 3k (w) Ae resin a a 
u Py UO Rw f Py k et 

SS SO SS D 1 ie ne ae ea 
oe Rage OO Tom? 


§ 3. ‘Haxonenne Sakola TpeHHuHA 


~ daa ‘Haxoxklenna 3aKOHa TpeHHa, T. e. 3aBHCHMocTH © OT x, BOC 
OAb3YCMCA HHTerpavibHbIM COOTHOUICHHEM, BBIPaxKalouluM 3aKOH KOH 
gecTBa IBWKEHNA: , ay i 


wie J SRE : = ae (PuiO**) + pane ge B* = ty, 


@ 


ue 20 mA Kpblla, ¢=1 aaa Ten oceBon ‘cHMMeTpHH; r(x) —pa 
ea, 3aqaHHad PyHKyMA ~x. 
| Tak Kak Te/10 POUT ere aHD ORTHO, ROM deg eae dg, 1Y ‘coorsercTBeH 


po B ae ee \ : : 
V= Po Ag 
‘i Pos Pia ‘ Ae! 


fe ypaBHeHuve (3,1) MOxHO 3anucaTb Tak: WP ck 
hee Pe ed, {po wor \ sa! py. taht igh eNO es ak COW go ani ee has 
ea a Ct tee ane Oe eae 


ne> ahs Nae eg AS 


> 


|e DR ice ene Oyaem pemars MeTOOM Ratna iB es 
npHOmMDKeHHA. B cers mpHO1mxenun D(), Rk() 6yqeM cunTaTh 10 


f 


O6osHa4 yan” 


Ay 
D+ ee 


= a Mis arsine = fit), 
ve a) Naas . 


In Re =In fi (x) +of2(x).” 


“ Tas nemeita, ypaBnenna (3,2) B nepBOM ‘nmpHO1W2KeHNH BOCTIOA 
3yYeMCA NpHOmMKeHHOH alpoKcuMaluelri Cet, manno B [1], a HMEHHO, 
YTO In@et =n, + 7,6, re My Ku Nl, — HeKOTOpHIe MOCTOAHHHE. ee 

B tTaxom cayuae 
gat In (f2Peh*) = 1, + 2, fb 


Peat Ray iors rn Boge est (M—1) fo 
wae e cl fF 
| fe 


. Poo 
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TO 
r 


2 —(A.—1) . 
ae = fhenm— (uD — fge-m fe a 


Be 


Tlogctapus nocueguee B (3,2), Aa onpegenenua Z = e Bere NOY 4AM 


> 


TaKOeC YpaBHeHHe: 
Ze 4 gel oe 


ax ax No 
rye 


Fy (x) = my fptfiem fe 


<x 


“Ecauw CunTaTb rE U3BeCTHOH QyHKuMel x, TO NMocneqHee ypaBHeHHe 


npezctaplaaeT coOoH wMHeHHOe yzuddepeninaibHoe ypaBHeHve MO OTHO- 
mieHHio K Z”, pelleHHe KOTOPOrO MOXHO 3allMcaTb B BAe 


zm ee los | mx (x) elm 


_Hocrosuyaa wuHTerpupoBaHHA ompemeiuTcA u3 yCOBHH Ha CTHIKe JaMH- 
HapHoro, yuacTKa c TypOymeHTHHIM. Ecau cuntaTb MOrpaHHuHblh con. 
NOAHOCTHIO TYPOYeHTHEIM, TO C=O xu 


N,—1 


1l—n”, ore 
x a se (Ds) Rati 1?) 2 ee u y SK 
© a u 
nD 
9 


u’ 3 uw din r* } 
eres 7 Ea Be 
xe 
to 


Iiepexoga K maacrunKe (w’=0), noryuuM caenyiomee BbIPAaKeHHe ATR 
MOAHOTO KOs@MuuNeHTa TpenuaA: . 


ae Vv, - 
Ch=2 = Bag Ey ik 


l u 29 
ae — 2 M,—1 n,—1 ak 
— 9p oa) a eon (1 —u?) rere p®. ny nm ew Ty ew \™ 
' Yo u Ro Ho Po 
; h Ss 
Ecau xe CUHTaTb = Al , TO B Halliem cayuae (/7y,=1) 6ynemM uMeTE. 
Ww 
w 
1—n, 1 2 
ip 5 oe abv" Dp” i, aresin w\ nim Tr x 
ae a Rp iat (1-Sa}) ny", 


7 €. TO #Ke CaMoe, 4TO H B padoTe [1] c¢ ToO¥HOCTHIO 10 MHORUTeEAR 


ny (=~ 1,13). Mepexonsa k HecoKuMaemoli *KHAKOCTH (4=0), AAA Kpblia mO- 


JY 4HM 
ud**\1,16 000897 (° 
eae — 2 3,73 
( > aay fu ax. 
Q 


Sees 


tS bd CAOH TENMOH30AMPOBaHHOrO Kppiia Mert PA 


B padote [3] a1 stToro cayuaa npuBoguTca cueayloujee COOTHOMIe— 
HHe: 
x 


us**\ 7/6 0,00763 (° 
pat ap eee 3,75 
( : Sey em he dx. 


st * 


Uto KaCaeTCA =e TO OHO MOXKeT ObITh BEIYHCIeEHO 10 dopmyae (2,5) 


HIM MIPHOAHKeHHO, Kak YMASHBACTCH B paOote JjeHua u SapauKuna [2], 
no popmyue: H=H, (1+ a,Mb), raze 
A)=1,3—1 . 4: ayia: 


Korga 3ajaua peleHa B yKa3aHHOM TlepBOM NpHOAWKeHHU, MO%KHO 


HahTu © (x) =— a fo Hu, 3HaH Tenepp D(w) u Rk() Kak yHKuHne 


X, YTOYHHTL pellenue ypaBHenun (3,2) u Tt. OX. 


Summary 


An approximate solution of the gas movement problem in the tur- 
bulent boundary layer of the heat-isolated profile or axially Symmes 
body with the number of Pr =1 is obtained. 

The problem is solved by the method cepa e in [1]. 
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© HECTALIMOHAPHOM KPAEBONM 3AAYE rHJP0J/MHAMUKU 
BASKOM HECXKUMAEMONM XKHAKOCTH 


Samaya O HeCTalMOHaPHOM JBHXKEHHH BASKOM HeECKHMACMOH 2KUKO- 


<TH HCCIeAOBalaCh B Ppa3MMYHBIX MOCTAHOBKaX PATOM aBTOPOB. as. 


KpaeBoli 3aqauu B Cay4ae TpexMepHoH oOnacTu B padotax [1], |2] ycra- 
HOBJCHHI TeOPeMbl €MMHCTBEHHOCTH UH COOTBETCTBYIOMIMe HM TeOPeMbI 


_ cylecTBOBaHHA, NocueqHHe—AHOO ,B MaIOM“ NO BpeMeHH, M60 Mpu ompe- 


JW@CHHEIX YCOBHAX MaJIOCTH HavasbHoro uucaa PeHHombaAca u NOTeHILE- 
ANbHOCTH BHEWIHUX CH. Pemenue crpoutca c momMoulbio MeToga Tanep- 
KHHAa. 

OHO3Ha4dHad pa3pelIMMOCTh ,B WeAOM", T. €. 6€3 BCAKHX OFpaHHye- 
HMA MaJOCTH U JIA BCeX MOMCHTOB BPeMeHH, NOKa3aHa JA Cy4ad DBYX 
T1POCTPaHCTBCHHEIX H3MepeHHA B paG6ote [3]. OnHO3sHauHaA paspelIHMOCTH 


4B WeOM" JIMHeapH3HpOBaHHOH KpaeBOH 3aya4uH B Cay4uae ABYX H Tpex 


MPOCTPaHCTBCHHHIX, Ne€PCMCHHBIX MOKa3aHa (PYHKIMOHAABHBIM MeTONOM B 
pa6ote [1]. 

. Pag pe3ybTaTOB OW MOAyyeH MeTOZAaMH TeOpHu MOTeHWHata. Tex- 
30p Tpuua, oOpamlaiomni aAMHeHHy!IO 4acTb OMepaTOpa paccMaTpHBaemMOoi 


‘3aauv, ObWI NOCTpoeH AAA ABYMePHOH BEITyKIOH OOnacTH B paGoTe [4} 


H MPHMeHeH JIA MOKA3aTeAbCTBA TeOpeM CyIeCTBOBaHHA (CM. 10 STOMY 
noBpony ctaTpio [5]). aa cayyaa Tpex u3mMepennii mpocTpancTBa 6510 
MOCTPOeHO PYHAAMeHraAbHOe PeMleHHe JIHHEAPH3HPOBaHHOM CHCTeMH] ypaB- 
HeHHa ruypogunamuku [6], [7]. Tlompirka noctpoenua Ten3opa puna aaa 
TpexMepHOH KpaeBOH JIHHeaPH3HPOBaHHOH 3agagqu Onlaa mpeanpunata [6], 
HO He IIpuBea K KeMAaeMOMY Pe3yIbTAaTy. 

B nacroanjel paOoTe MHI CTPOHM pery.ApH3HpoBaHHH TeH30p I puna 
(napaMeTpHKC) A AMHeHHOH 3aga4uHM B MOMyMpocrpaHcTBe Tpex u3mepe- 
HHA MW MpHMeHAeM ero AIA HCCIEROBAHHA COOTBETCTBYIOMNLCH HeAHMHeEHHOH 
3aqaun. 

Jloka3bipaeTcA ampHOpHad OLeHKa WIA PeWleHHA B WeOM: B Mpezno- 
1O2%KCHHM OFPaHH4YeHHOCTH PelliecHHA B MeTPHKe, ONpemenaemMOH 9HEpreTH- 
4Y@CKHM H€PaBeHCTBOM, MOKa3aHO, YTO OHO H ero MepBHle MpOCcTpaHcTBeH- 
HbIe MPOM3BOAHbIeC yAOBJeETBOPAIOT MHTerpatbHOMy ycaoBulo Jlunmmuma. 

Jioka3aTeAbcTBa Oa3sHpyloTCA Ha ONeHKaX, YCTaHaBJMBaeMHIX JA Ma- 


pameTpnkca. 


§ 1. Mapametpuke AMHCHHOR 3aa4un M ero OWeHKH 


1. TilpumMem caezyiouue O6o3HayeHua: 2 —nonynpocrpancTBo y, >0 
TpeXMepHOrO eBKAMAOBa MmpoctpanctBa; Q—yuaunap 2X [OCt<T}), 
=> => > 
apu mi060m 7’ €(0, 7); Q,,—uninnnp @X [OS t<7"'J; Lp, Wi oS 
MIPOCTPaHCTBa TP€XKOMMOHEHTHEIX BeKTOP-(pyHKWHMA C KOMMOHEHTAMH H3 
L;, W, c', coorpercrsenuo. 


yq ) 13KO eC aeMOl KH 
pocrpanctaa 2 cocrout B HaXO%K EHH BeKTOp- ynKnun 


HeKoToporo yHknMoOHnarbHOro baie aoa PAOBAETHODEIOUIER BQ, B 
WHOM CMBICe, PaBeCHCTBAM : 


Fae Mae on 
“ Cee (tiige Ai ae fy 
-3 
du, 
(Ree du, = 9 (v=1, 2, 3) 
; ly ly, 0 0 ; 
‘ ty|,_5=0.. be 


B coorsercrBun ¢c 3TuM, BBe eM ie 

Onpeneaenne. Mapamerpuxcom G aunefinof 3aqaun, compare 

of c (1, 1), Haz0BeM TeH3Op, d1eMeHTH KOTOpOrO Gye (y, t, x,t €) (vy, 

= 1, 2,3) apastorca PyHKOUNAMN 43 CPO Q), nappt touex (y, HE 
EQ 3aBHCAT OT NapaMetpa € >0 u YAOBIeTBOpAIOT BQ KaK pyH 

ann TouKH ( y, t), mpu a06mx (x, t)E@Q, pasenctBam — 

} : 0G,, OP, 

ite fe A Oa — Ge = Pah Wax, 14), 


3 , 
' i : NPG ti, fu Ne 
wea o k= 1, 2,3) 


ott : | ‘ oe 
‘Gri ly, 0 = ck ; 
Gy, == 0, <—t<0. 
Bh lL, Vase 
Ove. | 


1 & (y—x, ¢—)p — bynnus uz CQ), annpoKcumupy ouas apes +0 ¥ 
oes 3 


a a.(y — x, stoymtany* flat One ied, )x 

: 3 ae 3 
ilg(t—t) +i Daly (¥.-¥, ) 

xe sh dl,dl,dl,dl;, 


A a a 
be * (ho, L, te he aaa =a [i ai. 22 (iy + b+ 3) |? ( + iel,)# 
Toerpoun napamerpuxc G B Buse CyYMMBI JiByX ClaraeMHXx 
le Gly, t,%,59)=4¥,62,59410,6% 42) 
mepBoe v3 KOTOPHIX oy, ¢, X, T, ©) ABAACTCH Py HAaMeHTaAbHBM pemenuem 
vangipes 34a W YMOBeTBOPACT PaBeHCTBaM 


f | 
oe Ata ge Oe a6, t—- 3), (¥,#=1, 2,3), 


oe oeO. 


ap ee PE a 
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a ,OTPpaxkeHHasd uacTh* 7(y, ¢, x, t, ©) YROBIeTBOpAeT PaBeHCTBaM 


ign AYU ogee 
3 
y vk — 0), (v, R= 1, 2, 3) (1,7) 
oy, 
y=] 
tha ly, Morte Yon y= 0 


1 eet 


Kak aerko BuseTb, papencTBa (1,6) BsImomHAIOTCA A Caenyromer 
TeH3OPHOH oynkuun u3 C” (Q x Q) Touex (y, ¢), (x,t): 


i x (lor bay tov lg®) (B+ 348) e— Ne 
t; Ls 
dy (Y, £, Xt, &) = (2) (eee iy+G+B48 H+ h+G ic 


Brees, (y-# S 


Be Ws dl,dl,dl,dl,. (1,8) 
UToOn NOCTpouTb TeH30p 4 (y, tf, x,t, &), MOMYYHM, IPH yCAOBHH 
Yi — X% <0, 


npesAcTaBsleHHe TeH30pa (y, 7, x, t, ¢), OTAM4HOe OT (1,8). 
TloapHtTerpambHaad dyHKUHA B MpaBoh uacTH paBeucTBa (1,8) ananu- 
THUHA NO MepeMeHHOH J, H HMeeT MOMOCHI B TOUKAX 


h=— iW, L=—iV +a, . (1,9) 


t=Vb+G=|Vb+8 |, 


pacnoOxKeHHHX B NomynocKkocTtH Im/,<0, B CHMMeTPH4HBIX C HHMH 


rye 


2 gt 
OTHOCHTCbBHO Haua/la TOUKAX BePpXHeH MOJYMIAIOCKOCTH H B TOUKe C= a 


3necb BeTBh paguKana Vz (z= 1! + il,) IPH KOMIMJI@KCHEIX 3HAaYCHHAX 
z dHKcHpoBaHa YCOBHEM: argVz=0 na mpozomKennn (0, ©) paspesa 
(— ©, O] B KomMmaeKcHOH MOCKOCTH 2Z. 

lpu ¢>Q nopawok HHTerpHpoBaHHa B dopmyae (1,8) MoxeT OBITb 
H3MCHEH Tak, UTO BHYTPeHHHH MHTerpas OymeT uHTerpatoM no /,. Jledop- 
MHPyA, IPH ycaOBHH y, — x,<0, KOHTyp uHTerpuHpoBaHHa 1, EG (— oo, a) 
B O€CKOHEYHO OO/bUIyIO NOyOKpyxHOCcTh Im /, << 0, npeacTaBuM MHTerpar 
di, evan BHYeTOB NOAMHTerpaJbHOH bynxnun OTHOCHTeEIbHO MOJIO- 
COB 


2 
v» (y, is Xx, tT, ) = > py) (y, b: x, Tv, é), 


j=1 
pid (VE. ec, 6) eae i (2xi)3 byte hs @ Fra Aci 3 io 
0 
—o2C 


3 
 (¥—4,) tie +2 V1, (yx) (1,10) 
“e emt dl dl,dl,, a 


oF wiih: { { 
TAL a3 3 r ‘ r / 
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(ilo0.4 + Mtn) 


| yp (y, t, x, +, )=4 (Qni) \\ io Se dee x” (Lp, ’, 8) X 


v hy Ve sits ily 
——— 2 
fe ~ V (Pxit, Ora) +iloe—O44 D154) 
rae 
ca hee Aa 


de [14+ 22(im+0")]4C + elt” 
1 1 


Ste (tel teVr ey | 

B opmyax (1,10) uxterpupopanue mo nepemenHott /, BEMOmHseTCA 
BLONb KOHTypa C — BellecTBeHHOH OCH C OOxogoM Hayana 1,=0 B noay- 
juuocKoctu Im/, <0; Takoe mpeacraBeHHe CipaBeIHBO, TAK Kak HB UC- 
/XOUHOH opmyve (1,8) MooxHO 3aMeHHTS KOHTyp (— co, oo) Ha KoHTyp C 
(0€3 H3MCHeHHA 3HaueHHH dyHKuUN (1,8). 
| — 

Matpuny 4(y, ¢, x, t, ©) ompeqeauM cTom6muamu-BeKTopaMu 7%, (y, t, x, 
t, ¢) € KOMMOHeHTaMH 7, (y,¢, x,t,¢) (v,k=1, 2,3), KoToppie Oyzem 
CTPOHTb B Bre 


mntx,5e)= Dy aot x5 6) reyes) 
T.=1\,2,3 
! j=1,2 
4K 
MgO Evxst, 2), ois We tx, 8); (1,13) 
| T=1,2,3 
Fie 
IE ne? (y, t, x, 7, ¢)—= Sf} \ ad? (Ly, L, /s, 2) (Lo, L, Ls) x 
| oe 
iL yt iL jx, til (tf) +4 > 1, (¥g—*5) 
| e Nae dlydl,dl,. (1,14) 
SACCh eects abs 
L=ih, L,=L,=iV V+ ib, (1,15) 
a x" (Io, l,, ls) (r==1, 2,3) — Bextopa co cienyiouleH TaOAMUeH KOMIIO- 


HeHT: 


; L ils 
Q—j, 72) = tla ae) a= = 
i : : Ver + ily : Vi + ily 
l 3) ae 
wok, P=1, wo, (116) 


Wat, Wa0, =). 
Bextopa (1,16) yaoB1eTBOpawT TOxXMeCTBEHHO M0 Jo, /,, 2; COOTHOIWEHHAM 
BOP a A at ily? a usin 0 es Ly 2; 3), 

On Ea) 


ye ee Se eer a ip, pec, (v=1,2,3). (1,17) 


a eo, (1,11) 


B BHge Dei: 


cTaBlaa ee pemenne ai’ (lo, /,, 15, ¢) B pasmomenna (1,14), onpexenum, 


La Dees aes 1. OnE. piped he ee 
Onpexeaureap a (lo, ’) matpuus (1,16) pasen 
da (l,, LY) =i Vir + th ogee Ee > 
Ves +- ily 


|d(4,0(>0. © (1,19) 
Heuspectuple Koappunueuthl a)” (15, lo, lz, ©) ompemeauM Kak Peele 
cieue ypaBHennit (pH (PuKCHPOBAHHEIX k, j) . 


‘ alr (4, L, ls, 9) 4 (25, L,, ds) =— pi, (do, L, ds, e) (a t, rah 3), (1,20) 


npn 4, 1,€(— «0, ~), 4EC 


r=} 


rae p/, (Lo, L,, 4s,¢) onmpeweneHn samucpio dyxHKuni (1,10) mpu y= me 


in, £55, ©), gf § ee (le bo fe 2X 
—x«C 


iLjrtih(e— ti y 1, (¥—*,) 
De ony at dl,dlydly. (1, 21) | 


B cuay nepapencrsa (1,19) cuctema (1,20) ogHo3Ha4HO paspemmuma 
npu. m00nx /,, /,, 23 13 OOacTA HHTeErpHpOBaHHA B Popmyaax (1,14). Mogz- | 


TaKHM OOpa30M, uCKOMy1O MaTpuny 7(Y, ¢, x, t, €). 
TlogputTerpatbHble PyHKWMH B opMyviax (1,14) ananuTH4Hb! MO Nepe- 


MeHHOH J, B KOMIJeKCHOM Bie c paspesom (il”, io), uMea nomocEE 
: 2 : 
B Touxax /,=0, l,=il’ u =i(z +2"). Betsb pagquKasa Ve + il, 


@HKCHPOBaHa ee HOJOKUTEABHBIM 3HAYCHHeM Ha MpOAOMKeHHH paspesa, 
B COriacHww C OMpesxemeHHeM 9TOrO payuKanta B d@opmywax (1,9). ‘lane 
He BeKTOPHble KOMOMHalHA 


» ar (Lo, l,, Ls, e) TT (Lo, L,, Ls) (k= i 23 3), 
r=1,2,3 
jul, 2 
KOTOPHe JIHUIb MH BXOAAT B BbIPAaXKeHHE NOMHHX BeKTOPOB (1,12), He uMeroT, 
Kak HeTPyAHO BueTb, OCOOeHHOCTeH B TOUKe /,—0. IlosTOMy KOHTYyp G } 
B dopmyazax (1,14) MoxeT OnITh BedopMupoBaH B _BeMlecTBeHHY10 OCb 


¢ o6xoy0M Hauana J)=0 no nozyoKpy xKHOCTH paquyca > B Bepxue nomy-— 


WAOCKOCTH 6€3 H3MeHeCHHA 3HaueHHii BeKTOP- ae (1,12); B manbHef-— 
mem uepes C o6o03Ha4aeTCaA STOT MOCMEAHHA KOHNTYp. | 

YuuTbIBaA BUA peryapHsupyioumx PyHKut (1, 11), aerko mpoBe-— 
PUTb, YTO  TEHSOP, oupefqeineMp paBencTBamu (1,12—1,14), apaaerca 


ynxnuet us C”(QX Q) tovex (y, NEQ (x, VER 


Ha ocwopanun Tox ectB (1,17) ana BeKTOpOB qr WM ypaBHenut (1,20) — 
HemocpeACTBeHHO MpoBepsAetTca, uTO TeH30p 7H(y, F, x, t, e) (1,12—1,14) 
yAOBeTBOpAeT ycoBHAM (1,7), | 

Jina Teusopa xe $(y, 2, x,t, ©), CormacHo CKa3saHHOMY BBIIIe, BBIIO.I- 
HAIOTCA paBeHctTBa (1,6). 

CueqopateibHo, tex3op (1,5) G(y, ¢, x, t, e) ects dynkuua 43 
c(QxQ) naps touex (y, t)EQ, (x,7)EQ, oGzanaiomaa Bcemu cBOA- 
cTBaMHM (1,2) Hy2xXHOrO HaM MapaMeTpHKca. 


ne ) HeKOTOpHIE. OHenA Ae ht 
Vs opmyz CLELOVSECEST OH: ( 18), a, 20 0) u i aye. cnenyer,. aT 
— K0e H3 mpousBeqenuli a i (GG=1, 2;7,v, R=1, 2,3) ectb cymma 
MBIX BHA | 
hho PO(L, by UV + ib, Wy) 

PEAVY ay ir) ESL rs (ee et aa) Pe nee 


4 


. rae 2p, S, 9,  — HeKOTOpBIe u3 uuces 1,2,3; paquKaaE ee L (Fs 
—Aenenst hopmynamu (1,15), a. P°)(z,, 25, Zs, Z4, 25) — Saga 7 - 


HOM NIATOM CremeHH OT CBOMX apryMeHTOB, comepxKautnit Ache 1yIO ; 
TOABKO B MeTHEIX Clee MEA 


8 MY KHHX oueHoK clesly cen “run aion PyHKOHN (A018 KoTOpolt j 
Seo = sak ap 


*(y, t, x, 7, = ine (Ly, ro ls e) x | < i 


7 


~ 


FE OT LA LLL III D LOLOL TILE DICE LIE: AGRI TOE OE LNG LE 
i@) 
oO - 
ie 
oi 
Bw 
) 
= 
=| 
2) 
ao 
@ 
5 
z 

& 
ae 
oes 
os 
oh 
2 
tO} 
—_ 
ie") 
ie) 
wa 
3 
ie) 
mo) 
#2) 
wo 
— 
Woes 
aS 
— 
ae 
st) 
Ww 
nr 
es) 
jes} 
9 
7 
xy 
th Ge 
‘Se 


ss 2 bn e pat ey te 
< Uy, -V 0 ily x +l (6 Aas Or) 


aa xe tec Ea aRGLS cna 
Ba: vetrar . «(Iyy bo, l,, ¢) = 

bi OG PO a VY ty %) 7 

| oe (VIFF —t) V+ i) LP +a + ery 
13 OuenKy. MHTerpasa (4,22) npoBenem € MOMOLIbIO penomoraTesp 
i Mone 
| 7 gy, t, x, t, 6)= i J oe L,, Ls, >) x 


see arr ery 1 ile z,+ily(—) + 1 $, (-*, he 
2 oh “dlls 


~ Ea i 1+ ¥ 
£ (Lo, l,, Ls) == HG Pe l,, ls) L 


au N— aw60e weszoe aco, OombUIee CAMHMUB. 
} O6osHa4HM 
4 


‘ sy (i; op eee ‘ilsYs 
b oe ® (y) = =cd = wai (ae sae A 
5 r 


oe d(y=V RTH. 
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— Tian pbyukunl (1,22), (1,24) u (1,26) BLINOJHAeTCH cnemywouee coor- ; : 
HOWeHHe CBEPTKH: | | : 


VAY 1 Xu tty {{ g(y—y’, t, x, +, 2) o(y’) dy,dy5. (1,27) * 

a 
Mbp! NOvyauM, IPH YCJOBHH 
c= boi), ‘ (1,28) 


He 3aBHCAMLyIo OT © OMeHKy aia cyH-uuu gy, ¢t, x, t, ©) (1,24), a 3aTem 
| Jia wHTepecyromlel Hac cBeptKu x(y,t, x, t, ¢) (1,27). 
Onenum, mpu ycuosun (1,28), unterpan g(y, t, x, t, €) (1,24), B KoTO- 
POM, coraacHo paBeHcTBaM (1,23), (1,25), 


£ (Lo, Es LE, e) = 
1 
BeKh3 LN pe) (1, 13, UM Vix Uo , Vin) 
In (V0 tpt) (07 > dlp) [1 2 (+ ee 


-Jlepopmupyem B 3TOM uHTerpase KOHTyp C uHTerpHpoBaHHA NO nepe- 
MeCHHOH J, B KOHTYP, COCTOAWMA H3 NpAMBIX 


C, (arg ce) = Se, mn—#Z 600, ~)} 


(1,29) 


PENSE NS ge at 
C,(are (15 )=4, [4-25 € ©, @)), (1,30) 


4TO BO3MO)KHO, TaK KaK MO’ HHTerpadbHad (YHKUMA He HMeeT OCOOeHHO- 
cTeH MeKAY 3THMH KONTypamu. B nomyyeHHHX TaKHM OOpa30M HHTerpa- 
Jax g, (m0 KouTypy C,) u g, (mo KoHTypy C,) mepeiem or J) kK HOBO 
_ mepeMeHAOM MHTer pHpoBaHnuA : 


Ae) 


jee i. ne if) — fia KOHTypa C;, 


y eaters capes 
l=e * (1 a: iz) — yaa KOHTYpa Cy, 


COXpaHuB AWA HOBOM nepeMeHHOH /y mpexuHee OOO3HayeHHE J: 
S(y, t,x, %, ) = 81 (9, b, x, %, 2) + Sly, t,x, 5, 2), 


phon pies Pe ie 
altacame {((aleed het by he) x 
—o 0 


rr i ss 1 i rae 3 
= ot he ona yes the 4 xsi Xf 5-49) | 
S= 
e Al dladl,. (1381) 
AnaorM4uHoe BbIPAKeHHe NOMyyaeTcA Aa MHTerpana g,(y, t, x, 7, €). 
B unterpae g2(y, ¢, x,t, ©) 3amMenum mepemenuuie ZJ,, l,) no dopmy- 
aM | 


1, =1, cos 8+ 1, sing, 
L, == 1, sin B — 1, cos B, oe Rae eh 


1 
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rae yron 8 onpemesten paBenctsamMu 
é Yo — P2 = 7 Cos B, 
Ys —%X3;=psing, p=V(y,— X2)? + (Ys — X3)?, 


4 CoXpaHHM JA HOBBIX mepemeHHHIX 22, 1; npexuue oOosHayenua J, Ly. 
orga unrerpan (1,31) mpegctasutca cymMoii yeTHIpexX CwaraeMbIX, 


COOTBeTCTBYIOULHX MHTC€rPHPpOBaHHtio NO YeCTHPCM KBapaHTaM IWIOCKOCTH 


2» bee 
Tleppoe u3 Hux 


0 bY 90 


Sy (y, t, x, 7, 8) = {ff 9 (Io, 5, ls, ©) X 


000 


3 3 
1? L ek $ La 1—fr 
(2 > + lee (t—2) -—l' y,— We + Le 4 x, + ilsp 
NP ; dl,di,dl,, (1,32) 


re 


(1), lz, l,, ©) =e g fe -- Le ee l,cos 8 + J, sin B, J, sin 8 — /, cos 8, : ; 


Sa (fe; bss Ls, >) = 


1 + wd er 3 
mre + i i-t tt i—« 
ia 3001, ls, U, ae pee oneae 5 
me 2 ae ra on : 3 : 
Logs os ize V ies Ip ton 
ae ‘ eae - lt ge ‘ x 


p ips Ne 4 
«i 4elS +he (fers 


u P,(Z,, 2, ..., 2;) —OJHOPOAHHIA NOAHHOM MATOM CTeMeHH OT CBOHX apry- 
MCHTOB, COJepxKalluli NOCIeRHMA apryMeHT Z, JIHINb B UCTHEIX CTeNeHAX, 
¢ KoapPunMeHTaMH, KOTOPHIe 3aBUCAT MOJMHOMHaIbHO OT cos, sinB. 

TlogputerpadbHaa PyHKuuA B uHTerpase (1,32) 3aBuCcHT OT NepeMeH- 
HpIxX Jj, 1, KaK ABHO @aHaMTHYeCKHM OOpa30M, TaK HM 4epe3 MOCpeCTBO 
paAuKaJoB 


(1,33) 


ca glam> aR Weaal Rar ge eS | He 
Np3—— EF (acne ar 
VE + Be ge (2; =f £3) ae Le ’ (1,34) 
B KOTOpHIX J, €(0, ). 4 
IIpv KOMMIeKCHHIX 3Ha¥eHHAX MepeMeHHEIX L,, 13, OrPaHHUeHHBIX yCO- 
2 
Buem argl,, arg 1, €|0, ae apryMeHTBI BeJIMYHH 2) — B+ Re 2 = 


= 
we (+28) +1,e * no_3nakamu paguKanos (1,34) ne mpeBocxogaT 3Ha- 


3 
YeHHA qh. OTH 3HAUCHHA KOMIIICKCHHIX MePCMeCHHBIX MPHHaLIexKatT o6.1a- 


iNjeee ae 

CTH aHaJIMTHYHOCTH PyHKUNH Vz, Vz.Tlocnequue onpeqeiaeM Kak BeT- 
INGA 2 
BH paquKanoB YZ, Vz, COOTBeTCTBeHHO, (PHKCHPOBaHHble yCOBAAMM 
Np wal 

argv z, arg Vz=O0 na mpogommenuu (0, co) paspesa (— ©, 0] B ONT 
A@KCHOH MmOCKOCTH Z. Tak Kak, KpoMe TOO, CaMH MepeMeHHbEIe PAD ees 
ABAAIOTCA aHaluTMuecKuMH yHKWuAMH HepemMeHHEIX /, u J3, TO M pawA- 
Kant (1,34) — anamuTuyeckue (YHKIMH KOMIMVICKCHEIX MepeCMCHHBIX bale 
B yKa3aHHOH OO/IaCTH H3MCHEHHA HX. 


Q Becruuk JleHHHrpaycKoro yHHBepcHTeTa Ne 19, 1961 r. 


HerpyaHo nposeputb, 410 mp TakOM “avaauTH4eckoM npozomKenin 
panukanos (1,34) B O6aacTb KOMMVIeKCHBIX 3HayeHHH Me@PpeMeHHBIX fy LPS 
B HeKOTOpOM CeKTope Az, ONpeeeCHHOM YCJIOBHAMH 


arg/,@[0, a], arg/,€ [0, He fh (1,35) 


2€(0, 7) 


OYAYT BHINOHeEHH HepaBeHCTBa 


ReV G48 > ce, V(Rel,)*4 + (Re Lye, 


Re Vt (B+ 8) +he * >qVReLy + Reh) +h. 


rye 


Los Bea aN ee ae ct Ae 
Rel (4+ 6)—he * |>aviReny Fe ReaFHh » (1,36) 


v4 a8 
1 t—-t era pee ; ae eee bln er ee ek 
Vy: (B+ 8)--he * —-VGb46|se,V(ReLy + Rey +h 
(4) € (0, 22)) , 
AunasuTuyeckoe mposomKenne pauKas1oB (1,34) Ha o6macTb jee (1, 35) 
ompemeineT anamHTHYeCKOe NPOMOMKEHHE BCeH NOABIHTeErPpabHOH PyHK- 
OHH B dopMyvre (1,32), npn m060mM duKcnpoBanHom J, E(0, ~), Ha oTy 


o6macT. 
Jlebopmupyem B unTerpaute (1,32) npamble unTerpupoBaHus 0<4 ;<00 


ee = 1,2) B npampie O<|Lj|< 0, argl; = >0, pacmo.102*xeHHBIe B OO.1a- 


CTH aHamuTu4HocTu R, (1,35). 
B KayecTBe HOBLIX M€PCMeCHHHIX HHTerpHPOBaHHA BO3bMeM 


% a\—lt f 
Rej=4(1 + itg 5) (P2235) 


M BEIMOJHAM pH ycuopun (1,28) caenylouMe 3aMeHHI MepeMeHHEIX: 


€ NMOCTOAHHEIMU C,, Cy, Cs, Ca > 0. 


=~ 


~ 


Se Ue: Batted CU OS kay est 
9 pay Sd ee me TUR NE 
Rely Vt — t= 97 G32, 8), hte — tg 

Torya, COXpaHAA JA HOBLIX M@PEMeHHEIX MHTeErPHPOBAHUA Gi, Jo, Js 


OOO3HaYeHHA NpexHUX NepeMeHHEIX Jy, Re/,, Red, wu yuuTHBad CBOLCTBa 
OAHOPOAHOCTH MHOMKUTeIA, HE COAepxKaero ¢, B dopmyse (1,33) ans 


@ (Ly, l,, ds, ), HaxoqUM 


x & © 


Bn (i) E0%, § Wg oe ee Lode 
ty 
sha | 
seg Bats) Mes Pie ve es (543) +he “4 4 lp — (185 z)te 
X did (Rel) d(Reh), (1,37) 


w 


re s== 


SESAME EN 
yc—et 


Me 


j 


by Bory Dy Ral Rar B ‘Gekdet witerpHpoDattia Bp 
Tea B R CHly ‘YycuoB! Hit VL, =e): sHepanenctho 


Roos 


ale (a3 Lt 3) a be < Catt [(Re 1,) mie (Re 1,)? ++ | a 


Kor090 TIOCTOAHHaA on HE 3aBHCHT OT &, e 


_ Hepasencrsa (1,36), (1 38) MOSBONAIOT caemyiouum o6pa3o0m oiretarreae is 
meppaa. At, aCe os . nee 


. yal ai Geese) 0 1M 
Bie Main onsale male (((@+e+1)™ x 
ES cn-y % Y 


é 
oe Dae 
Drie Via + 13 Ae AA + a et (3 +13 + lo) (te a 
dl, dl,dl,. 


| Bxec soe unrerpa 10. nepemennol ifs orpanuuen 


pean fre ine Voy As Ste 
ferent “(Gade dl,<e 3 (245) SC Ma ae 


1 (2 a 
—— =z (+1341) sd 
xfer 41) ‘ Nie o 
x 5 ‘ ee ; Fd 
SLED 2.2) % EN Des | 3 (2. 52 
- > \!9+13 Ohne —>5 Voth 
Sor eect 3) 


- 
—_—o 


“len. 6 x, %, 2) <ete Bootie (SR by, 


Rear. oo og Rie 
. | ae ; es foe 7 | p)= ) if ; 
\ ae poe 
eo Cee ja Bei ('e 3)u p(4+%) dl,dls. 


Tlocaems waterpaa ouenupaerca 


| co 


ae aie sgt m3 ¢. 
SRS fnG: “iyo cana ce seh “eas (‘#5 Oy ). 19 — se 2, 2 Pi 
i if: Vy Xi, 0 Scr é yee e se = 
; ae 0. high 


. 


ce S j eet +13] ais: 


: *) ‘ 


ieee Si Fins a oe = Cy\¥it% 47) 
bs aes ay 2) <exe eslousziee) 1s Cs dz=Cye Ay, oO ac 


—oo 


Ba Ar eee 
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Orcioza qin HHTerpata (1,39) nonyuaem Pai wae 


pee. +%1)? + (Ys—4%q)? + (¥g— Xs)? 
<—$ 


j\3 


1gn(y, t,x, 4 £)1/< : 
(c—)* 2N 
C19 


< 


2+ 5 
[< — t+ (yy + %1)? + (¥ o— %2) + (¥3 — *s)?] 


CormacHo CKa3saHHOMy Bblule, @yHKuna g(y, f, x, t, e) (1,24) MomeT 
6bITh pe ACTaBsIeHa CYMMOH ClaraeMbIX, M3 KOTOPbIX OHO, Lo, (Y, f, X, Tt, &), 
omeHeHo m0 (1,40), a OCTaTbHEIe OWeHHBalOTCA aHasOrHuHbiM o6pasom; 


3THM JOKa3aHO Aaa dyHKunHn (1,24) HepaBeHcTBO 


le(y, Beaks v, ee ee (1,41) 
+ —— 
(eA a AP eee) oe Os aed 2N | 


Cc MOCTOAHHOU C3, HE S3aBHCAMeH OT &. 


PaccmoTpuM cpepTky x (jy, ¢, x, t, ¢) (1,27). 
B cuay cooTHomexui (1, 26) u dL, 41) ona orpaHHueHa 10 MOLY 110 


BeAMYHHO . 
JS lg(y—y’, t x, ye) Ie (9) | dygdyy< 


y,=0 


_ 


<ce dyodys i 
“Sf aon aa 
t+ (y1 + ¥1)® + (y2— x2 — yo)” + (¥s — 3 — ¥5)’] AK 


gies [« — 
1 1 
x (yo + Ys ce w) 


dyad . | 
mae if eh 7A ws < 
12 [et + ont att (wah) (wae TEC oC ae 
3 12 Lt gust 3 
X (yo +3)? w) 
Cie 


th 


[tc — t+ (yy + xy)” 


dyody3 
x las , Hh; 
—S [e—t+ (1 + 41)? + (y2— 22-5)? + (93 — x3 — 95)? ]? ¥) at 


2-8) 
X (yp +y3 ) 2 i 


Jin WHTerpaioB Bua 


dysdy, 
I(y, 
On % peNecrn cr, yd Rs 


vy, =0 
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THE Y(Y1, Yo, Ys), X (4X1, X, X3) — MpOUsBOADHEIE (PHKCHPOBaHHbIe TOUKH 
TpexMepHoro MpOcTpaHctBa, r(y, ¥'), r(y’, X)— paccroaHua Mexy TOU-. 
Kamu y, y’, COOTBeTCTBeHHO, y’, x Hu a, 8 — npousBoabnbre MOJO KUTeAbHBIE 
“4HCla, TakHe, 4TO a+B—2>0, a, B<2, UMeeT MeCTO OWeHKa 


C14 
ee” ¢ I(y, xX)<K rovear(y, x) 


TlelictauTeibyo, 3aMenoi nepeMeHHBIXx 


vi=yirly, x), w= yirly,*), x= xr (y, x) 


“muTerpas /(y, x) mpuBogzutTca K Buy 
i 


I <a OAs 
le 10,2) — pag, ee en Jaye)’ 
| yy Xx 


‘nocarenunit *Ke HHTerpad CXOANTCA Mpu a + ~ 2 : Wie DB iced, 
i IIpuMenuB Takyio ONeHKy K paccMaTpHBaeM My MHTerpary, MowyyuM 
Bae Ses yay t, x,t, ¢) (1,27) uckomyto omeHKy 


[x(% 4, x, e)I< 
<= ie 1 a Sean” ALES (1,42) 


j ey ae 
b—ttint al? %pe—t4+ Ont) + — 22+ s— a) 
‘He 3aBHCALLY1O OT €. 
Takyl0 K€ OIe€HKY, COrwacHO CKa3aHHOMY B Hayase m. 2, momycKalor 
BCe KOMMOHeHTHI TeH30pa (1,12—1,14); B cooTBercTBy1omleH OUeHKe AA 
‘Teu3opa (1,8) BeauuuHa (y,-+-~x,) samenena Ha (y,—~ ). 
AHaJIOPH4HBIM OOPa30M YCTaHaBJIMBAIOTCA OMCHKM MPOM3BOAHEIX H pa3- 
HocTelH TeH30poB (1,12—1,14) u (1,8). 
O6o3HauHM Yepes A MPOU3BObHOe BeMIeECTBeHHOe YUCIO HM Yepes 


ne 


h —Mpou3BObHEIM BeEKTOP JVIMHbI lh |; mycTp §— m1060e uucnro us (0,1), 
N—.s11000e WeOe YACIO, OOMIUECe CAMHUIBI, 7, M1,, My, M,—=O0, 1, 2,..., UM 
n= Vi Ye We Xe) at (Vg — Xa) 
n= (Yr + X21)? 4202 — %2)? + (Ys — ;)?. 

Pe3ybTaT POPpMy.1upyeTca Cemyiomeh Teopemon. 

Teopema |. 1a napamempuxca G(y, t, x, +, +) (1,5) 2uneiHou 3a- 
daun, conpaxcexnHok K 3adar4e (1,1), cnpased use He 3a6ucniM4ue OM e& 
OueHKU 


| 
i=1, any: . 
ea) Mite = 2a (yaaa a 
07G,, Cy, t, Xt €) 1 
| te. renner l< C17 i ; 1 Ll+q-+mo a 1 ‘ 
ay ey oe a TT RE 
Pine. ges | | (ett?) Netti t(—lynay). 2 


J = My + M, + Ml, + Ms 
07G,, (y, t-LH, %, 7,2) tit 07G,, (GV 5m Boe % €) 
at™dyy dys*Oy3" at yf dysuoys” 


1 

< Cie max 5 ie ee 

ORS haa ies pe tht 
ae [s=—#+ (y1 + (—1)'%1)?] 


OG (y4A, t, x,t, e) -0'G,, (y, t, x, e) | 


Ot™0y™ 90 yMoyms at™ayMoayMgyms a | a 
; heen 5 ae 
<K Cy max | — 1 =i 14 Gee alee 
sae 2\' EO SCNT RS. 
(s—t47r?) Mt (n(n) 


B nocaeqHux Au@Pepenynatbuble WM pasHOCTHbIe ONepaljuH nO mepe- 
MeHHBIM y, ¢ MOFyT ObITb 3aMCHEHEI CoE Ben RyEOuMY onepaluaMH 
NO xX, %. 


§ 2. AnpvopHble OWeHKH AA pelweHHx B LeIOM 


C mMOMOUbIO MapaMeTpHkKca, MocTpoeHHoro B § 1, MoryT ObITb ycTa- 
HOBJICHB HeKOTOpble ONeCHKH JA pelleHuA HECTAIMOHAapHOH KpaeBoh 
3aauu Be A 


3 

Ou, ay Ou, Op 

a ASAD dy, * dy, Fes 
k=] 

3 eee: b 
Ob et 
m=O =1, 2,3) (2,1) 

v=] “4 
u, | = 0; a) [50 = 0, 
‘y,==0 % t=0 


Jina MIpHMCHMMOCTH TaKHX OIe€HOK K pelwleHnio “(y, t) ocTaTO HO | 
MOTPeOOBaTb OT HEFO OrpaHH¥eHHOCTH B METPHKe, OMpezeisemoh sHepre- | 
THUCCKHM H€PaBeHCTBOM; YCIOBHAM 2%Ke TeOPpeM eAHHCTBeHHOCTH ({|1], 21) | 
u(y, fC) MOxeT HM HE YOBETBOPATD. 


VimenHo, ocraTouho, uToOb BeKTOp-dyHkyHa “(y, ft) sABAANaCB | 
peulenneM 3amaun (2, 1) B cmeAylomenH ee NOCTaHOBKe. 


Onpewenenue. OOoOmenHHbIM peleHvem sagan (2, 1), rae } 
F(t) € £2 (Q NL, (Q), Syzem naswpare gynknmo u(y, t) € Ly (Q), 
UMeIOMLYI0 o6o6mennEte MPOUSBOAHEIC Bua 8 H3 L, (Q) u YAOBAeTBO- | 


PAIOULyYIO paBeHCTBaM 


watt oN oH 
a_i OY, ‘ | 
k=l} 


io dfe (4 20,)— (Say 7) 9, Jayaeeo 


v= 1 


(2,2) 


ue 4 
nocaeqHemMy —c m060h dynKunel ¢(y, t) & C? (Q), aa KoTOpol BENOs- 
HeHBI YCOBUS : 


ely loume | paceman” ‘ocratorea B cu: en 

P ae: TOM, cay4ae, ecun Ha1OKUTD HeKOTOpble OrpaHHyenua B- 9TOM e- 

| -W@HHM Ha AMHead BeKTOp- pyukunit o(y, t), ¢ KOTOPbIMH Jl 2 

_ -BBITIOIHATBCA HMHTerpatbHoe paBencrso (2, 2), B OTHOMIeHHH OBER 

Aa Oy ep mpu |y| > oo. Manpuncps: MOMKHO NOTPe6OBaTb, YTOOH — 
ah ae 


3 gE CO(QN Wi(Q. 


ii . Tycrp” BeKTOP-PynKuna u(y, 2) ABIACTCH OOOOU,CHHBIM pement 
_*  paccMaTpuBaemMOfi 3ayaun. , 
| M3 onpeqenenua napamerpuxca G(y. t, x, t, ©) caenyer, urd. 
Bo rohaune (x, t)€ Q, BEKTOpa- cronomt nen G., (y, 4 x, 


ak het 


i TOUKH a tHEQ. Tidstony OHM MOryT Be B3ATH B Verney. Be 
_ ynkuni ¢(y, 2) B uNTerpanbHoM ToxecTBe (2,2) nia pemenua u(y 
P YuutTbipad eule MepBoe uw NocmeqHee pasencrBo (1,2), nouy 
| TaKHM MyTeM COOTHOUIeHHe: é 

3 


mG 9D [Oa 6 970.9 dat tet 9), 
ine v=10 @ ‘ ’ 


\ 


3 
eae, Ou, 
A=A-L9Z 

J=1 
wy (x, =| (uals, 14 (y—x, t+) dyat, 


| as 02 : a 
| iia dyukuua 5.(y— x, f—7) ompemenena paBeHCTBaMu (153), (2,4). 


Mo NPeMOMOKeHHIO, UU a nIpHHaqaexKat BQ, aTO nospoaner 
“OneHuTE yHKyHIO F(, 5) B EQ fs. : : 
Wl, ue ot lied <I, oh +2 

; om 
i onpemenenna a ed Fa a nae CXOJJUMOCTB 


|v,—u I. >0 
L,(Q) c+0 


t 


nas Pe u(y, t) €£2(Q). 
Tem Oomee, aa4 m060f (UHHTHOK mosOOmacTu Q nampa Q 


L, (Q) 


; ag mek Z,(Q) et 


Ecau Tenlepb quia uHTerpanos Bua (2,4) OyayT yeranonnenst Ht 


“BaBMCALIMe OT & OW@HKM HX KOHCYHBIX pa3Hocteli Bp L1(Q). TO, B cu) 
COOTHOMCHHA (2 9), oHuu OyAyT BepHEI H MH PyHKuHH Ae ae A 


4 raquoe yrBepoK leHHe MOKHO 2OKA3aTb HW JA MPOHSBOMHEIX > a =€ L(Q. , 


a ta a 
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- PaccmorpuM unTerpatbuE onepatop, onpeseaaemplii orpaHM4eHHEne ; 
anpom G(y. t, x, t, ©) (1,5) wa mpocrpancrse Z1(Q) BeKTop-@yHKuoHh 
IY, t): ; ae 


Ri (f) = wi (x, )= 
£ 3 ; 
={(MG.0, 4% 5 970, 4) dydt = 1, 2 3), (% DEQ (210) 


0/2 yal 
~e 
O6osHauum uepes K5, npn wmio60m @G& (0, 1), aHHeHHOe OaHaxOBO 


MpOCcTpaHCTBO BeKTOp-byHkunh wy, f), ONpeweMeHHHX B Q, c HOpMO 
3 3 
Fey Ow, 
SI J(leseia (4,0,1-+ 4 |52]+ 
Q rs 
gk 3 
~ 5 nee 
+ |h} Pay sues DAs 
= j= 


A, w= (y, t+h)—w(y, t), 
A; w=W (y +h, th— w (y, 2), 


ea = max 
hy h 


Wy 


0 
OY; 


dQ dt, 


/ 


0w, 
oy rj 


rae 


h—rpowsBorbHoe BellecTBeHHOe 4ca0, A — npOn3BOJIbHbI BeKTOp: 
Aanupt | 1 |. 

Hepasenctsa (1,43) aaa s7emMeHToB TeH30pa G(y, t, x, t, ¢) m03BO- 
AAIOT OUCHKTh MOCIe HECOXKHEIX BEIYHCIeCHHH MpOM3sBORHbIe H KOHeU- 
HBI€ PasHOCTH MHTerpasoB (2,10). Takum nyTeM ycTaHaBJMBaeTCa 

> - 

Jlemma. /7pu 260% f(x, t) u3 L,{Q) pasexcmea (2,10) onpedenrsiom 
PyxKyuio w(x, t) uz L,(Q), usemumyio o606meHHLe NpoussodnMe Buda 
ow 


on Ty (Q); 024 npou3ze0rsHo20 aE (0,1) @ynKgua w (x, t) donyckaem 
ra | 


HE 3Q6UCAWYIO OM & OUeHKY 
| oleae <e(a)| Ff 
Da Ly Q)° 
Q 
B cy JeMMBL, 2A BeKTOp-PyHKunu (2,4) cnpapequnBa OleHKa 
lwhee<c@|FL 26 (1), (2,11) 
ra) L; (Q) : 


HE 3aBUCHIaA OT &. 


Kak mokasano Bplle, omeHKa (2,11) coxpanserca u aaa nmpe ev bHOR,. 
npH «OQ, dynkunu u(y, ft) ; 


t]ee<e(@ Fi 


> : 
0 L, (Q) 


IIpuMeHAad [Id HOPMBI BeKTOp-dbyHkunu f B MpaBoh uacTH HepaBeH- 
cTBO (2,7), NOAyYHM caeAyIoMMA pesyubrar. : 


aera | Gbexty' ee OST eS Wy + “i ‘ ; pr a Ba 


ye 
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Teopema 2. O6o06wennoe pewenue u(y, t) sadauu (2,1) npunadrencum 


_K z OAL 1106020 «€(0,1) u 2060% Gunumunoii nodobzacmu Q’ yuaundpa Q 


uw OonycKaem ouexKy 


lithe <l®) [Ifl; o tlh o + Y [sl |. 
: FELL, (O) 


ABTOp BbIpaKaeT T1yOoKyio mpusHaTeapHocts O. A. JlaqpnKencKok 


| 3a WeHHbIe 3aMeuaHua. 


Summary 


The problem is considered for a three-dimensional semispace.. The 


regularisation of Green’s tensor inverting the linear part of the problem 
operator is formed. On the basis of the estimations found for it apriori 
estimation is proved for the solution of a non-linear problem and its first. 
space derivatives in the sense of Lipshitz’ integral condition. 
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PyHkuuoKan mpunyuna Onepa—Jlarpaixa B cbopme AKOON WIA MaJIBIX | 
-oOmacTer aba LE 2 UMee€T MMHHMYM Ha RelicTBuTeABHOH TpacKTOpHH | 


Tl. B. Boponuy [1,2]: 


POPMYBI, CBA3HIBAIOMIMe eKAapTOBLI H JarpaHKeBble KOOPAMHATH, (al 
Take PyHKuna Tamvaptoua /7 aABHO He COJep2xkaT BpeMA, TO pH BapBH- | 


1961 | BECTHHK JIEHHHIPAQCKOFO YH. 


B.C; Honocenaas | 
IKCTPEMAJIBHOCTb MPHHUMNA SMJIEPA—JIATPAH)KA | | 
B HEFOJIOHOMHOM MEXAHHKE 


-TlokasaHo, 4TO Ja Me€XaHM4YeCKHX CHCTEM C OHOPOAHEIMH CTalHO- 
HapHHMU CBaA3aiMuH Tuna Uetaepa np ompezereHnu BapnMaluh no Bopouny | 


- § 1. 


TlycrTb NOMOKeHHeE MeCXAHHYECKOH CHCTeMBI onpeyeiaeTca S-JlarpaH- | 
QKEBLIMH KOOPAMHATaMH Q;. Ha Bw KeHHe CHCTEMBI HaJO2KCHO 7 Herosio- 


HOMHEIX cBaA3eH Tuna H. Tr. Ueraepa [1] 


s 
Fr (Vi, Gir =O) 
i=1 
- OmpenerumM Bapuvannuu Aarpan Kk CBbIX cKkopocteH 4 sem: 10 |) 


é ONE 


ix 
oF 3g, —0. (1,1) 
09; 


fe ae Sees ae | 
aq; = 2 aq, 89 = 5 8g, (i= 1,2, ..., 5) Ver eran tN (1,2) } 


Ecau ypasnenua cBaseli (1,1) OMHOPOAHEI OTHOCHTEAbHO Q,, nanee, | 


poBaHun 110 BePOuny umeem [1] npuHoun Siimepa — Jlarpanxa B Buse 


sforat — 0, Ag; \. = F Ps ag At le =1(): (1,3) | 


IIpH ykasaHHbIX BEING YCIOBHAX B HerOJJOHOMHOM MeXaHMKe MMeeT | 
mMecTo uHTerpan /7—A=const. Jina BEINOAHeHUA MpHHmuna (1,3) Bapna- | 
muio Bpemenu Af caefyeT OpaTb Takoli, YTOOHI BEINOAHAMOCh paBeHCTBO | 


an= Si (% a4, + 5 841) =0. 


i=] 


Ha ocnuospanuu dopmya (1,2) u dopmya, cBasbiBaiouluX NOAHHIE KH 
H3OXPOHHHe BapHallnu 


Aq, = 6q; + gq; At, Ag, = 89,+ 9, At, ; 
MMeCeCM 


. nai tt 4) qaer Saniaenie Bapualun At yepes He3aBl H 
[= - papuanan ‘Aqg,, ABIAOUMeCA yHKIMAMH BpemeHn. ae “ 

PaccmaTpuBad ABY2KeHNe CHCTeMbI KaK JBMXKeHHe TOK B siipeet aH- 
_cTBe $ ‘w3Mepeuni, See oo npuuiuma (1,3) kK dopme cou 


 rme h—unterpaa snepruu; Il — norenuuanpnaa 9Heprug, 3nech WHTerpH- 
poBaHHe COBeplilaeTcA MO TpaeKTOPHH yKa3aHHO, TOUKM OT MOO*KeH Aad Be 
_ B MOMeCHT BpemMeHH t, HO non0x%xeHHA B B MOMCHT BpeMeHH fj, eas 


ee 


Tlyctb 9; He MeHseT 3HaK Ha lpoMexyTKe (f,, ¢,), Aaa ompenene 
-HOCTH IIPHMeM q,>9, Torma B (1,5) MOxHO BBINOAHUTS saMeHy He3 
-cumoli MepeMeHHOM 110 as 


Wes -[ v= I y ee a 2,4 9549, < 
inj=l Pes 
q 


‘ ‘Tie UITPHXaMH OOO3HAYCHEI NPOM3BOMHBIE NO q, | Ecau q, Vor TO B 
B mye (1,6) mepeax uHTerpaiomM caenyer MOCTaBUTh SHaK MUHYC. ; 


13 Byjem O003Ha4aTb CHMBOJIOM 3, H3OXPOHHYIO BapnalMio MpH 3aKpi 
icra KOOPAMHATI 9, . Takoft cicco6 BapbupoBaHHaA Ha3OBeM eee 


. ‘paccmorpers 6, Kak NoMHYy!0 Bapwamuio, A.A Koropoit At ompenea TCA 

pewopeyxg2 (1,4). as 
AR Orcioga caenyeT =v) i 

| aerieg 3, tay + Ae 6g, = — 9, At. 


 Vwaue roBopa, WIA BHIMOMHeHA tages 8,4=0 nano nowarare 
| SaaS: Mae aye: Bohr an 


Ay Gare ty pe S/oh a « 


eer | Bapwanun 5, MpewcTaBAAIoT COOOM yaCTHHIA Cyyalt MOMHEIX papuatl i 
By HOSTOMY B CHALY bina ate cBA3eH OHH OYAYT yMOBIETBOPATS yCLOBUA 


rae ypaBHeHua CBA3eH MMeIOT TOT 2%Ke CaMBIli byaxnnonannuni BUA, 
ui (l, 4). Byazem TpeqnolaraTb CBA3H ABHO He3aBMCALMMM OT Bpement 


Fad G)=0- ‘un 


140 : BAG: Hoeocenos 


3aBVCHMBIe H He€3aBHCHMBle BapHaluu Jaa cBaseH Tuna Ueraepa CBA- 
3aHH COOTHOMICHHAMU 
0q' 
69142 = Sy _t+h 8, q,. 
=2 ES 


’ 


Tak Kak Aq,|, =O, Aq, |,=0, To 3amaua O06 3KCTpeMabHOCTH PyHK- 
nuoHana (1,6) npunuuna Sinepa—Jlarpanxa B dopme AKkoOu cBOsNTCA 
K pacCMOTpeHHOH B padore [2] 3anaye 06 SKCTpeMaJIbHOCTH bysKmMoHana 
npHuuuna Tamuaptona—Ocrporpasckoro c 6onee cAOxKHOH yuKuMeh 
JlarpaHoKa 

Li(% 9% U1) =2V (A-W) T* (i=2,3,..., 8), 
rae 
1 Ss 
* * * * % ' , 
P=T24+Ti+To =z Y 4% 9%, 
Eye 
o2T 


s 
* 4 sleet — =] Sie 
a 3 5,935 Fo Gy 411, Amn 24m 09n (m, A 12, NS ow) ). 


i=2 
iia nepspoi Bapwanuu dypHKunn L, nowyuuM Bblpaxenue 
; (A —M) 3, 7° —T*3, 0 
Var 
\ 

TlonoxuM 6,9,=26, rae a—6eckoHeYHO Malad NOCTOAHHAA BesH- 
quHa, 9,— ynHkun g,, COpalaloljuecd B HYb Ha KOHWAX MpOMeKyTKa — 
[@}, q,|; v=2,3,..., 1. Bymem CunTaTb pa3sHOCTb g, — q? Masoii. 

IIpuHmeuan paccyxeHua padotp [2], nomyuum 


8L,= 


(hI) > 


iL = ———g* [278172 — (8,72 + 8,71)"] + O(4, — H), 
PAE EAN SG} 
err Va agie Vo eg D 
i= Yaa + se Mgt O(a). (1,8) 
ifnan et : 


Nycrt ABYXKCHHE MeXA@HH4eCKOH CHCTeMBI CBOOOAHO OT cBa3eH (1,7), 
Toraa ©194.=0. B srom cayyae KBagpaTuaa cKo6Ka (bopmyasr (1,8) 
€ TOYHOCTbIO HO uneHoB 0(9,—gQ}) upeactaBaser [4,5] co6oh onpeze- 
ACHHO NOMOMKUTeIBHYIO KBapaTHyHy!O PopMy 

3 
sie = ye 2L 
tee 2(T*) 
/ YS) 047219/2197, b= Sree ae Oi bys 7597 ; 
my oe qj°9; 
ij=2 (i =)? ; 


IIpu geficrsuu cpaseli (1,7) coorperctBenHo nomyyaem 


1 s To 
iL) = 37 S eu? 9,5,9;, + 2T* ) | 0g p OF e | +O(91 — 9). 


Q(T*)? \“f=3 nai 


A 
mM s 
‘ y / 


nator, 


OKCTpeMaJIbHOCTh NpHHuMNa Stinepa—JlarpawKa . (4 


i 


_ lo runy dopmya § 1 pa6ors [2] umeem 


l ’ 1 
dq 0q; 
! 39 nen Lk » r d [Tj+k 
[+k a vr re Reais 8 
é B nogere CD lan ay te? 

os \ v=2 van} ee 
ee F 4 


aay d ag, 
82 =e ztmtth i 
Gren ag, ) ag'aq, OPT, + O(%— M1) 
% Y=2 u 
B cuay yKasaHHBX (OpMya-HaxXoyum 
2 l 


re 


nate b 5 
d h—II\o- OT, 02q,, ’ 
poe es i MELE Wt Wg aap 
aqy ae } k mt 1914 h 09,09, ie ns ee a0, 
= ¥,y=2 é 


Srecb KoappunventH B,, CHMMCTPHYHEI HM COOTBETCTBEHHO paBHEl 


Lf r 
0q, dq, dq, 
Veen l+k Vi+k Vity 
YT pote, Drak aq, an aq. Dieta 508 
es if k, aot v qd, 


B rpaHM4uHblx TO¥Kax q? u q, BapHaunu 4g, (v=2, 3, ..., 2) paBHE 
HYJIO, NMOSTOMY 1a BTOPOH BapHalMH dyHKuHOHaa (1,6) HMeeM BEIpa- 


KC He ; 
q 


K I 
uw—| SB), 8:9'3,9'dq, +0 (4, — 48). 


qo ¥, {=2 


KpagpaTuuHaa dopma 


v, Y=2 
MOJOMUTeEIBHO ONPeWeJICHHaAH, TaK KaK MOKECT ObITb WOAyYeHa HS MNOAO- 
IKUTCUbBHO onpeesIeHHOH KBapaTH4HOoHu (OpMBI 


S 
SV bijVirj 
ij=2 
HOCpeACTBOM HeOcOOeHHOrLO npeodpasoBaHia 
l r 
1 0g 
v, a Uy ’ Li » | an ’ 7 
v=2 2 


. 


Hamu 2oKa3aHa | 
Teopema. J1a mexanuueckux cucmem c O0dHOpOOHbLMU CmayuoHap- 


Homa cea3simu muna Yemaeca npu onpederenuu sapuayuuk no Bopoxyy 
 hynkyuonan W 6 Aaepanoesnx KoOopounamax npu sapbuposanuL 
no memody SKOOu OAH MaALX OOAACMeL UNMecpUpOBAHUA UMEeM MU- 


HUMYM HA OeiicmeumeAbHOU mpaeKmopUu. . 
3ameyuanne § | pa6ote [2] oTHOCHTebHO 9KCTPEMA/IbHOCTH (yHKDHO- 


Hala pH HemalOoH OOMacTH MHTerpHpOBaHHe B paBHOH Mepe OTHOCHTCA 
HW K pacCMOTpeHHOMY B HaCcTOAMeH CTaTbe Cy 4alo. ) 


tal 
B. C. Hosoceaoe 


Tia uCCIeOBaHHA SKCTPeMAMbHEIX cBolicTB yaKunonaza we pa 
HEMAJIOM MIpOMexKYTKe HHTeErpHpOBaHuA Hao HMeTh (opMyly ata 81 W. 
Hcxona “3 paccmorpenua § 1 pabotm [2], MoxHO yTBepxAaTb, 1TO 6; W = 


Nh 
cal o,dq,. 3necb 6, onpeneanetca chopmywioH (1,8) padors [2], B KoTOpor 
0 


749) : 
Ne ° a : r) 0 
caeayet nonoaums L=Ly, b=%, m= 1, iM = 9 =0, 9 =5-—=0, 
Been ek, 
Widh dq,’ Vi=4; fe faeces 5 Ss) 


Hannuwem (dopMywly 1A 5, B pasBepHyYTOM Buse: 


Tr 


a 
pate i bak! d 0914k 

= B,,6,q.6 nt Bs 
i ; Hen ee sb > | 99,097 4% day aq, 


os 


%, Y=4 k=1 


Ay r , r , 
O91. PL) Bs 41+ NN OL OM yp PL, +k 
+ +) — 84 SS 
0q, 09) 4,091 4p dq, 04, 09,09; 4 0g, 0914299, oq, 
Ry pel k=1 k=1 : ; 


NO Dk OL, 214 aL dt BAN OG ee 

ne © CRE Oa a ECE ey+ <r pee aay 319,019, + 
yan q, T+ KOI 1, OFi+k 109,44) 99,09, 
k,p=1 f 


Mach ai; , , 5 ia , 
4 ; d Ut» O21, d On 1 9 OL, 4 Nk 
49; 0g. 0q,,,09,,.491 Og. 0q,,,09, 4% oq. 
Wy Fj +n Vey qy 914Rn9 4 QV, 


k, p=l t k=1 


rT b . 4 , 
ink Vda OF +h OL, Fry an OL, 49 OL, Ode 
(2% 0g, +e + 09, cf 


k,p=1 

ae aia 0? enor er ay 24+ 7 OL, to a Oly © 6 
0q, 09;,,0 re) f) a9; Og, 
% +h Ti+ % Vitk Vi+k 


k, p= 

Oden Odi, 99; 

Meat fe: + ee 519,219, : (1,9) 
“Yaron wf 94,991 + oq. n 


§ 2 
_ PaccmotpyM, ain upimepa, 3aqayy KaTauud To MHeEpmuN Oe3 HakvONna 
BLOAb WePOXOBaTOH FOPH3OHTAIbHOH TOCKOCTH JUCKa C OCTPOH KPOMKOH. 
O6o3HayHM 4epes X H VY KOOPAHHATLI WeEHTPa AHCKA OTHOCHTebHO HerIO- 
ABYHKHOH cucTemb (x, y Zz), NMOCKOCTb (XY) KOTOPOH coBMaqaeT Cc yKa- 
3aHHO FOPusOHTaIbHOH MOCKOCTHIO; Mallee, )—yrod BpauleHHA MUCKa 
BOKPyr BepTHKaIbHOH ocu (yrou pepuenua ) wu 9 — yrou coOcTBeHHOrO 
BpalleHus. 
Ilyctp m— macca mucka, A u C—ero moments uHepunn. Kuneru- 
wecKand S9HEPrHA ONpemennerca 


T— mi ee (2,1) 


TlorenuvaibHad 9Heprus papna Hy Jo. 


‘ 


‘t 


ee Pe cos by y=re sin'b, 5 hf 
— panuyc aMcKa. 


i Host (eM yroul © B KauecTBe gy mIpu BapbupoRaHun no merORY saseae 
B oer TCTBHH C § 2 un dopmysol (2,1) Oyaem UMeTb 


|) Root ates Ly=2VhT*, i= const > 0: 
| (oats By hk ieee gh) AYE AC 
|= ee Tah Oe cacy aS 


3 YpaBnenua cBA3eH (2, 2) sanuchBalorca B Bue 

“Ns 3 =rcos 4, ax = 05 y=rsinv, 3y=0. 

‘Tho bopmyae el 19) B CH.y (2, 3) v (2,4) nmonyyaem 

h eae A a 
Wee AEE Cy mit Ons: 
ie | Dery? . | | 
“opmyanr (2,5) cae ayer, 4TO. B: paccwatpusaemom. cayuae ‘unterpay 
HMMA Jinepa-Jlarpinxka UMCCT MMHHMYM Ha JeHCTBUTeAbHOM Tpaex 
Opuu AAA m1060rO NMpoMexKYyTKa CTPpOrO MOHOTOHHOrO H3MeHeHHA yruia 9. 
Tipumem tenepp yroa % B Ka4yecTBe g; Mp BapbupoBaHHU oO MeTO 
1 o6u. ByeM HMMeTB \ 
OL 1=2VAT*, h = const > 0, 


ee a Te m (xs y4) At EEA 


Ih ia Ypasuenns ¢ cBa3eii 2: 2) 3allMWyTca B Bue 
. x’ =re'cosg;, 8x«=rcosgq,s 193 
| Se  V=re’sing, 8% y=rsin 9,619. 


BprauciuM BL, cnocoéy, ykasaHHOMy B §.1 3B sats “bopuyas 
6) uMeeM 


Pee ot, | a [mm (x8,.x’ +989" +C9h9'], 

) rc1ona ‘HaXOaHM Gave 
a8 =) pe lm (,x/) +m 1 (B,y’)? + C (8,9’)? + mx’tix! Be my’; y] = 
| ie 


vi aaaeneS 190 (10x + yd,y') + Cy'3,9’). 
y 27%)? 

+B cualy opmya (2,7) noxyaam 

} 5, <9 COS G19" —rsin q,0 1P> 


oy’ =rsing,6 1? +r cos q,6 1? 


Pe ouiey (2,8) caenyeT ox’ =ty’ =0. 
- OkonyaTeabHO UMeeM 


Vm (x' by! — y'rx!)? + A [rm Bx’ + may’ PEC) + 


are che 
+ Cm (x'8,9/ — 9/3,x')? + Cm (yi! — 9'3,')?}. | (2,9) 
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a 


B dopmyue (2,8) x’, y’ uw 6.x’, dy’ MoryT OBIT BDAIKenE gepe3s He3a- 
BHCHMHe BeTHUMNET 110 bopmyaam (2,7) u (2,8). 

®opmyuia (2,9) moKa3bIBaeT, YTO B paCCMaTPHBaeMOM CJly4dae HHTerpaa 
mpuHyuna Oiwepa-JlarpaHxka HM€eT MHHHMYM Ha JleHCTBUTeAbHOH TpaeK- 
TOPHH JIA M060ro NpOMexKYTKa CTporoO MOHOTOHHOrO H3MeHeHHA yraa 49. 


Summary 


It is shown that for mechanical systems with homogeneous stationary 
connections of Chetaev’s type with the definition of variations according 
to Voronetz, the functional of Eiler-Lagrange’s principle in Jacobi’s form 
has a minimum on the real trajectory for small regions of integration. 
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——————————S—=aIEE__OIOC 


ACTPOHOMH4A 


B. I. TopOaukua 


Ob OCOBEHHOCTSAX HEBYJIAPHOrO CNEKTPA HOBbIX 3BE3J1, 


BbISBAHHbIX HAPYIIEHHEM JIYUACTOrFO PABHOBECHS 
B OBOJIOUKAX 


1, SapucHmMocTb HeOyAapHoro cnekTtpa Hosoi ort BbIOpoca Bele- 


‘CTBa H3 3Be3AbI. M3 HaOmloqenui M3BeCTHO, 4TO BCeA 3a COpacbIBaHHeM 
Hosoa mpu Benptiike OO0104KH (HasbIBaeMOM TaBHOH) u3 3Be32bI NpOouc- 


XOMUMT MHTCHCHBHOe BHIOpachiBaHHe BellecTBa. BriOpomeHHHli ra3 oOpa3y et 


| TIPOTSKeHHYIO OOOMOUKY, NOrAoMaoulyio B TepBoe BpeMA BCe H38Iy4eHHe 
“3Be30bl 3a rpanulel aMaHOBCKO cepuu BoROpoga. Manyuenue, sanep- 


%aHHOe MpOTAKEeHHOH OOONOUKO, MepepadaTHIBaeTCA Hu mMepepacnpere- 
AACTCH MO CHeKTPy, YCHMBad ero BHAMMYIO Yacrb. Crenenp ycunenua 


“BUAMMOH YacTH CIICKTPa 3aBHCHT OT TOAMIMHEI OOO0KKH, OMpeseneMoOn 
 MOWHOCTbIO BbIOpachiBaHuA BemlecTBa. IlameHue BUUMOTO OeCKa 3Be3qH 
| OOYCJIOBIMBACTCA, TIaBHbIM OOpa30M, YMCHbINGHHeEM MOIIHOCTH BbIOpacH- 


BaHHA H3 Hee BELIECTBA. 
Korga 6meck Hopok cranoputca Ha 3—4 3B. BeHYHHbI MeHBIUUC, 4eM 
‘B MA@KCMMYMe, B €€ CHCKTPe NOABJAIOTCA HHTCHCHBHbIE APKHe JIMHUH, Mpo- 


_WCXOMAUHE Tp 3alpeuleHHbIxX Nepexomax aTOMoB OJII, NII, Nelll, a raxxe 


JIMHMM, CBA3AHHBIE C Ppa3PCLICHHBIMH TepexOZaMu BbLICOKOHOHH30BaHHEIX 
aTOMOB. IIpHHadexXHOCTb 9THX JIMHHH raiaBHOH OOOM04Ke 3Be3Nb NOL- 
TBepK aeTCA TOUHBIM COOTBETCTBHEM MCKAY HX WHPHHOA HM CMeLLCHHeM 
JIMHMA MOTAOMWeHHA raaBHOrO cneKTpa. YKa3aHHble APKHe JIMHHH xXapak- 
TepHEI Id Ta30BbIX TYMAaHHOCTeH, H 2STOT NepHOR pasBuTuA OOOMOUKH 
3Be3]Ibl Ha3blBaeTCA HeOYMAPHOH cramuen. 


Ji1a MOABACHUA B CMEKTPe 3aNPelleHHBIX APKUX MHHHA, Npunage- 


*KAallMX BbICOKOMOHH30BaHHbIM ATOMAM, HeEOOXOJMMO, 4TOOH MOHH3YIOMLee 
M3NyueHHe ObIIO MOCTaTOUHO HHTCHCHBHBIM; BMECTE C TEM, IIOTHOCTb Be- 


wecTBa B O6OM0UKe TONKHA OBIT JOCTATOUHO MaJIOH. OOHYHO O60104Ka ~ 


Hosot pacuiupsercs c OO1bIUOH CKOPOCTbIO HM MOSTOMY MVIOTHOCTb B Hek 
OBICTPO MafaeT CO BpeMeHeM. OgHaKO Hayasl0 HeEOYAAPHOM CTaquu CBA3ZAHO, 
‘Kak NOKa3bIBal0T HaO/IOMeHUA, He TOJbKO C MageHuem moTHOocTH. Hebdy- 
JIAPHBIA CHEKTP MOABIACTCA AMUIb Woce Toro, Kak O7ecK 3Be3sqb ynaser 


HE MeHEee, 4YEM Ha 3 3B. BeEMMUMHBI 10 CpaBHeHHio C €rO MaKCHMaJIbHbIM 


snauenvem [1], T. €. KOrga MOUIHOCTD BbIOpaChIBaHuA BEIECTBA M3 3Be3/1bl 
‘CYUIeCTBeEHHO CHwKaeTCa. OnTHYeCKad TOAUMHa MpOTH2KeHHOM OOO70UKH 
K 9TOMY BPCMeHH COOTBETCTBCHHO YMEHDIUaeTCA, H e10 3a€pKUBaAeTCA 
we BCe BHICOKOYACTOTHOe u3lyyeHue 3Be3qnI. UacTb 9sToro H31y4eHHA 
nonmayaeT B riaBHy10 OOOMOUKY, BbIsbIBAA TaM MOABJCHHE BbICOKOHOHM30- 
BaHHHIX ATOMOB H MOBDbINIad 9ACKTPOHHYIO TeMMepaTypy HaCTOJbKO, TO 
CTAHOBUTCA 2PPCKTHBHBIM BO3OyXKACHHE MeTACTaOH/IbHEIX ypaBHeHUM aTO- 
MOB 9JICKTPOHHBIM yjapoM. 

YMeHbINeHHe MOULHOCTH BHOpaCbIBaHHA BeULeCTBA H3 3Be3H, TAKUM 
O6pa30M, OMHOBPeMEHHO MPHBOAMT K MayeHHlO BAAMMOTO 6necKka 3Be32b 
YW MOABICHHIO B CNEKTPe OGOMOUKH AMHHM BbICOKOMOHH3OBaHHHIX ATOMOB. 


‘10 Becruux JlenuurpagcKoro yuuBepcuteta Ne 19, 1961 r. 
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Cpa3b 9THX. ABICHMA Mexy coOof nposBumach B cayyae N Tepkyaeca 


1934 B anpese 1935 r., Korma BCTe 3a Ppe3KHM NaeHveM O1eCcKa 3Be3bE . 
pasBucd CHAbHEI HeOyrapupili cnekrp. Coraacuo Tporpnany [2], o6a 
ABICHHA ObLIM OOYCOBJICHBI PC3KUM Ma4e@HH€M WMHTCHCHBHOCTH BbIOpacbi— 
BaHHA BeulecTBa u3 3Be3bI.-I lpoTsxKeHHam ,OOOMOUKA HCYe3Ma, H BRICOKO-~ — 
yacTOTHOe usnyueHHe yxXe He MepepadaTHIBaNOCb B HEH B, U3/IyYeHHe — 
BUMMBIX YaCTOT, a BbI3BaIO NOBBIMMeHHe CTENeHH HOHM3aluN u OOpasoBa— 


Hue HeEOYMAPHOTO CHeKTPa B COPOWIeCHHOH paHee OOONOUKE. — 
¢ 


=s> 3 
~S 
S 


ry 


1 10201 10 20 1 1020-1 10 20.1 10 20 1 10 20 7 10 20 
ebpanb mMapm anpene maou UHOHb ulone — abeycm 


i 9950 
Pieris 


OueBHHO, YTO IPH BO3paCTaHHH MOU{HOCTH BbIOPaChIBaHHA BeeCTBa 
V3 3Be3IbI NOMKHI HAGTIONATHCA NPOTHBONOJORKHbIE ABACHHA: YBEMYCHHE 
Bae ; BUAHMOrO OIeCKa 3Be31bl WH YMCHbINeCHHe 
CTeMeCHH HOHU3AIlMH B raaBHOH OOO10"Ke. 
CBa3b H3MeCHEHHH OeCKa 3Be3qb C 
Te peMeHaMU e€ CHEKTPa OCOGOeHHO OTUeT-. 
JMBO BbIpasvsiachb B Cayyae NV Snpepnupr 
1950 [3,4]. Ora 3Be3qa uMeaa cBoeoOpas- — 
HyIO0 KPHBylO OeCKa, .XapaKTepH30BaB- 
Wlyloch PAOM BTOPHUHBIX MAKCHMYMOB. — 
(puc. 1). C kKaxkAbIM BTOPHUHBIM TO,be- 
MOM O7e€CKa HeOYAAPHBI CNHEKTP H3MeHAT~ 
CH B CTOPOHY YM€HbINCHHA HOHH3ANN — 
(a uHOrga u BOBCce ucuesam). IIpu manenuu 
OecKa HOHH3aNMA B PaaBHOK Ob6oO10"UKe 
BO3pactala. SaBHCHMOCTb WHTCHCHBHOCTH 
79 BD 90.100 Pata APKUX JMHHH OT BU3YAabHOTO OeCKa — 
mi) 3Be3bl IPHBeweHa Ha PHC. 2, B3ATOM 43 
pa6oTn Bewamaua [3] (wHTeHCHBHOCTH Ja- 
Hbl B YCIOBHBIX etvHunax). Ha stom xe 
pucyHke mpescTaBeHa 3aBUCHMOCTb OT 
6ecKa 3Be3bI JIMHHA MOPOULCHHA OPHOHOBA CHeKTpa, OOpasyrloluluxcsa, 
KaK IIPHHATO CUKTATb, B NPOTAKCHHOH OOOAOUKE  3Be3 IH. 
TIpucyTcTBHe HHTCHCHBHEIX JIMHHM MOOUeHHA TOTO WAM WHOTO 91e-— 
MeHTa O38HauaeT, UTO CFO ATOMBI HMEIOTCA B MPOTAMKCHHOH OGOMOUKE B 
O6ObIIOM KOMHUeCTBE H, CJEMOBATebHO, U3yyeHNe, HOHUSYyIOMNee UX, ~ 
He nmonayaeT B raaBHy!Io O6On0uKY. TlosTOMy HOHH30BaHHBIX AaTOMOB JaH- 
HOFO 2@MeHTa B CHeKTpe raaBHOH OOoOOUKH HeT. Ecaw 2%xe 9TOT 21CMCHT 
B MPOTAKeCHHOH OOOMOUKE NOHOCTbIO MOHH30BaH (a 3HaUHT, IpHHamne- 


4 


Bie n2: 
J— nuHHH norsomenus; J] — apKkue AHHHH. 


- 


Sr 


beh, 
ait 


06 ocoGeHHocraAx HeOyApHOrO cHekrpa HOBBIX 3Beay a7 


“Kanne CMY AMHUM NOPIOUCHHA OTCYTCTBYIOT), BO3MO%KHAa ero HOHN3ALUA 
“H&B raaBHon OQOOMONKE HM NOABAeHME COOTBETCTBYIOUIUX ADKUX JIMHME. 
-TakwM OOpa30M, H3MeHeHHA JAMHHH NMorsomerua, NpHvaWwiexkaulux OpHo- 
“HOBY CM€KTPY, M APKUX MHA HEOYMAPHOFO CHeKTPa AOMKHI OBITH BBIZ- 
BaHbl OAHOM WM TOM %e MpPMYHHOH, a MMeHHO, MepemeHamu B MOMHOCTH 
BHIOPageIBaHHA BeULeCTBa, HHAMKAaTOPOM KOIOPBIX CLyKAT u3MeHeHUA Bu- 
AMMOTO OleCKa 3Be3fbI. Kak BUAHO H3 JaHHbIX, CYMMUPOBaHHBIX Ha puc. 2 
9Ta TOUKA SPCHHA NOHOCTHIO NOATBEPxXKAAeTCA HaGTIONCHHAMH. ‘ 
H3meneHne OTHOCHTCABHBIX HHTCHCMBHOCTeH APKUX AMHMH MOwKeT ObITD 
(CBASAHO TaKKe MH C TEM, YTO H3TyYeHHe OOOMOUKH crpaTHunUpoBaHo. — 
Ef npunagmexkatT ofHOBpeMenHHO JMHuM Hel u Hell, [NII] u [OWL]. Tpn | 
‘BospacTaHuH POAM TOL’ SONBI OOOMOUKM, TAe MsnyyaloTcH, HanpuMep, 
auuun Hell, aunyuu Hel ocaaGepawr, tak Kak u3ayualommi ux o6bem 
 COOTBETCTBEHHO YMEHbIIaeTca. | 
BuicTpble N€PeMEHbI B MOTOKE M3IYYeHMA, MONanaioujem B OOOMOUKY 
3BE3b, elal0T BOSMOXKHBIM, B pase CyuaeB, HaOMIOMeHNe BO BPeMa He- 
" OyanpHoli CTaMui ABMeHHH, CBASAHHIX C HECTANMOHApPHOCTHIO TOA M3ay- 
—uenna. HecramMouapHocrb MOA M31yyeHHA B OOOMOMKe N Tepxyaeca 1934 
6blia NOApOOHO uccefoBaHa B. B. CoOonesnm [5]. Hwxe mer paccmot- 
PHM aHaOrHyHblIe ABACHUA, HECTaMOHAapHOCTH B OOoM0"Ke N SAmepunpr 
(1950 mM nokaxkeM, B WaCTHOCTH, 4TO BOSHMKHOBeHMe apKux annnit [OT] 
-B HeEOYJAPHOM CICKTPe 9TOM 3Be31bI ObIMO BHISBAHO HapymieHvem «y4aH- 
CTOrO paBHOBeCcHA B ee OOONOUKe. ee 
2. BawaHve HeCTalMOHapHocTH Ha auHHH [OTII] B cnektpe N ~ 
| Amepuupt 1950. SipKkue aunuu [OIll] B Mapre—mae 1950 r. nosBaaauch 
sp cnextpe NV SmepHubl, Kora BeAMYHHA 3Be3IbI Mpo CTAaHOBUMACh OO/b-— 


me 8"5, w Np AaibHeHweM MasenMu OeCKa MHTCHCHBHOCTD 98TUX JMHUE, 
pospactayia. C yBeaMYeHHeM ONeCKa 3Be3AbI NPM BTOPMYHBIX BCIIBIMUKAX | 
no 8”5 apxue aunuu [Olll] ucuesaan. men 
-  YUepes noaroga nocne Bcibiukn (B Mioxe—aprycre 1990 r.) cramo | 

3aMeTHBIM pacxowAeHve NO (hase M@XKAY U3MCHCHHAMM OeCKa HW U3MeHe-— 
| wusamMu uHTeHCHBHOCTeH AuHHH [OTI]. lp cnage 6Onecka AuHun nosBAA-— 


|-qWcb HE B MOMECHT, KOrfa 3Be3/[Had BeIM4MHa CTAaHOBMaCb paBHok 875) ae 
| 1030%Ke; MpH BospacTraHHH OecKa OHM elle OCTaBauCb BUAHBIMM WA 
| Mpg < 8"5. Tilo nanHyim Beaamana [3], MoATBep»xaqalomlMMCca HaOml0meHuA- 
| uu Jlapcou-Jleangepa [4], B cepedune aprycra 1900 r. u3MeHeHHA MH 
-{OIll] 3anasqpipaiu OTHOCHTebHO NepeMeH OeCKa TIPpHOJH3HTeIbHO Ha © 
|| BOe CYTOK. baie 
I OrTmeuennoe oTcrapanve u3smMeHeHHa anHMH [OIII] oObacuaetca TeM, 
yTO MIpH MepeMeHaX MOLIHOCTH BbIOPACbIBAHHA BeleCTBa 3 3Be3b U CO- 
| orpeTrcTBeHHbIX M3MCHCHHAX ONTHYECKOM TOALLMHBI MpOTAxKeHHOH OO60- 
| nouKn (moKasaTeeM KOTOPBIX CAy#KaT U3MeCHCHHA OeCKa) Mone u3sTyye-— ie 
|| wua B raaBHOH O6om0uKe He OCTaeTCA TOCTOAHHHIM. IIpomecchl MOHH3alun * 
|| H PpeKOMOHHANHM MpHXOAAT B COOTBETCTBHE C M3MCHHBIIMMCA TOAeM H3Ty- | 
|| uenua ne cpasy. CxopocTs oOpasopaHua aTomos OTll mpu wonusalun 
|| aromos OIl nonaBlmiuM B OOOMOUKY BbICOKOYACTOTHHIM H3y4eHHeM H CKO- 
pocts pexomOunanui Ol (korga WOHM3yIoNee usiyueHue OOpesaeTca} 
|) saBucaT OT 9e@KTPOHHOM MAOTHOCTH Ne. K wiomio 1900 Fr. 91eKTpOHHaH =~ 
“WWOTHOCTD B TaAaBHOM OOONOUKE 3Be3MbI YMECHbIIMMIACb HaCTOMbKO, ATO is ig 
gana3ibBandue MOHMSalMA H PeKOMOMHAMMA CTaO 3aMeTHBIM. 

-Vouv3aina B OOOAONKE SBe3IbI IPH BHe3aNHOM BOspacTaHHH MOTOKa 
HOHMSYIOMLerO H3AyAeHHA TECOPCTHYCCKH 6plia uccnenopaHa B. B. Codo- 
|| aepuim [5]. Mm paccmoTpeHbl ABa Cilyyad- 1) onruueckaa TOAMMHAa O00- 
‘OUKH 3a rpanune OCHOBHOM CepHH aTOMa MeHbUe CMH, 2) 9Ta 
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BeJIHUHHa OObHIe eRHHHUbI. Bo BTOpOM w3 9THX CAyYaeB AAA BPeMEHH — 


pesaKcamuu ¢, nomyuyaetca opmMy.ia 


Mpa tina) Oa 


Ne »» C; 
SY 


rae CC; —cymma koasdunventos pekoMOunaluH Ha BC€ YPOBHM aTOMa, - 
i=? 


KPOMEe OCHOBHOrO. a 
BricBeduBaHve O6O0UKH 3Be3AbI (IPH BHIKIOUCHHH HOHH3YIOWeLO U3y- 


-yeHua) paCCMaTpHBaOCb HEOAHOKpaTHO (CM., Hanpumep, (6]). B uactHocTu, 
Annep |7| Hamea, Kak yMeHbIUaeTCA CTENeHb HOHH3ANMM KUCAOPOAa B CAOe © 


ra3a, B KOTOPOM COJepxKaHve BOMOPOa 3HAYMTEIbHO BHIMNIe, YeEM COTEp- 


*waHue KUCAOpOa. 
Ecau onTuyeckad TOMWHHAa OOOOUKH 3a PrpaHHueH OCHOBHOH cepH 
atoma OJ] Benuka, TO CKOpocTh yMeHbINeHHA dca aToMOB O/II (Zon) 


onpefeiaeTca BbIpaxkeHHeM 


dn os i 
ra —= = holt, pa C;, (2) 
t=2, 


“43 KOTOPOrO, MpH 2,—const (Korgza cTeneHb MHOHH3aNMu BOAOPOMa He Me- — 


6 — no 
HaercH) WM HavanbHoM ycoBun f=0; No,,;= 1h), WOoyyaerca 


—a,t& C, 


Nom=ome *” . (3) 


CuesoBpaTeibHO, H MPH BHICBEYMBAaHHH rasa BNeMA peakcauMN onpeze- 
JAeTCA BbIPaxeHnemM (1). 
B cayyae Korfa u3lyyeHue, MOHUByIoOMlee BOAOPOA, Tak%Ke BBIKJIO- 
yYaeTCA, BEAMYHHA “o,, 3aBHCHT OT BPeMCHH OoOee CIOMKHLIM OOpa3zo0M. 
TipwO1uxeHHO JIA BPCMeHH PeaKCalHH B ITOM CATVYae MOMKHO MPHHATb 
F ’ 1 FS 
t,= co , (4) 
‘ 
te >, C; / 
i=2 
roe C; — KosdunerThl peKoMOnHalun AA aTOMOB BOsOpOna. 
Vcnomb3ya Bpipaxkenve, anaoru4unoe (3) (c TO pasHumel, uTO BMeCTO 


> C; 6t1.10 B3aTo SC; |, Annep oneHHa HYKHIOIO rTpaHuly 2Q1eKTPOHHON 


in? i=l 
NOTHOCTH B TYMAHHOCTH, OKPyxalomel 3Be3aqy BF Jle6eqs [8]. IIpu stom 


OH C4YMTal, UTO HaOMOJaBIeeca Meppuaom ucuesHoBenve «nnn [OI] 


B CHeKTPe 9TOH 3BE3/[bI BLISbIBAJIOCb BHeSAIIHDIM MpekKpauleHHeM H3vy4e- 
HHA 3Be3bl, HOHM3ylolero aToMB! O Il B TyMaHHOCTH. 


OmeHuM TEM %*Ke MYTEM BeIMYHHY 2p B OGOMOUKe N Amepnuy B aB- ou 


rycre 1950 r. (yepe3 7 MecaneB nocae BcnbuKu). B stor nepuox 4ucao 


aTOMOB KUCOPpOfa B OOOMOUKE lO AyAy 3peHun Ny ObIO ele HACTOABKO 


BeJIMKO, UTO OOOMOUKA ABAANACh ONTHYECKH TOACTOM 3a rpaHuIel OCHOB- 
HOH cepHu atoma Ol]. JleficrBuTenbHO, HafieHHBIH NO H3BeCTHOL CKOpo- 
cTH pacuiupeHua OOom0UKH (U~ 10° cm/ceK) ee paguycr B aBrycre 1950 r. 
coctapiaa 2-10! cm, Macca o6o704KH 3Be3qH My, paBHa, MO omeHKe 
HM. M. Konniaopa [9], 5,7-10* 2. Moaromy 4uc0 aToMOB BOAOpOna HO AyYy 
spenua N,, paBHo 


aura 


sed one he Ne f 
} \ 


06 ocoGeHHocTAX HeOyApHOrO cHeKTpa HOBLIX 3Be3 ‘149 


M / 
rage OO 22 
N= 4nr2m py mal 

Panee HaMu Ob110 noayyeno [10], uro coxepxaHue aToMoB KHCAO- 
pota cocTaBAaeT mpHOiM3suTeabHO 0,001 or 4nca BOLOPOAHEIX aTOMOB. 
Y YHTBIBA He 9TO o6cTOATebCTBO, MOyuaem, uTo Ny 10". Koahdunuenr 


NOTAOUCHHA 3a TpaHHmeli OCHOBHOK cepun atToma OJ pasen 8110007 
M, CM€MOBATEJIbHO, ONTHYeCKAA TOMUIMHA OOOMO"UKH B 9sTOH uacToTe, o6- 
YCNOBJCHHAA MOTIOUWeHHEM KUCTOposa, ropaaka 100. Ilostomy kak B cay4uae 
BbICBEUMBaHHA, TaK HM B Clyyae BO3PaCTAHHA HOHU3AIMK, OOOJOUNKY 3Be3/bI 
MOXKHO CUHTATb ONTHYECKH TOJICTOH H A OWeHKH BpeMeHH penakcalnu 
NOAbSOBaTBCA CopMytow (1). 

IIpunuMaa BepxHve ypoBHH atoma OI! sBogopogonoso06npimu (Z=2), 


noayyaem, mpH T,=15000°, uro iC; =5-10-*. U3 (1), nonaraa ty == 
i=2 
==. 2-10° cex, HaxonuM 
Tipe AQ 

Tak Kak IPH H3MCHeHHAX OleCKa 3Be3bl WM MHTCHCHBHOCTeH JMHMI 
[OHI] B paccmatpuBaempli nepwom aOcomoTHBIe WHTCHCHBHOCTH APKUX 
JAMHVK BOMOpOa OCTAaIOTCA MPHOAN3HTeAbHO NOCTOAHHBIMH, TO MPH OeH- 
Ke fle BbICBeEYMBAaHHE BOLOPOMa YYUTHBATb HE HYXKHO. 

[IpH MOyYeHHOM 3HaYeHHH 7, T1O U3BeCTHOK dbopMyvwe Aa OTHOMIe- 
HHA MHTCHCHBHOCTeH apKux smuHHH [OIIl] 4 43863 u N,+ NN, 


BM 10%. 4 230005 y/ PF, 


E'4363 if | 
ERE MA a e == ‘ 
ra aa haa 1.01 + 2700000; 1/7. (3) 
MOKHO HaliTH SJIEKTPOHHY!O TemMnepatypy o6os04KH T,. Tlo faHHbIM 
E 
Jlapcou-Jleanzepa [4] B paccMaTpuBaembili nepuoy Beanunna —Z*™ 6n1na 


»*~4363 
paBHa, B cpejuem, 2.3. M3 (5) mpu 3sTom 3HayeHMM HOmyyaem, 4TO Ty, 
=~ 16 000°. HafimenHoe 3HayueHHe 7, HeECKOADKO BHIIMe, FEM OOHYHO TipH- 
HHMaeMOe Js’ OOON0NeK HosBplx B HeOyAApHOHM cTamun. 

3. JiuHuH [OI] B HeOyanpHoM cnekTpe N SAuepuup 1950. Paccmor- 
PHM elle OAHO 3 MpOABAeCHHH HECTANMOHAaPHOCTH NOVIA U31y4eHHA B OOO- 
uouke N Snjepuup 1950 — po3sHuKHOBeHue B ee CHeKTpe B HeKOTOpHIe 
MOMCHTHI HeOYJAPHOM CTaquu aApkux annnu [O]]. Be 

Viccnenya panee [11] Bponpoc 0 nponcxowgennu sapKux anunnit [O]] 
B cmeKTpax HoBpbix, MBI HallH, 4YTO 8TH AMHMM OOPasyloTca B Mmpomecce 
BHICBEYNBAaHHA TOM YaCTH OOOMOUKH 3Be3/bI, Te BOMOPON NepBOHnayaJbHO 
Obl HOHH30BaH. B 9TOH 30He, BCeACTBHe OCaONeHHA MOHM3YIOUero 
W31YYCHHA MPOTAXeCHHOK OOONOUKON 3Be3fbI, CTEMCHb HOHH3ANMH BOO- 
powa HW KUCTOPOAa UW TAKHE BICKTPOHHAA MOTHOCTb YMCHbIUIAaIOTCA, a YHCAO 


_aTomMoB O1I(#,,) Onicrpo pacrer. Hetpyquo y6equTpca B TOM, 4TO OBICT- 


Phi pOCT #5, Mp CpaBHUTeAbHO MeJICHHOM YOBIBAHHM Ne MOMKEH NPH- 


BOJHTb K CHJIbHOMY BOSpacTaHio MHTeHCMBHOCTH sMHUH [OI]. Bospmem, 
Halp¥Mep, BbIPaxKeHHe WIA MHTeEHCMBHOCTH JMHUM Epy(y,,), COOTBETCTBYIO- 


wei mepexony 2-1 (c yposua 'D na yposenb *P, 


) o RT, Ag 
coie+1) ot Agee Rene av Yon, (6) 


TAC Qo, = Joie — KOIMHUUNEHT MeakKTHBAaWHH BOSOyKMeHHOTO aTOMa Ol 
IIpH CTOJKHOBeEHHM CO CBOGOAHBIM QV/IEKTPOHOM, A»; — KoapPulHeHT Bepo- 


150 eB Oe Fopbayxud 


ATHOCTH CNOHTaHHOrO nepexogza, V —oObem, 
WIMMCA Ta3soM.° 
Tia yMpoujeHvA MPMMeM, YTO B BEICBEUMBAIOMLeEMCA CAOE Moy = 


Coraacuo [11], B arom coe 


+ 
Nowy Ny 
No| Ney 


YUNTHBAH, 4TO \ 
a Oi —~ nyt. —~ — 30 
Te Ne ae at 


(mocaeaqHee paBeHCTBo CIeAyeT U3 Pe3ybTATOB, LOYYCHHBIX B [10}), wa- 


XO7MM BMecTo (6) 
nN 
( —_— a ila maat Ayy5 
Wer kT ¢ 


a eR 
oie+1) 10 Ti Vga, vgs Aas A ae Gate 


(Te 


Panee Oblul0 NMOKa3aHO, 4TO | aeKTpOHHad TemmlepaTypa MpH BbICBeYH- _ 
BaHHH B TCYeHHe LOAroro BpemMeuu octTaetca BEICOKOM [6]. TlosTomMy MO2xHO © 
YUHTHBATb Bare U3MC€HEHHEe Ne CO BpemMeHem. B Hayare BbiCBeUMBaHUA : 


1 x 
pasHocTb 1 Paty <1; 3a mpoMexyTOK BpeMeHH, paBubti >=, (Ona 
a 0 d Ki 
: Ne Dae ; 
i? ey] 
Ne 1 . aa 

BOspactaeT JO 3HayeHud 1——7 =>. BeanunHa Eo; mp 3TOM pe3KO 


nN 
A = nll ¢ 
YBeEJIMYMBAeCTCH, a 3aTCM MeJWICHHO yOutBaeT 3a C¥eCT YMECHbINCHHA Me. © 


-TakuM OOpa30M, HapyllieHve AYUUMCTOFO PaBHOBeCHA B OOONOUKE BOMKHO- 
NPMBOAMTb K BHe3alHOMY HOABJICHHIO AMHHH B CII€KTpe 3Be3fbl. 


Haomoyenua N Surepuubl NMOATBeEpxXMalOT CAeaHHbI BLIBO O Mpo- — 
ucxoxeHnu HH [OI] B He6yaapHoM cmeKrpe 3Be3qHI. IIlpn Bospacta-_ 
HM OleCKa 3Be3bI BO BPCMA BTOPVMYHHIX BCHbIMIEK aOCcOMIOTHaA HHTCH- — 
CHBHOCTh 9THX JIMHNH yBeMUMIacb, H OHH Jake MOABAAIUCb BHOBb B 
clyuae UX OTCYTCTBUA B IpeAMIeECTBYIONEM TAyOOKOM MUHUMyMe OsecKa. 
IIpw nagenuax Onecka MOCe BTOPHYHEIX MaKCHMYMOB aGOCOJIIOTHBIe HH- 
TeHCHBHOCTH AHHH [OI] yMenpmaancp. JIMHuu [OTII) usmenaauch mpo-— 
THBONOAOKHBIM OOpasom. IIpu BospactaHHH Omecka OHH OCcaadeBaIH WAM 
BOBCe HCuesaH, a IPH NakeHuu OnecKa — yCUMUBAaJIHCh. “i 

B kayecTBe mpuMmepa IIpHBe eM Tadanlly, XapakTe€pHsyIOllylo H3Me- 
HCHHA aOCO/OTHEIX WHTCHCHBHOCTeH AuHMM (B eauHHax 10" 9pz) Bo nae 4 
OAHOK W3 BTOPHYHHIX BCHbINeK (m0 AaHHbIM [4]). 


Mapt ‘ E £6300 +6364 
1950, 7.’ 0 \ "eg EWAN, Fases (6300-1-6364) Phy Epa 
16.1 8.90 31.6 10.6 2.4 29 2 Ege : 
23.1 7.95 0 0 4.9 7.0* = 
98.0 9.40 26.9 8.1 1.4 13.7 5e* 


* Snayenne, HCMpaBIeHHoe 3a C4YET MCKMOYeHUA SMIICCHH, OOpasywmelica B MpoTa- 
xeHHOI o6on0uKe 3Be3.bI. 


* SHaueHus, HCMpaBAeHHble 3a CueT addekta OxeHAMpoBanuA AMHUN [OI] A 5577 4 
NU , 5535. 


” 
s Wns 


M3 Ta6uubl CiexyetT, 4TO BO BpeMaA BTOpMuHOrO MaKCHMyMa O6,lecKa 
3ona HII B o6on04uke 6nima 3HauMTebHO MeHbINe, "eM B COCeRHeM MU- 
HUMyMe, a 30Ha Ol! npakruyecku orcyrcrBoBaaa. Bmecte c TeM, HHTCH- 


“CHBHOCTS M31yueHua B AnHuAX [OI] B MakcuMyMe OuecKa 6o”blle, 4eM_ 


B MHMHHUMyMax. OObaACHeHMe 9THX aKTOB MOXKEeT OLITh jaHO Ha OCHOBe 
(CRCA@HHOTO BBIINe BbIBOJa O TOM, YTO BTOPH4HbIe MaKCHMYyMBI 61ecKa 
‘CBA3AHBI C YCHICHHBIM BbIOPaChIBAHHeM BeILeCTBA U3 3Be3/[H, IPHMBOAALIMM 
K YBeJMYCHHIO MOMLHOCTH NPOTAXKeHHOH OOOMOUKH. ITpoTtaxeHnaa O60104Ka 
“oKpaHUpyeT BbICOKOYACTOTHOeE H31yueHHe, HAYULee OT 3Be3bI K PaaBHOR 
-odo0uKe. BeweyctBNe groro cTenNeHh WOHH3aIUM BO BHeEWHUX . YaCTAX 
soup HII magaer, u tam Bo3sHuKator auHun [OI]. Tpu nocnezytomem 1a - 
J@HHM WMHTCHCHBHOCTH BbIOpaCbIBaHHA BeUIECTBA H3 3Be3bl 9TH Ob6MACTH 
OOOJ04KM CHOBa HOHMBupyioTca u MHuNM [OI] ocaabeBator. 
JlaHuble TaOHUbI MO3BOAIOT MPOM3BeCTH OLeHKY 9CKTPOHHOM MaorT- 
‘HOCTH HW 39€KTPOHHOH TeMMepaTypbl B OOMacTH OOpa30BaHuA aMHuA [O]]. 


J\aa sroro Bocnobsyemca cbopmyaoH (7) u dopmMyszow aaa oTHOMeHHA 
MHTCHCHBHOCTeH 3alMpeMleCHHBIX JIMHMH, COOTBETCTBYIOMNINX Nepexonam 1S>!D 


445577) u 1D —> ®P (46300,6364). Sto orHomenue paBno 
| eee SN) Se ey 3 
Eszo046364 N2 An Aye? | (8) 


Ns 


BeauuwHa 7 MolyuaeTca 43 ypaBHeHMi CranMonapHocTH aA aToMa OF, 
2 
M pw ycuoBun mpexeOpexenua nepexoyqamu 2—>3 npn CTOAKHOBeHHAX 


-OH@a MOXKEeT ObITh 3anuCaHa B CIELYIOULEM Buse: 


: ; a 
— fw Ag, + (23) -+ @32) ; 
Ngee sto ble: 31 9 
* we ; e 1 | } - 
, Ng \ £2 aay As; ++ Age + a3, ++ ase 


Tipuyumaem, coraacuo Cutony [12], sHayenua (mpu 7,=10000°) 
A>, =6.7-10 Mp3 Ay, == 5.1-10° Mp; Qs, =3.0-10 “ne, 
aa KoaddunuexTos Agi, 10 laperaury [13], umeem: 
Ay, 0.0091; A,,=0.078; Ag) = 1.28. 


BewMUHHbI Ap; Ca60 3aBucaT OT 7%. 


Tloncrapian (9) B (8) ¢ yKa3aHHBIMH 3HayeHHaAMU KOSpPumMeHTOB, 


IOWY 4aeM 
Bee eee TBA Aras ne 
== 32e OMe cree Loa Bar E EA 7 
E5300 + 6364 1 +:1.67-10°n; 
. FE | | 
“SHauenne oe uHTepecylolweH Hac JaTH (23.1 mapTa) Hen3BeCcT- 
£6300 +6364 


HO. Tlo-BuAMMOMy, Mbl He CJ@JaeM OOAbMOK OMOKH, B3HB CpeTHee HS 
3HAUCHHH 2TOTO OTHOIWeCHHA IA ABYX COCEAHUX aT. Tlomaraa . B. (10) 
Beate 
5577 


FF =, umMeeM ypaBHeHue ; 
6300 +6364 ae 


Por ero 198 (1 841 t0ms he Ow (11) 
B ypapHexne (7) MOMMMO HeH3BECTHBIX Me HU 7, BXOKAT BeAHYMHBL 


nm, u V. B yxe ynomMunasiielica padoTe [10] onpenzerteno o6mjee 4HCcAO 


aTOMOB BOsopoma B 30He HII mpwoOausutTeibyo Ma TOFO Ke BpeMeHH 
(4 anpeaa 1950 r.): 2%,V==1.7-10°. Hopazok BeMUnHE! 1;, MOXKHO HAMTH, 


i bE 
-yuNTbIBad, YTO B paCCMaTPUBaeMBI MepHO paccToAHHe O600UKH OT 3Be34, 


a ES 06 ocoGenHoctAx He6yaxpHoro cneKTpa HoBbIX 3Be3, pas ter 
SSE aa SES LU CSR Sa a SEED a Pe TE AT ORES nL OS NE 


152 B. I. Fop6auxuu ~ 


6nl10 B 3 pasa’ MeHbIe, 4eM B aBrycre 1950 r., Korma, COrmacHO OWeHKe, — 
cmemaHHow Bpllle, 72, 10'. Tak Kak MOTHOCTb B o6010uKe YMeHbIUUAaeT- « 
CH He M@JeHHee, 4¥eM 0 3aKOHY r~2, TO Aaa O6on0uKH N Smepumpt — 


B KoHWe Mapta 1950 r. 3HaueHue ”?,= 10° gaeT MpaBHIbHbI MOpsqOK 


BemuunHpt 2°. IIpumem, uro Eo; —2.5-10° ap2/cex (pa3sHOCTb 3HaueHun 


6300-4 6364 
Eo; B MaKCHMyMe H TipemmecrByioueM MMHMMyMe Ovecka). IloqcraBiaa 
yKa3aHHble BeAHMYHHEI UM 3HAaYeHHA MOCTOAHHEIX B (7), HaxOJMM 

22800 


1+1,36-10°.'=10,8(1—10° “n)e “2 (12): 
Pemasa ypapHeuua (11) uw (12), nozyyaem 
Nga 1:8: 10 os Ronee > lo VEO 


TakHM OOpa30M, 3HauveHve 7g B OOMACTH OOpa3z0BaHiA AMHME [Ol] ropa3z0 
MeHbINe, 4eM 77,, a BIEKTPOHHaA TemMepaTypa B He BbIIMe, YEM MOXKHO 


OxuLAaTS fia 30Hb HI, Haxogametica B PaBHOBeCHOM COCTOAHHH. ITH 
B@JIMYHHbI XAPAKTEPHbI HMEHHO Jit OOACTH BLICBEYMBAHHA. Ce ZOBaTeAbHO,. 
NpPOWSBEAeHHaA OWeCHKa (KOTOPpad He H3MeCHHTCA CYIULECTBEHHO, CCIM BeJIH- 
unHy 2°, un V u3MeHMTb, HalpuMep, BABOe) NOATBeEpxXaeT Hallly TOUKY 


3peHHA Ha MpoucxOwMeHHe ApKUX AMHUA [OI] B CMeKTpax HOBBIX 3Be3J. 


Summary 


The phenomena connected with the disturbance of radiative equilib- 
rium in the envelope of N Lac 1950 during the secondary outbursts of 
the star are considered. The electron density is estimated by the observed 
phase lag of the intensities of [OTII] lines relative to those of hydrogen. 
It is shown that the appearance of IOI] lines at the moments of secon- 
dary light-maximums was caused by the exhausting of energy of the 
envelope. 


JIATEPATYPA 
1. D. Me. Laughlin. Ap. j., 95, 428, 1942. 
2. <Gtotrian: “Zs. f. Ap, 13, 2locl93r. 
3. P. Wellmann. Zs. f. Ap., 29, 112, 1981. 
4.G. Larsson-Leander. Stockholm Ann., 18, Ne 4, 1924. 
5. B. B. Co6ouaes. A. IK., 27, 81, 1950. 
6. B. T. Top6aukuii. Bectunk Jienuurp. yH-Ta, Ne 13, 178, 1957. 
7. L. Aller. Gaseous nebulae. London, 160, 1956. 
8. L. Aller. Publ. Dominion Ap. Obs., IX, 321, 1954. 
9. UW. M. Konutaos. H3es. Kppimckoli actpodus. o6c.. 10, 200, 1953. 
10. B. r. Pop6auKxut, O xumuyeckom cocrape o60704eK HOBBIX 3Be3n. Yu. 3an. JPY 
(pyKomncp). 
1}. B. TY. Fop6aukuk. Yu, san. JIPY, cep. matem., ppm. 34, 30, 1958. 


12,M, Cuton. C6. ,Kocmuyeckaa ra30qunamuka‘, crp. 121, M., UJ1., 1960. 
13. R. Garstang. M. Nj o111; 2151951: 


Shes 


‘1961 = BECTHHK JIEHHHTPAJICKOIO YHHBEPCHTETA No 19 


KPATKHE HAYUHbIE COOBLLIEHMA 


5 P. E AraxanaHi 
O THEPHOAMYECKHX PELUEHHAX YPABHEHHS PHKKATH 


PaccMoTtpHm ypaBHenue Pukkatu 


yt + y+ p(x) =0, (1) 


Tne p (x) — BellecTBeHHasd, HeMpeppiBHas, w - NepvorMuecKan PyHKuuA. 
} Kak H3BeCTHO, aHHOe ypaBHeHve MoxeT uMeT 0, |, 2 BemecTBeHHDIX NepHoquyecKkux 
pemenni. 

B pa6ore [1] H. B. Anamosbim nomyyen pay qocTaTOuHbIX ycnoBuh Aaa CyuleCTBO- 
BaHHA y ypaBHenusa (1) ABYX MepHORNYeCKHX PeWIeHHH, MOKa3aHa BbINYKAOCTh MHOMKECTBA 
p(x), MAA KOTOpbIX ypaBHeHve PuKKaTH HMeeT [Ba NepMomM4yeCKUX pelleHua, yKa3aHa 
rpaHuija 3TOrO MHOXxeCcTBa. Pe3yibTaTbl MOAYYeHbI PaCCMOTPeHHEM 4aCTHbIX BUAOB 
onepatopa 


Aly] =F y+ JV — Xl, yy ax. (2) 


B waHHoH paOoTe, HCHOAb3ya Te We METOAbI, OMpeenAeTCA 4HCIO BeleCTBCHHbIX 
HepHOmMGeCKHX pemleHui. Jina uccieqOBaHHA MpuMeHseTCA onepaTop 


x 


pe, p (a2) x N 
2 f hax —2) hax | 
V,= | ore poy [h2 +h’ + p(x)] Vodx | dx, (3) 
ae ie 
rae A(x)—sBellecTBeHHas, HeNpeppiBHasd, » -mepvomMueckasd (byHKMA, Taka, uTO A2—h’! 4- 
| : i 
J (t+ yo) ax 

+ p(x) >0; Vo—e 4 ; Yo— BelleCTBEHHaA, HeMpepbIBHaA, w -mepuHomMyecKan 
. o i 

(YHKUMA, Taka, ITO j (A + ¥o) dx > 0. 
0 

Zameuaunue., Tak kak h2—h’ + p(x) > 0, TO omepaTOp MOHOTOHHDIM, T. eC. CCIM 


Vor >_Vo2, TO Viz > 12. 
Teopema 1. a2 mozo umo6u Vo = V;, Heo6xoduMmo u docmamo4HoO, 4MOObL Yo Outlo 


nepuodureckum pewenuem ypasnenus (1). 
TLoka3ateabcrso. Heobxogumocts. Ilycrp Vy = Vy. Mpozuphepenuupyem (3),. 
a - 


2 j hdx 
NOReIHM Ha € , Wpomuddepenuupyem ele pas u MoAyyHM, 4TO 


yo t y+ p(x) =0. 


Jlocratosnoctp. Iyctb ‘ih Ap on + p(x) =0, p(x)=— ye ia Vo 


x °° ¥ 


me é 4 
2 f hax — 2 \-hax Sh + yo) ax 
Ve = \« c \- ® [2 —h’ — yo— yy | e° dx ax, 


— co x 


Pa306beM BHYTpeHHu UHTerpat Ha 
Dog pO GR i 
dx — 


Ss 


Baap BHeWIHMii MHTerpaa, Noy IMM 


gti x at ; bie 
{a+ yo) ax I Mie his oe 

POV clan hi ai Pen re Sa W): 
Onpexedium NOCAELOBATEAbHOCTb 3 . Py ee 
‘ a Gee n ot eee ra 3 ee 
a Vi oe 0) ne al hp (a) | Vy ded ie 


Baips Ng : re ; sy 

Sea a) ‘ re Duets rake gk 
ye Teopema 2. /lycmp p(x)=const. Ecru ypasHenue (1) umeem Osa sewmecmee. 
nepuodurteckux pewenus, mo Hatdemca xomA Oot OOHO maKkoe 3HaXeHUe Yo, NPU KOMO 
pom V, + 0. Ecau ypasnerue (1) He umeem bewecmbeHHux nepuodu4ecKux pewenut 


 nN-> oo 


mo Np BCex 3HALEHUAX Yo Vp > O. . ee, 


: N> co 4 
a) Tyctb yo = = const, 
¥ : 5 25 
ae 1) dx i 


; : Peps : i : i 


Gok) 2) pdx —2S hdx e es 
Y= le” | e 9  [(m—h'—P)+(2 + p)] Vodx}dx= 
canes Mare < ik : 
we on 6: : 

\ 2) ndx —f (h—1)dx SEM ey 

iui: =Vot(2+p),\ e° ease dx \dx. Sa 

‘ = re . 

— co x 3 - - 


- Ecan ypapuenue (1) umeet qBa MepHonuaeckux pellenua, To p <0. Orcwra, nonOKHe 
40, monyuum Vy <q@Vo, q <1, # m3 MoMoTOHHOCTH onepaTopa V,—> 0. Ecau ypasue- | 
hee : | “ A n> © tiie 

Hue (1) He HmMeer nepnonnueckux pemeHnit, To p > 0, M mp Bcex 3Hayennax JV, > Voq 
qm >i1,u V~z>o. i ; ve ‘ 


6) Tlyetb yo # const, 


x 9 ‘ 
‘ J + yo) ax {+ Dax RORSe 
| Voe. mune | | a 
; ene . Ms ie 
Pine § ih 1s 
Re oe F(x) = f(x+e)m< f(x) <M1=—{ yodx. fs 
- ‘ 0 = 


— Torna mVy< Vo< MV, uw 3 MonoTORHOcTH omepatropa mV,< V,<MV,. 3uay 
Vp_-> co MIpH m060m yo, ecm (1) He MMeeT BelecTBeHHBIX N€PHOAMYeCKHX PeWeHUH, 


nN co 


~~ 


i _Haiiqetca XOTA Obl ONHO 3HAYeHHE yp, pH KOTOpOM Vn—20, ecam ecTb aBa Benjec 


TBEH. 


noo S 


- 

ss HBIX TepHomMecKuX pemleHua. et 
pars Teopema 3. Ypasnenue (1) npu nepemenHom p{x) ModcHO npeobpasosams 6 ypai 

_ enue (1) ¢ nocmosHHolem p(x) (He MeHAL 4uCAA BeuecmBeHHOLX nepuoduuecKUx pewenuit 

bi Alokasateaserso. IIpu nokagareapcrse 6ynem paccmaTpuBatTb TpM cayyaa. 

Am a) Ypaspuenue (1) umeet aBa BeINCCTBEHHDIX | MePHORHYECKHX PeWICHHA yy UH Yo. , 

OMPeNEAICHHOCTH yg > yy. Beenem cbyHkunn - 5 ee 


As VRS eee YotM 
ORNL | Dine 


ies Umeew ypapuenne (1), rae p(x) = h; = const, 
3 - decKuMH pemienuamu 2’ + 22 — hi = 0. 


as CY r, ; 
| San 6) Ypasuenue (1) He umMeer BenecTBEeHHDIX nepuoauuecknx pelenun, Torna 

HSBECTHO, ypaBHeHHe MMeeT ABa KOMMMCKCHBIX COMpAKeEHHDIX MepnomnyecKuXx peur 
pe (x) + iv (x). f 
eo, . 


ta Reeareteas MpOBOMMTCA adanOrM4uHo, TOKO A= Thi 
4 oF t. 7 
ayaa B) YpapHenne ) HMeeT OHO BelllecTBeHHOe nepHoyuyeckoe pees 
Ph (is adn t ‘ y fi by M ane 
OKa3aTCAbCTBO MpOBOMHTCA Takxe, ecuu B3ATb B= y,, A=h,e y u 


Teopema 4. Teopema 2 sepxa u OAR p (x) # const. 


ee (1) uMeeT Ba BeMECTBEHHbIX N€PHOMMYECKHX PeLIeHHA, 
K YpaBHeHMIO C MOCTOAHHbIM p (x). , 
Alas sToro Teasers: cocTaBuM omepaTop (3) an : 


ee ; 


i (n+l) ds 


i - gHayenne LB Vo=f (Ss) eos , ato Vz > 0. yet K Hepemennon xu Me LOnK 
Pome. rf ae 


_ Mennoii s. A omepatop (7), B nay ypaspuennit (4), NEP ONO B onepaTop (3). To! 
a pnannerca xOTsA oe oane Takoe 3HayeHne J, Raa KOTOporo Vy > 


Bie 


AGiomte pu mep l. Pee —a-+sinx. Bosbmem Vo=(1-+8B sin x) ee, noay au, 1 r0 
aaa a> 0,44 aden (1) umMeet Ba ne pHonMAecK ux peulenusa, a qua a < 0,29 Beme 
Moree HBr Re acs peuieHuH HeT. i 


] ; i Se 
en 8 pu M ep 2. 2. p(x) = —a—cosx + 3 cos 2x. V3 teopempi XVI [1] caenyet, To 


atl a> 0,5 umMeetca [Ba Sepa n ECC ae a pH a < 0,5 nepwonuyecknx pemie- 


HH HeT. Bsa Vo=(1 +B cos x) el! *, mOyauM, “TO pH a > 0,61 umeetca mba MepHo- 
-ywueckux pemennsa, a ecau a < 0,26, mepnomuyeckux peulennit HET. Ecau B3atb Vo= ~~ 
 =(1+ 8B cos x+C cos 2x), To aa a > 0,54 umMeetca Ba He pHORUME CRE penicne ss ae: 
: Zee. a < 0,47 ee Meal ii ee HeT. Wass Berea ct 


On ae : Mep 3. p (2) =a y (bp cos ies ++ ¢y sin kx). Bpeqem oosKaneH : if 
cama Ra 


1 1 
SE amay Beas a+1+9 be 
1 1 
a+ k— “x bop Sra ae 
i td 1 
1 - ; ) 
— 9 (rem om—n) — 7 (Chem 7 n-m 
1 1. 
sey (Crim Ch_m) Dy (On sm Are Dy om 
b,—TaaBHble MHHOpbi &-ro nopalKa A 
Die a | 2a —b; ey 
| 
ha ah 1 1 
8, = 2a, oo= Fone @ easy Oo he © 
a5: | x ue: 
—b, a re 2) Per: me a) a+ ae a 


IipuMenus teopemy 4, noly4HM, 4TO ypaBHeHue (1) nMeeT ABa MeEpHOmNGeCKUX pelleHusa , 
ecan A> O nau ecan Bce bz > 0, (k= 1,2,...). YpaBuenne (1) He uMeeT BeleCTBEBHHIX 
nepHOWMGeECKHX peleHHH, ecaw A < O usm ecan HalyeTCA XOTA Obl OHO TakOe dg, 4TO 
dp <0. 


Summary _ 

The operator given in this article allows to determine the number of periodical solu- 
tions of Riccati’s equation y’ + y?+ p(x) =—0, where p(x) =p(x-+), in accordance 
with the function p(x). 
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lO. H. BuOukos 


OB YCTOMYMBOCTH B WEJIOM HYJIEBOrO PELIEHHA OHO 
CHCTEMbI JBYX JW®EPEHIUMAJIbHbIX YPABHEHHH 


PacCMOTpHM CHCTeMy C JBYMA HeAuHeHHOCTAMH 
ax 

dt = 4% + fe(y) | 

ie > Aly 

dy 

Ge hie) toy | 


Mpeanonaraetca: 1) mpaBbie yacTu cuctemb (1) o6pamawrca B Hyab B Hayane KOOp- 
DMHAT WH YROBICTBOPAIOT YCIOBUAM, OOC€CHEYMBAWLIMM CYULECTBOBAHHE H-EMHCTBEHHOCTD * 


* TlonyueHHble HW2Ke Pe3yAbTATbI BepHbI MH 63 TpeOoRaHHA EMHHCTBeEHHOCTH. 


—-+3,— 


f 
> 


va) 
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PelleHHH Mp BCEX HaWaIbHBIX WaHHBIX; 2) BHINOIHEHH O6OOmeHHEIe ycaosua TypBuna, | 


~ HMCHHO 


a+b <0, (2) 
ab — hy (x) he(y) > 0, (3) 


(2 
rae h; ee Oia. 

SBECTHO, 4TO ecaH O6e tyHkuynn hy (x) u hg(y) CyTb MOCTOAHHDIe, TO HyAeBOe 
pemenne cucrempl (1) ycToiunso B YewOM Up BHInomHeHHM ycaoBuh Typpuya. Mut pac- 
CMATPHBaeM BOMPOC, B KaKOi Mepe BbITIOAHeHMe ycaoBuii (2) u (3) o6ecneuMBaeT ycrTor- 
4HBOCTh B WeOM pellennd x= y—=0 cucrempl (1), ecan f,(x) u fe(y) He ABnawTCA 
JMHCHHBIMH PYHKUMAMH. OTa 3ayjaya paccmatpHBatacb H. H. Kpacosckum [1]. Mm 6niaa 
HOKA3aHa WOCTATOYHOCT BbINOMHeHHA ycnOBMH (2) wu (3) maa ycTowuMBocTH B LenOM 
pemienua x«— y =O cuctTempi (1) B Cayyae ab <0, a Takxe B cayyae ab > 0, ecan xoTs 
Obl ONHA H3 MyHKuNH A; (z) He MeCHAeT 3HaKa Ha OeECKOHECYHOCTH. 

Kpome toro, H. H. KpacoscKuit [2] wokasan aTOT pe3yaAbTaT pH ycaoBHU, ITO 
cymecrByloT mpeyxennt h, (0) = f, (0) u he (0) = fy (0), B cayyae, Korga dyHKuun hy (x) uv 
fg (y) orpannuenbl. ITO uMeeT MeCTO, Kora OHH O6€ MPMHHMAaIOT 3HAYeHHA pa3HbIX 3Ha- 
KOB. Hmxe MbI OTKA3bIBAeMCA OT YKa3aHHOTO orpaHHuenna. 

Ham monano6satca cienywue pesyab- 
Tat! u3 [1]. 

Jlemma 1. Ecau 6cakaan nonootcumero- 
Han noAympaeKmopuxz cucmemol (1) O2epanu- 
4eHa, mo peuieHue x= y=O0 ycmotiuuso 
8 YOM. 

Jlemma 2, Ecnu gyxxyuu h(x) u he 
(vy) 06e meHsaAtom 3HaKk u ab> 0, mo cywe- 


* * 
emeyiom O6e Napbl 4uCeN Cj, Cz HW Cy, Cy, ma- 
Kue, 4mo 


~ C1 Cy = ab, Cy c, 10) 
¢€j = sup hy (x) > 0, Co > sup hy (y) > 0, 
: i PiCrel. 
c, = inf hy (x) <0, Cy < inf ho (y) < 0. 


Jlokaxkem Tellepb Caezyoujee yTBepxKTeHHe: 


Teopema 1. Ecau ab > 0, sinonnenu ycnrosua (2) u (3) “ pyHKyuu hy (x) u he (y) 
06e MeHaAIOmM 3HAK, moO HyAesoe pewmeHue cucmeMmol (1) yomolti4uso 6 YesoM. 


Jloka3atTeabcTsBo. Ha ocHoBpaHun JeMMbI 2 AMeeM: 


Cy —a 


a De (4) 


aie 10) 
Co 


Tak Kak H3 (2) u ab > 0 caenyer, uT0 a < 0 n b< 0. Paccmorpum mpamble y = lx wy = lx 


(puc 1). Dru mpambie pasOuBaloT MAOCKOCTb Ha YeTbIpe CeKTOpa. IlpoHymepyem Hx B TO- 
pakke Bo3pacTaHus MoAApHoro yraa, HayMHad oT Ayda y= lx, y > 0. 


PaccmoTpuM mpsamyiw y =—c B I cekTope, rie 


b b 
a PASS BOS 
Cy Cy 


Yloatomy B | cexrope 
y = hy (x) x+ by < x(4;— cy) pu x > 0 
y <x (hy — ec; upH x <0, 


3mecb cuMBon (°) o3HayaeT AupepenupoBanue mo Ff. B o60nx cayaaax B I cextope 
y <0. Paccmotpum Tenepb "paMylo x —=C B IV cextope. rae 


% 


Kparkue wayyinie cooé6menua 


Vimeem: x= ax +he(y)y <y(hg—cCe) tpuy>O | 
Mu i 
x << y (Mg—€5) mpu y <0. 
y 5 


B o60ux cayyaax B IV cektope x < 0. U3 nonyyennbix HepaBeHCTB CieayeT, ITO 
B cekTopax I u IV mpamMbie yc HU x =c COOTBETCTBEHHO MepeceKaloTca TpaecKTOPHAMH | 
cuctembl (1) cHapyxH BHyTpb. AnanormyHo To 2xe NOAyuHM M Baa cexTopa II u III. 

Ilycrb /=—/’. Torga ovepuyqHo, 4TO US 
OTpe3KOB TIpAMBIX *x=C HM y=C MOKHO © 
MOCTPOHTb 3aMKHYTbIC KpMBble, MepeceKae~ — 
Mble Tpa€KTOPHAMH CHApyXXH BHYTpb (pvc. 2). 
B'aTom cayyae BCe TpaeKTOPuH OTpaHHyeHbr 
MU OCTaeCTCA TOAbKO IIPHMCHHTb JCMMY Is ae 

Ilyetp tenepb 7 A—J/'. Tlonoxum 1 << 
—/’, Torqa u3 OTpe3KoB MpaMbIX x —=C HW - 


y =C MOKHO OyeT MOCTPOUTS CMMpatb, pas- 
‘ BePTHIBaIOWyIocd B OeCKOHeE4HOCTh, KaK Ha 
puc. 1. Orcioga chenyeT, TO HeOrpaHH4eH- 


Had TpacKTOPHA MOXET YXOTMTS pH f—>-+- co 
B OeCKOHEYHOCTh JMUIb BHYTpM KOpHgopa, 
o6pasoBaHHoro ciupaabio (puc. 1). Takaa 
TpaeKTOPHA NOMKHA Nepeceyb MOMOXRXHTeAbHYIO MoNyoch abcuucc OeckKOHeYHOe UNCAO pas. — 
PaccMoTpuM [Be MoOCAeLOBaTeAbHbIe TOUKM NepeceveHuA Gg; H G2 sTOM MoAyocu, He orpa-~ 
HuyeHHOM mpu tf > 0 TpaeKtopnel. Uepes Touky g, WpOBeeM YKa3aHHBIM BbILIe CHOCQOOM 
cwvpalb B HallpaBleHHH Hauasa 
KOOPpAHHAaT, MU WycTb g — cuenyi0- 
uaa Wocwe gg ToUKa TepeceyeHna 
CHMpaiuM C MOAOMKMTeENbHOM MoOy- 
ocbio aOcyucc (puc. 3). Ilycth R — 
oOmacTb, OrpaHHyeHHad MOCTpoeH- 
HOH Cilupatbio u orpesKom [q, gol, 
a M— o6OnacTb, orpaHH4yeHHas or- 
_pe3KOM TpaeKTOpun gymg2 u oTpEe3- 
KoM [91, ge]. RCM, Tak KaK B 
IipOTHBHOM Cayyae TpaeKTOpHa me- 
peceksa Obl Clupalb, orpaHu4HBatw- 
ily R, M3HYTpH, ITO HEBO3MOXHO. 

ByaeM rospoputp, ato xeQ, 
ecaH x € [q1, G2] u f, (x) > 0. Moao- 
uum A = [q), gg] — 2. Paccmorpum 


Piceres 


x 
a ee mpH «¢€Q. Tak Kak 


Als) mas _ ax Pgs a 
Ay gage Sain TN SoS Ne 
RES rpaduk aexut BV cextope nag ocbio abcuncc. Suauut, npu xe Q rpaduK dynkune 
SMe oe 


—p He mepecekaeT rpanuysl oOnactu R, 7. e. nexutT BHytpu M. Iyctb 1 —rpanuua M. 
PaccmMorpum uHTerpan 


J [ax + fo(y)] dy — [fi (x) + by) dx =1. (4) 

i a ty oat 

IIpumeuaa dopmyay Tpuna, nonyyum i 
l=(a+ 6) S, (5) aa 


rae S—nuaomanp M. Kh 
C apyroi cropoubl, Tak Kak BOAb TpaeKTOPHN MHTerpad paBeH HyIW, TO Rew 


q2 
I=—J A@ax=—f A@dx—f Aan, 
q 2 A 


oTKy a 


fi (x) i 

> 6 VSP ax bo, : } (6) 
2 

re ¢— 10a OOAACTH, OrpaHwueH HOH rpaduKom dyuKunHn Eee mp x+eQ uw ocbio 


aocunce. Mbt noKasann, ato S >. V3 (5) u (6) cmemyet, 4To 
(a+ b)S > be. : 


\ 


(a+ b)S bs = aS + b(S—s) <0 


BBuly 4< 0 u 6 <0. Iloayyennoe nporupopeyne q0Ka3biBaer oOrpaHMyenHocTb mpu tf > & 
TpaekTopuu cucTemb! (1). Ccbimka Ha emmy | 3aBepmmaeT QOKa3aTenbCTBO. 
‘ OOpenuHAA aTOT pesyubTaT c pe3yabtatamu [1], Nomyyaem tTeopemy. 
Teopema 2. Jax cucmemu (1) 6 caytae ab +0 boInoAHeHUA ObObWeHHeLX ycaosutt 
Typeumé’0ocmamouno daa yemowuusocmu 6 YeAOM HYACBOZO peweHUs. 


Paccmotpum tenepb cayuaii ab=0. Jina OnpeeleHHOCTH 10102%KHM b = 0. Cucrema (1) 
NPHMeT BU 


x = ax + fo(y), 


. y = fi (x), 
nNpuyeM 
; a<0, (2’) 
hy (x) hy (y) <0. (3’) 


Msi 6yzem cuutaTh A(x) < 0. 


< 


B [1] moxaszano, aro ecau j Jo(y)dy—> oo mpu |y|—+ co, To BpImomHeHua ycnoBuit 
0 
’ vo 
(2') uw (3’) noctatouHO jaa ycroiunBoctH B 1en0M HyJe€Boro pemleHua cuctremb (1’). 
B yonomnenue K 29TOMY AOKaxKeM CHERyIOMeEe yIBepxKqenHe. 
0 


Teopema 3. Ecau uxnmezpaa i} hy (x) dx, 20e xy — aw6o0e 4ucAa0, cxodumcs U BULNOA- 


: Xo 
HeHol yonosus (2’) u (3’), mo Hynesoe peuenue cucmemot (1') ycmotiuuso 6 YeAOM. 
TlokasateabcrTsBo. Bocntoab3yemca Teopemot 1, 3 u3 [3], KoTopaa qaeT nocra- 


TOYHDIii MpH3Hak YCTOMYHBOCTH B WeIOM HyJeBoro pellleHHa ABTOHOMHOMi CHCTeEMDI BTOpOTO 


NOpAAKa, 3akTOUaIOWNNCA B BHITIOHCHHH CAeRyIOUIMx NATH ycnoBuH: 
1) touxa (0,0) — equnctTBeHHOoe cocTosHne PaBHOBeCHA CHCTEMHI; 
2) MepHoOuMYeCKHX pellenuii HeT; 
3) HYleBoe pemieHve acuMMToTHYeCKH ycTolunBo no JlanyHoBy; 


4) cymectsyet nozynpamaa L (0, co), yxouaujaa B 6ecKOHeYHOCTh H MepeceKawmascs 


ABMOKEHHAMM B OJHOM HanpaBjlenuy; 
5) IBYXKEHMA, UMeIONIMe OrpaHHueHHEIi NONApHDIi yroa, OrpaHn4eHb. 
TlpopepxM nocieqoBaTeAbHO BHINOAHeHHe BCeX NATH yCnoBul. 
1) Tak Kak—hy(x)hg(y)>0, tro x=y=O—enuncrBenHan oco6aa tToUKa 


Ofax+fo(y 9A) 


2) Tak Kak BbIpaxxeHue Rae ote See Tai: @ COXpaHseT 3HaK, TO Ha OCHO- 


_ cHctempt (17). 


BaHHM Kputepua BenauKcona mepnoquyecknx peuieHHit Her. 


.3) Paccmotpym dyxKunio JlanyHosa 


x x 
v(x, y= fhO)dy—S Aw) ax. 
0 0 


du 
Oua onpeyenenno-noromuterbua. B cuay cuctempi (1’) G7 <0. Orciona cienyeT, TO 


petienue x = y=O yctoluuso no JilanyHosy. 3Hauut, ABY2KeHMM, BXOAAUIMX B TOUKY 


pasyosecua (0,0) npn t+ — oo Het. A Tora » — mpesebHOe MHOKECTBO OFPaHH4CHHDIX _ 
TpaekTOpHii COCTOKT H3 OMHOTO cocTOAHUA paBHoBecua [4], OTKYa MH caeLyeT acuMi— 


TOTHUCCKaAA YCTOHYHBOCTb no JIAtIyHOBY. 


4) Tlonyocu opaunat saBaaiotca ayyamu 6e3 KOHTaKTa aa cucTeMbI (1’), Tak Kak 


tam x = fo(y)>0O npn y>Ou x <0 npu y <0, B takom cayyae 9TH Momyocu yRo- 
BHETBOPAIOT YCOBUIO 4. $ , 

~ 5) PaccmotpuM jBHxeHve (x (Zz), y(¢)), HMeloMee OFPpaHHYeCHHPIN MOMAPHDIM , yroul. 
B 9T0m cay4uae cyulecTByeT 4HcHO J, Takoe, uTO Wa > T> x (¢) coxpaHaeT 3HaKk. 
B mpoTupHoM cuyyae eTa TpaeKTOpua Nepecekaa Obl OecKOHeYHO MHOFO pas MoAyocu 
OpaNHaT, ABAAWUIMeECH AyYaMH G6e3 KOHTakTa, a TOrMa OHA MMeda Obl HeorpahnyeHHbIM 
NOAApHEIM yroa. Jlerko BUeTb, 4TO CCAM TpaecKTOPHA OrpaHwueHa NO y, TO OHa OFpPaHh- 
yena u no x. JlelicrBuTeabHO, B 9TOM Cayyae OrpaHueHa u *ynKuuA fo(y), M ANA HOCTAa- 
TOYHO GONbIIMX MO aOcoMOTHOH BemMuMHeE x x = ax + fo(y).OyqeT HMETb 3HaK, NPOTHBO- 
NOAOKHIN 3HaKy X BBHTY @ < 0. Ham, caezoBaTeAbHO, MOCTaTOYHO AOKasaTb Cae 
HOCTA yBuxeHHA (x(f), y(2)) nO y. Mpeznoaoxu, YTO dyHKyna y(t) He orpaHnueHa. Mbt 
puem, 370 Jaa t> TT) pyaKuna x(t) coxpanser 3Hax. Myctb x(t) >0 ana t>To 
(ecan x(t) < 0, TO Teopema NoKaxkeTca aHanOru4Ho). Tina atux t y (ft) < OpBuny A, (x) <0 
WM, CHeqoBatTeabHo, y(t) > — co. Orcwga Aaa ¢, OOMbWIMX HeKOTOpOrO Ty yilt) <0: 


(1 


160 Kparkue HayuHple COOOMLeEHHA — 


Tlon02%4M f pa 
ty = MAX. | Ty) Ty be 
Jina t > to j : 
x(t)>0, y¥ <0, y(t) <0, x=ax+hy(y)y < 0. 
3nauur, aaa f > ty pyakuna x(t) > 0 uv MOHOTOHHO yOpiBaet. Orcwna x u3 (3') (1’) cae- 
ayeT, 4TO : 


. : 
=). it —at 
xQ=e te" le" fly Ol as 
to 
aD nee ASF 4 
eG) 0 op ee ae (1). 
Tye pa : 
Oe 8()).c Koes aE eo th) 0: 

PaccmMoTpHm 

oo oo 0 

Jn [xe eee dt = { hy (xo e i) XG e” at = a hy (x) dx, 

' to 0 Xo 


9TOT MHTerpaa CXONMTCA MO Mpednowennw. OrTcioga uv u3 (7) CHeayeT, 4TO CXORMTCA H 
HHTerpad / 


SAO) a, 


fo 


-4TO MpOTHBOpeyMT HeorpaHHyeHHOCTH y(¢), Tak Kak 
t 
y()=yo+) Ale) at. 
t 


- Orcwaa caewyer BEINOAHeHUe ycnoBua 5. DTHM 3aBepLlaeTCA MOKa3aTeAbCTBO TEOpeMHl. 
Caeactsue. Ecau Bpimoimenbt ycrosua (2’) u (3’) HB Hayate KOOPAMHAT BHI iO.- 
HeHbI yCloBHa Teopembl Ocryya 0 CAHHCTBeHHOCTH, TO HYNeBoOe pellieHHe cucTeMBI (1’) 


YCTOHUHBO B WeIOM. 
0 


IlefictsuteabHo, ycnoBua Teopembl Ocryma tpe6yiot, uTO6HI uNTerpaa { dx 


0 *o hy (x) x 


pacxOlMsca, a TOra AerkO BHleTb, 4TO HHTerpad j hy (x) dx cxonutcs. 
settee 
. Takum o6pa30M, Tip BEINOAHeHHN ycnoBHi (2’) u (3’) HeycToiiuHBOCTh MOKeT HMeTb 
" é 


MeCTO JIMUIb B Clygae paCXOAUMOCTH HHTerpada i) hy (x) dx, uTO B Co“eTAaHHH C YCHOBHEM 
Xo 


Bt hy (x) x = f, (0) = 0 


é Ls l . 
WaeT CpaBHHTebHO y3KHM Klacc (PyHKyMH f; (x) TuMa tne: Kpome toro, f(y) qOmKHAa 


MOCTATOYHO ObICTPO CTPe€MHTbCA K HyIIO Mpu. y > + co. MoxHO MOKa3aTb, 4TO ecaAM 06a 
9TH YCIOBHA BbIMOJHEHDI, TO CyeCTBYIOT HeOrpaHu4eHHble m0 y pemenusa. Ho ecau paccma- 
TPHBaTb YCTOUYHBOCTb TOAbKO OTHOCHTEAbHO X, TO OHA MMECT MECTO AA CHCTeEMbI Bua (1’) 
c ycaopuamn (2 )u(3’) Bcergqa. AHanornunpie pesyibTaTbl MoyyuM uM BCAyYae a =0, b<0. 

B sakmoueHve BbIpaxKaio OaroqapHOCTh MOKTOpy dpu3.-mat. way B. A. Ilnuccy 3a 
MOCTaHOBKY BOMpOca, pacCMOTPeHHOTO B HacTOMUeH padore. 


Summary 
Here the system dx 
dt = % + fay) 


ay - is considered. 
WE Ii) ey 


— 


4 
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The conditions securing existence and uniqueness of the solutions are assumed to 


be observed on the whole plane. It is also assumed that the conditions of Hurwitz are — 
observed, i. e. 


a+o0<0, 
ap 22 BY) > 0(x #0, y #0). 


It-is preted" that if ab #0 then the solution x = y = 0 of the system is stable (i. e. it is 
stable in the sense of Lyapunov and all the solutions J (p, t) are such that f (p, t) —+0) 


t++o0 
In the case ab = 0 it is proved that if Lipshitz’s conditions are observed in the point (0,0) 
then the solution x — y —0 is also stable in that sense. 


® 
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3. B. Boixospckni 


OWUEHKA BEKTOPA YEPE3 EFO POTOP H HAYAJIBHO-KPAEBAA 
SANJAYA 3JIEKTPOAHHAMHKH B CJIYYAE CMEMIAHHbIX 
FPAHWHYHbIX YCJIOBUN 


6 


> 
3 1 
B.uamet pa6ore [1] naHbl oOueHKH COMeHOURaN_HOrO BeKTOpa UE Wy (2) u ero nep- 
> 
BhIX IPOUSBOJHbIX yepes rotv 


lola <Cleotel, () 


we oe 
B TIPeCANOIOWXeHHH, AUTO V YNOBMETBOPACT OMHOMY H3 FpaHHYHbIxX YCAOBMK 


=0 nam v,|,=0 (2) 


V1 6 


(uv — KaCaTeJIbHad, Uy, — HOPMad bad KOMMOHEHTHI). Tam Ke 2aHo NPHAOMKeCHHE ITHX OWE- 
- T 


HOK K JOKa3aTeIbCTBY pa3pelMMOCTH HaYaTbHO-KpaeBOM IeKTPOMMHAMHYeCKOK 3aqaqH. 
Metoguka oKa3aTempctsa (1) 3aKsI0UaIacb B TOM, 4TO, MCMONb3ya cCipaBeqAMBOe AAA 


> 
: * 
O60ro rilaqKOro COMCHOUAAIbHOTO BEKTOPa V TOMAECTBO 


3 7 
> dv; \" > > 1 \>. 
§ (00 0)” Cn { BS ( 24) Ong \ (3 rotu ~ 5 grad 0") nas (3) 
2 Qi k=l S 


“ TOT PakT, YTO B CHAY LpaHH4HbIx ycnopuit unterpan no S @akTuyeckH He COLepXKHT 
> 


TIPOM3BOTHbIX OT U, MOMKHO WOKa3aTb, TO 


3 
\ » a ) ax an | oor) ax+| var. (4) 
Cui i 2 fo] y 


* OrmetuM, uTo B [1] — omeyaTKa B 3Hake MepBoro wena TO ts 


]] Becruux JIenunrpagckoro yHuBepcHTetTa No 19, 1961 r. 


* 


et 
‘i 


“m«euve Belina 


\ 


Ecan tenepb ucnoab30BaTb Noayyaemyio He3aBucHMo oT (4) ouenky 
{ wax <C {-(rot v)* dx, (Sy | 
g 2 ‘ a 


TO MH Momy4uum (1). 
Yka3aHHble OWeHKM, OblaM MomyyeHb! B 1955 r., OmHAaKO BBMAY paOoTbHl Haq MX Mpu- — 


NOKeHUAMH, Chaya cTaTbH [!] B MeyaTb HECKOIbKO 3amepHaach. 


Torga 2#e ECTECTBEHHO BCTaI BONPOC O COOTBETCTBYIOMIHX OLeHKAaX NIA ciy4an CMe- zh 


WAaHHBIX yCOBMM, KOrAa Ha OHO yacTH S BbINOAHEHO OHO U3 ycnoBHi (2), Ha Apy- 
ro — apyroe. Toayuenne (4) He BbISbIBAeT TPYAHOCTeH M MpOHsBOANTCA, Kak B [I], BBHLY 


NOKANbHOCTH paccMOTPeHHH YpaHHYHbIX UHTerpatos. HenocpenxcTBeHHbI 2xe BEIBOT (5) — 


naa o6nacte O6mero Buda HaM He yanca* B To xe Bpema NosBHAach pa6ota Ppuz- 


puxca [5], B KOTOpOH Te %e BOMPOCHI pewialoTcA ANA KpaeBbIX ycnoBu Tuna (2) B OOMeH H 
noctaHoBke ja (bopm mo6oro panra. Metoguka Ppuzpuxca, 3aKm0VawWUlaAcA B MpOmOmKe- 


HHH (OpM Ha AyOAMKaT paccMaTpHBaemMOH OOaCTH YeTHbIM HAM HedeTHLIM O6pa3oM B 
3aBMCMMOCTH OT THNa KpaeBbIX YCIOBHH, MO3BONKeT H30eKATh PAaCCMOTPeHHA PpaHM4HBIx 
uHTerpaoB. OmHnakO OHA HE WaeT BO3MOXKHOCTH PaCCMOTPeTb CMEMaHHbIe ycoBua. C Apy- 
roH cTopoubl, PpuAPUXc W3AMHoIM MPHEMOM MOKAa3bIBaeT, 4TO ECAH DA BEKTOPOB, NOAYH- 
HeCHHbIX KaKOMYy-HHOyb H3 YCAOBHK (2), MOKa3aHa OWeHKa (4), TO JAA TEX BEKTOPOB, KOTO- 
pple OpTOrOHabHbl K rapMOHM4YeECKHM BeKTOpaM C TeMM %Ke YCAOBHAMH (eCAM TaKOBbIe 
BeKTOpa eCTb), BbITeKAeT OWeHKa (5). DTOT MpveM Oe3 KaKHX-1H60 M3MeHEHHH MOMKHO 
MepeHecTu u Ha Cyyali CMelaHHbIX ycaoBuii. Tem cambimM, owenku (5) uw (1) momyaawtca 


M B 9TOM CJly4dae. M3naraemble fasee Pe3yiIbTaTb!l HU cmoco6bl ux NOAYYCHHA AHAOFHYHbE | ; 


cayualo ycroBuk (2), HO eECTeECTBEHHO BOSHHKAawWT NOAMPOCTpaHcTBa, OTAMYHbIC OT cburypH— 
pywuwux B pasiowenun IT. Betis. B ocHoBHOM C WenbiO BbIACHeCHHA CB 3H 93THX NOZ- 
IpOcTpaHcTB C BeHAeBCKUMM M C ONepaTOpoM rot, MbI KOPOTKO H310XKHM MeTOBI NOmy- 


4YeHUA 3THX Pe3yAbTATOB, 
Tpannuy S o6nactu Q 6ynemM 21a MpocTOTHE CHHTaTh romMeomopdHoH ciepe. Bomee 


CAOKHBIe OGMaCTH TpeOyioT NONOAHHTeAbHOTO MpHMeHeHuA paccmoTpeHH Tua [2] u [3]. 


Jlna npoctpaxnctsa Ly BeKTOpoB, KBapaTH4yHo CYMMMpyemMbIx mo Q, cnpaBeqAMBO pa3z0- 


‘ 


Ly = Go ® Gz, O Jo; G,@6 Jo =J . 


(MbI Tlomb3yemca OOo3HayeHHAMH [1]). . 
Ilyctb S coctout u3 yactet S; u Sg. Jaa mpocrotht Oyyem c4auTaTb, 4TO «10608 


3aMKHYTbIH KOHTyp Ha Sy cTArMBaeTCA B TOUKY Ge3 BEIxONa C S; (3TO xe, CMEMOBATeNbHO, — 


> 


cipaBeziuBo nia S2). 


Mycts J;— auHead raaqkuXx CONCHOMAAAbHBIX BEKTOPOB V, YROBACTBOPAIONIMX YCAOBHIO 
Un Is, = 0, 


a J; — ero 3ambikaHve mo HopMe Lo(@), AnanoruyHo yaa Sg BBeqeM Jy u Jo. Ovuesuguo, 
yg w > — 
ato JD J, D Jo; JD JeD Jo. Mycth J;—auHead Tex BeKTOpOB v 43 J;, KOTOpbIe RO6aBOUHO. 


a 
YROBMeTBOPAIOT YCAOBUW V, lg == 0. AnanoruyHo BBemeM Jy. Bee nanbHelimmme “YTBep2K qe- 
CIS, 


Hua dbopmyazupywtca naa J; u ero avHeanos. KoneyHo, aHanorm4Hble yTBepx_eHua cipa- 
BeJIUBbI Ip 3aMeHe B (POPMYIHpOBKaxX PpOJAMM HuAeKCOB ,1* u ,2*. Ananorn4yHo temM- 


me 2 u3 [1] wmeeT MecTo 


~ > 

Jiemma 1. J; naomen 6 Jy. JlelticTBuTerbHO, NyYCTb uw — raaqKui COMeHONTaATbHBIM BeK- 

TOp, y KoTOporo uw, ican Takue BekTopa, kak CalexyeT H3 AeMMBI 2 padotn [I], nm0T- 
2 


Hb B J. MoxHo noqo6paTb rapMonuyeckylo dyHkunto A(x) Tak, ao6pt 
u—gradhe Jy; gradh | Jy. 


Jlaa sToro HYXHO B3ATb B KauecTBe h(x) peutenve 3anaun [6] 
Ak = 0, 
oh 


' Als =9; ras: Un|s. - (6) 


f 


* Ecam o6nactb Bbimykaa, To (5) u (1) MONy4awTcH snemMeHTapHo. Tak xe, kak 
B OTMeYeHHOM B [I] cayyae nepBoro M3 ycnoBuit (2), BMecTo (4) 43 TOxecTBa (3) HeTO- 
Ov; 2 ; 
eC EN >\2 
CpeNcTBeHHO ONyyaeTCA OlleHKa j Nore, dx< J (cot) dx. OlweHKka xe | orax 
2 ik j 2 : (oN 
yepe3 Ae€BY!0 YaCTb STOFO HeEpaBeHCTBA MOXKET ObITh C yYeTOM FpaHM4yHOrO ycnoBuaA BbI- 
WOJHEHA MOAOOHO TOMY, Kak B aHaNOrHYHOM CaAyuae Aaa cKanApHOw cbyHKuun [7]. 


a9 at et 
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; > = 
MpuHaqexknocts u—gradh x J; ovesugna, u aa mo5oro 


oie as, > > 
veJ, J grad h-vax = Sn div v dx — J hu,dS = 0. 
@ ce] $ 


> > 
> 
pet gabare u— grad ects npoexyua uw na J;. U3 naotuoctn auneana BEKTOPOB W B 
J puiteKaeT yTBepxqeHne eMMBI. 


Jlemma 2. [lodnpocmpaucmeo J © J, ecms uacmp 2apMOKUYeCKO20 NOONpOCmpuKcmea 


Ch, MOAVCAWUAACH 3AMbLKAKUeM BeKxmopos gradh, 2de h(x)—z2 adKkue 6 2 pewenua 
aadauu (6), 6 KOMOpou nod up, ls, MOHUMAIO NCH NPOUZ6OAbHDLE 2puHU4nole PyAKuUL. 


3tTa memMMa HEMOCPECACTBEHHO BBbITeKAeT H3 ROKAZaTeAbCTBA NIpe Ab Ly eh. 3ametu, 


ITO PanKu AMHean grad A(x) MaKCuMaseH B TOM CMbICHe, 4TO ecAM KaKOH-HHuOyab BeK- 


Top us JO J; raankuit B ©. ro on npunaqnexut aTomy IMHeany. ITO oKasbiBpaeTca se- 


MeHTApHO, UCMOAb3YA OPTOrOHaNbHOCTh grad A BCeM raaKMM BEKTOPaM 3 OPTOFOHaAbHbIXx 
« J © J; nognpoctpancts. 


fe = 
Jlemma 3. 12 1106020 eexmopa v u3 J, cnpasedauso npedcmaenenue 


> co shit nie ES 
v=r0otw; weJo, (7) 
he , 
u OAL W UMeemM MecMmO OYeHKaA 
lo} 1<Clrot | . 
Wil wi < rot Wj, : (8) 


BekTop U MOXxHO MpekctaBuTb B Bue rot w, (divw,=0; w,, =O); HallpHmMep, Mo eM- 


‘ > ~ > 
me 4 v3 [I]. Hlocae storo aaa npvnagnexnoctu w K Jp HaqO MonpaBHTh w, Ha grad h: 
> > , 
w —w,— gradh, rye A(x) — pellenve 3aqaqu 
Ah =0 


a %—lpaHHaHad dyHKUMA, BOCCTAHAaBAMBaeMaa NO W,, ls, Tak, KaK) ONMCaHO B aeMMe | 


u3 [lI]. Ouenxa (8) nomyyaeTca MCTOJOM, ONMCaHHbIM B Haale CTaTbH C HCHOAb30BaHHeM 
yKa3aHHoro TaM mpvHema Ppuapuxca MH Y4eTOM TOFO, 4TO B HaUeM Cy4yae HET HEHYAeBbIX 


a, a ce) : 
TapMOHM4ECKMX BEKTOPOB H3 Jo. 3aMbIKad paBeHCTBO (7) HW aHanorM4yHoOe MA ve Jz, MOAb- 
yz ~) ZS Ss 
3yACb OWeHKoM (8) wu o603Ha4amd 3aMbIKaHHA J, M Jp M0 HOpMe w3 (2) uepes J, u Jo, Mee: 


ad a 

Teopema 1. J; =rot Jy; Jp = rot Jj. 

PaccMoTpuMm He TOJbKO BECLWIECTBeCHHbICc, HO HM KOMIMICKCHbI€ BeKTOPa HU 0003Ha4uuM 
yepes J, J, wu T. A. MOAMpOCTpancTBa (UM AMHeabI) TAKMX BEKTOPOB, y KOTOPHIX HM BeMle- 
CTBe€HHaA WH MHHMaAA WaCTH NpWHaTIe wat COOTBETCTBY WOULEMY BeWlLeCTBCHHOMY 10 1.1 po- 
cTpaHcTBy (HM AMHeaty). Bce npeabiay une Py ee CoxpaHs#loT MpH 9TOM CHW. 


Ilyctb, kak B [1], 47 — mpoctpaucTBo e nap Bexropos, I[Ipeabiayujue yTBepxne- 
2 


HMA HeMOCPpeACTBeHHO MpHBOAAT K Teopeme 2. 


Jy wee 

Teopema 2. B 2ursbepmosom npocmpancmee ie HQ NAOMHOM AUHeANe ; 
2 Sy 
2 
ecmecmbeHHoO onpedeneH onepamop 
{0 —rot J, _[ —r1ot Jy 

rot 0 : * 
9 rot J, 
ABAAIOWUTICH CAMOCONPAHCEHHLLM, UMeroUuUuk OONacnbIO snaveHull 6ce : >» Umenuut 
2 


BnoAHe HenpepoleHoli OOpamxAwl. 
Ecau %Ke paccmatpuBatb sce // M 9TOT OMepaTOp MoonpeAenuTb HYMEM Ha NOAMpO- 


CTPaHCTBO ee fi 
G@IO Js 
6yneT ero HYACBbIM COOCTBECHHBIM NOMMPOCTPaHCTBOM. 


Li 


), TO OH OCTAaHeETCA CAMOCONPAKeCHHbIM, HW 9TO, NOAMPOCTPaHCTBO 
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Ira TeopeMa 2aeT BO3MOXXHOCTbh pacipocTpaHuTb pesyabtatEi [1] u [2] 0 HayaabHO- 
KPaeBbIX CKTPOAMHAMMYECKHX 3aauax Ha CyYa, KOra Ha ONHOM YaCTH rpaHHbl 3aya- — 
Ha KacaTeJbHad KOMMOHeEHTA 3EKTPHYeCKOH, Ha ApyroH — MarHHTHOH HallpAKeHHOCTH, - 


Summary 


In [1], [2], [8] the estimation in L,(Q) of the vector A and its derivatives by the ‘ 
> 


rot A has been given. A was supposed to have tangential or normal component vani- 
shing at the boundary S. 
The inequality is as follows: 


Illa < C||rot A L., (2) ° (1) 


f ; = 
In the mixed case, when on one part of S the normal, on the other—the tangen- 


tial component of A are vanishing, we could write such an inequality only for a convex 
domain. In this paper, using K. O. Friedrichs’ idea ([5]) of getting (1) from a weaker ~ 
inequality, we get rid of the condition of convexity of the domain. It gives an oppor- 
tunity to apply the results of the above papers concerning the known H. Weyl’s decom- 
position of the vector space Ly to the analogous decomposition connected with mixed 
boundary conditions. 

It's worth noticing that the results of [1] which prove the existence of a mixed prob- 
lem for Maxwell’s equations are true when on one part of the boundary the tangential com- 


ponent of E, on the other—of H are prescribed. 
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b. 3. Mopos 
O PACHPEJEJIEHHM CTEMEHHbIX BbIUETOB H HEBbIYETOB 


1. B nactosmei 3ameTKe NpuMeHsAWTCA HEKOTOpHie HOBeHMIMe pesyabTAaTH aareOpau- 
WeCKOH TeEOpHH 4MCe K U3Y4CHHIO CTENCHHBIX XapaKTepoB. 

Ilycrb p—mnpoctoe uncao; /—yeauterb p—1; ¥, (*) —- MY AbTHIMAMKaTHBHbIt XapaKTep 
crenenu /; &, &9,..., ¢;—Kopuu /-off crenenn u3 1. O6o3Hauum yepes EW) (€;, eo; oy EG) 
YHCIO TAKHX HOCMeEROBATeEAbHOCTeH Bua 


Py es ae es. Gate [050 14, =e = eae 4HCIO), 
YTO 


Xx + 1) = 1, Uy (~ + 2) = EQ,e oe wy %y(*% + sy= Es. 
S3aHuMasCbh BOMpOcoM pacnpedeeHUA CTENeHHBIX BEIYeTOR, Japennopt B paéorax [I, 2} 
goKa3an, 10 Np p > 1001 B pany 1, 2,..., p —1 cymectBywr Tp NocneqOBaTeAbHBIX 


/ 
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‘BolueTa /-oH CTeMeHH; B Apyrol pabote [3] JlaBennopt noayuna (cuca CYMMbI BHya 


p-l 
’ : 
Sa) == »Y YF {x)), rae f(x) — nonmuHom co CTapwiuM KOsPPHUMeHTOM, He eAAWUMCA 
x=0 
Pe sa is) ! 
Ha ») acuMntoTHueckve mpu6nmxKenua gna EO (Ey Sac eq) 


p att 1 
E® (e,, Gg, + <1 Sq) = jr + On (p) n+ 1), (9) <1, ee 3G n>, 


Pesyaptatht MW. M. Bunorpanosa [4] orHocatea kK OWeHKe HaHMeHbmero HeBbIUeTa J-0ii 
CTeNeHH H HaHMCHbUINX HepBOoOpasnblx KOpHel u3 1 m0 mod p. 


A.A. pepe c1) NOKa3aN, 4TO AMA MOOKIX = >0 nb >0 npu ocTaToUHO Gonb- 
ats 1 


Sy: : 
OM p OyyeT (3) <eH, kak Toupko H> p* , u BbiBea oTciona, YTO MaKCH- 


\oaee 
MaJIbHO€ 4HCIO MOCMCNOBATeCIbHbIX BbIYETOB HIM HEBbIYCTOB €CTb BeNHYHHA TOpAyKa 
1 


+3 
ol pi it B 1959 r. Ban An [6] 0606uua pe3yibtatht Bepyaxecca Ha BbIYeTbI BbICIIHX 


~- cTelleneit. 
2. Llembio 9TOH 3aMeTKM ABAAETCA NOKA3ZATeEAbCTBO CAE MYWMHX TeOpeM: 
Teopema 1. /]ycmb ®(x)—xHenpusodumuti no modp yenouucreHHolii noauHom 


cmenenu f, 2f < p; E(e,...; &5, ®) — 4ucno makux yenux x €[0, p— 1], Ora KomopoLx 
ae aso i—1,..., S)} 4,..., &5 — NocnedosamensHocmb 4ucera + 1. Tozda 
i Cnr ronan Set ®) =F +0(fs— IY pt+ofs, |6{<1, —h<% <0, 
E (eyes 29) = F8(8— Ip + hs. 
Caeactrsue. Ecau p > (25fs)?, To aaa aW60K NOCACMOBATCABHOCTH &;, eS = 40h Se 
yucel +1 waligetca xe[0, p—1], Takou, TO tease =e; B uyactTHocTH, pu 


p > (25s)? B mpuBeneHHoH cucTeme BbIYeTOB MO modp HaliqeTcA S NOCHE ROBATEAbHbIX 


BbIN€TOB MH S MOCMENOBATCADHbIX HEBbIYCTOB. 
Unucaeuuble npumepn. [Ipnx p> 64 cymecrByer 2 mocaeqoBaTerbHEIX KBal- 
paTH4HbIX BbI¥eTa HM HeBbIYeTa, IpH p > 576—3 NocaeOBaTeAbHbIX BbIVeETAa H HEBbINeTA, 
mpu p > 4096 — 4, npu p > 25600 —-S u Tt 2. 
Teopema 2. /Tycme E™ (<1,..:, &5, ®) —4ucao maxux yeawx xe[0, p—Il], das 
Komopwlx y,(® (x + i)) =e, i= 1,.-+5 8} &1,-4+5 &s — KOpHU l-o cmenenu u3 1; ® (x) — 
HenpusoduMmolli no mod p yenowucreHnolli noAuHOM cmenenu f, If < p. Toeda 


EO (ey ..., &5 0) = FOF —N s— Dap + fs, 


}oj<1, —1<4, <0. 
CaeactesHe. Ilonaraa ® (x) = x, Momy4HM 


Pp : oo 
EM (ye d=z tO(I—1)s— 1) y p+ fs. 
B wacTHocTh, pH p > (ist1s)2 Bpsany 1, 2,..., p—IlHalinerTca Ss MocaeQOBAaTeAbHbIX BbITe- 
TOB /-OH CTelleHH. q Rion 
YUucaenHpe mpumepn. IIpu p> 4/6 B pany |, 2,..., p—1 Hatigerca 2 n0- 


CeMOBAaTebHBIX BbIdeTa /-of CTenNeHu, MpH p > 9/8 — 3 mocneMOBaTebHbIX BbIYeTA, IPH 
p > 16010 — 4 mocnenopaTerbHbIx BbIVeTa, NPM p > 25112 — 5 mocdeoBaTeAbHbIX BbIYeTOB 


HT. J. 
Teopema 3. E(c,, &2,--+5 &5, Pir Pa ®) BE Buse Ofs fp inp +0(1), 20e |81<1, 


9s 
» &s — Nocaedosamenbnocmb 41UuCcen + 1, E(e1,.-+,5 &5, Pir P2, &) — 4ucno makux 


£15 Eo, eee 
eae =;,1=—1,..., 8; ®&(x) yoosnemso- 


xe[pPi, po] ClO, p—1], O22 Komopux ( . 


\ 


paem ycnobuio meopemo 1. 
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Teopema 4. EO (e,...5 & ®, Py, P2) = ae + 0(sf (I—1)) y pinp+0(1),|9)<1 


24, €Q,-++) &s — NOCnedObaMeAbHOCM KOpHel l-o cmenenu u3 1; EO (€1,. 2+, 85, B, Py, P2)— — 

4ucno X€[py, Pe], OA KOMOpHX y)(x +i) =e i=], 2,..., 8; B(X)— ' ydossemBopaem — 
ycenoburo meopemel 2. 

Teopema 5. O6o3Ha1um “epe3 Eo(ey, £2,-+.5 &5, B) — 4ucAo saree 

XS. 1 )= 


' 


guda xs+1,..., xs+s (« €| 0, 2 | yenoe aucao) ,» makux, 4%mo 
AY 4 


. rhea Qos S; e; = +1; ®(x) ydosrzemsopnem ycaosuw meopemu 1. Tozda 
ES (ese 0) = 7, +Ofs¥/p inp + 0(1), 1} <1. 


‘ ee AxanoeurHo OAn l-o1x cmeneHHux Boluemos (echu ® (x) ae to yeaosui meo- 


‘ peau 2) : . 
shit p a Be 
es EM (ey, Sh, Veaaress 0) = 4651) 77 inp +0(0, iOl< 1. i 
is Bi 
‘ 3. K qoKa3aTeabcTBy 9THX TeOpeM €CTECTBEHHO MPpHMeHHTb HOBeHMIMe OWEHKH TAA 
a cCyMM XapaKTepoB cremeHu J, MonyyeHHple Anape Betinem B paootax [7], (8). 
i asotes Jiemma 1. //ycmb y, (x) — He COUHU4KELL MyAbmMunAUKAMUBHeL Xapaxmep no mod p ; 
cmenenu |, ® (x) — yenorucnrenHolli NOAUHOM cmenenu f, He cpasHumolti c l-oli cmeneHbim 
: Opyz020 noiukHOMa no mod p. Tozda ’ AY 
| ae : p-1 Bs * 
ee ¥ u(@)| <F-DV2, (dy 
Rue x=0 ‘ a 
e Bau ee ; pot 5 pt 
Va : S$) 1(® ()) exp EE Se St (2) 
Sua 3 ax 0— yenoe 4ucao. 
REY JLo Ka3aTeabctBo. Hepasenctsa (1) u (2) BbITeKawT H3 pe3yabTaTOB AHmpe 
Beiina ( . [7], [8}). By? | 
Hai B ycaoBuax npexbiaymen eMMbI HMeeT MecTo lemma 2. J a 
Nay JiemMa 2. if 
’ “ Pa | : Gi 
Be | Mu @@|<svrinp +S ‘a 
A, : 4 1 — LS 
ie VP ze 
x=P; : j 
KMoka3zateabcerTso. Ilycrb ie — NOAMHOxXeCTBO MHO2KeCTBA {damicees tara ae} 
5 Qnia |s — > | 
> WOO)=—= bs S Yue et ue tis), ‘ 
pi tel = U s= is 
TaK KaK a 
pl 


Le Gewese IpH st ° . x 
P p |p upus=t | 4 


TOT MeTOA CYMMUpPOBaHUA 10 HeMOAHOli cucTeme BHIYeTOB MpemmoxKen VM, M, Buno- 
) rpanosbim (cm. [4]): u 


. p= p 
] Qriat Iria. 
» ¥(®.(2)) = ny ar pie 7 (— = F y X (® (s)) exp = 
a=0 te 


cer s=1 
B uactuocru, npu 7 = [p, po}, monaraa 
Dp 


2nias 
Y) (9) exp SS = Fa 


S=1 


“HMeCeM 


Pa 1 p-\ Py 
’ | . 
Vueo) a) | Fal: S¥ exp Ceara 
t=p,; a=0 t=pi 
Ss p-1 
ves p ve 
pl tye P___+(f—1)¥p |, ee 
Sines Me 
a=l Ms Sie yc 
|| Tak Kak B CHAY HepaBeHCTR ies) wu (2) nemmpt 1, |Fgl<f /pupuna#0u |Fol<(f—-1) Wp. 
5 pe tet Tats ° 
Ps Tides ‘ : Bee 
1 ves E 1 De a) aa 1 
UP) |< 5) Fv P mtv P is tay ti 
sime== AS as 
t=p, : a=1 Pp Wns 
p-1 
Pra aes u 1 
= Dp he s 
<— o ae < = In 
a= 


2 r Ab Ghar 
Tak Kak sinx >-~x mpnO<x<o.- if 


Mepexona-k ROKA3aTCIbCTBY OCHOBHWX TEOPeM, 3aMe€THM, TO TEOPeMbl 1.u 3 sB- ann 
_AMOTCA YACTHDIMM Cayyaamu (= 2) Teopem 2 u 4, mosTOMy WOCTaTOUHO MoKasaTb TeO- 
peMbl 2, 4, 5. Utak, myctb p—npoctoe uucno; 1 — gzeauTenb p—1; D(x) — HenprBonH- 
_MbIM MIOAHHOM C WeALIMH KOappuUMeHTaMH cTeneHu f, TOrMa 


Pp 
1 Qni ®(x +1) 
PONG 28, S 6, oY |(1 exe (—") u(- "5 )).-- x 
1 


x (1ew(- =P) (SE). i q 


pe sted h 6 esa a lis Shel ye Ve ets Sei era yeh pete she) ie | enste 


fof 22) (22H). fee 2}, ee 


+ 6,fs, —1<6,<0, me y,(r)=% (i=1,-.-, $). 
JleicTBMTeAbHO, CYMMa, CTOALIaA B MpaBOH 4aCTH PaBeHCTBA, PaBHa, 


(inl) fn 


ecau y,(® (x + i) = 7, (ri) = 2; pu Kaxgom ie {I1, 2,..., 5} mM paBHa 0 B MpoTHBHOM 
cenyuae, 3a UCKO4eHHeM He Gonee Sf BOsMOKHOCTeH, Korya y,(P (x + é)) = 0 aaa HeKO- 


' Toppix i u y,(® («+ f)) =e pu f#i, Tak KaK ® (x) umeet He Gonee f KopHel B Node 
BEIVeTOB MO mod p. 


l=1 


: ig 
1 © 
BO (ei eased, 25s o)=% + fs Dy Se p, ki (8 (x + 1))...(@(x+8))%s) + 
/ Bee 8. =—0 x=1 


+ Oyfs—=F +0(sf(l—1)—1) VP + Os, hOa ele | Ke, Rive 6 fe —1<6 <0 aie 
\ 
B CMy HepaBeHcTBa (1) wemMMpr I. 
Jleficrputembuo, creneHb [(® (x + 1))Pt... (B(x + s))’s He mpespocxogut sf(l—1). 
Tipouspeyjenue (® Coady ees . (® (x +'s))’s He cpaBHuMo c /-of cTeNeHbIO HUKAaKOrO MHO- 


_ rousena mo mod p, Tak Kak 43 cpaBHeHua 


, (® (x + 1))*... (@(x + 8))%s = (g (2)! (mod p) 


a 
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BbITeKaeT (B CHAY OHO3HAYHOCTH pa3JlOKeEHHA Ha HeMPMBOAHMbIC MHOKMTEAM B NOME — 
BLIYeTOB No mod p) cpaBHeHue (® (x« + i))*i = (hj (x))’ nas Beex: xe {0, 1,.<., p— The 
rye g(x) = h, (x)... hy (x) — pasnomwenve g(x) B Mone BEIYeTOB M0 mod p Ha HelpHBo- — 
mumble MHOKUTeAM. Ho mocieqHee cpaBHeHHe HEBO3MOXHO, TaK KaK Bj < /—1 < /. De 


AHaJOrM4Ho 

EM (e,, £a,--+5 8s, Pi, Po ©) = hi 
Pe 
1 / Oni\. (®(x +1) Ini (L—1)\ fate +1)\\ & 
= 5 (1—exp(— 7"), (FS)... (1 —exp(—= 1 (7) ae 
x=p, ‘ : 
eet tt: is : ee NEE Rilo oe he hae ee ras ane . 

(af 2D) (ol BD (HE) 

mM 1 i—1 Ps : 3 
+0fs = DMD Kone. 0pte (OF)... (@ + 8s) + 
Bases B.=0x=p, 


+03 =? + 0(sf(0—1)) VP inp +.O:fs, 19) <1, 


NS eh Rea ear Sh 


(30€Cb HCNOb30BaHO HepaBeHCTBO (3) eMMbI 2). 
Teopempt 2 u 4 (a c HHMH uM Teopempr 1, 3) qoKa3aHH. 
Jloxaxem Teopemy 5. 
(e]- 
s 


1 | ® 1)\\ ® (sx + 
PEGE TsO dnc wien gs 2) = 55 y) (145 (—S3* 9 ))...(14 (Se : 


| lL fp 1 ® (sx + a,)...8(sx+ ag) 
ee ae x ye Stmevecc 


+ 0ifs= 5, +0fs yp Inp +0(1) 


(B cHay HepaBeHcTBa (3) empl 2), [0] < 1. 
AnanorM4Ho moxcuutpBaetca Ep? (2), &2,..., &s, ®). Maa ncaa Bcex momapHo He ~ 


® (x + i) 
nmepeceKaloujuxca NocaeoBaTembHOcTeli Bua x +1,..., x +S, TaKHX, ¥TO eose = ey 
i=1, 2,..., s, AerKo BbIBOMMTCA HeEpaBeHCTBO 

6, p fs—-1 
Fg (1s +--+. &5) ®) =~ Bp (2ns-- &5) ®) = (40 — vp +0() 


Ot = 107 <i. 


Summary 


Let p be a prime, p = 1 (mod J), each = Bas 6. = 1 and let ®(x) be an irredu~ — 


cible polynomial of the degree f defined over the finite field of p elements. Let — 
E“ («,,..., ¢5, ®) denote the number of the sequences x +1, x+2,..., x-+s where 
xe€[0, p—1] and y,(x+ 1)=4,..., xy, («+ 5) =853 EO Gen eae Ss, Pt, Po, ®) is the 
number of the above sequences with x ¢[/), po] c[0, p — 1]. Then 


BO or aaey 4 oy + 6(P (1 — 1).s 241) Deas: 


— Pr 


EO (21,0024 &5 Pir Par &) = + 0 (SF — 1) VP inp + 0 (1), 


where 


PO) <1) pO pee ae ee Oe : 
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This result is deduced from the character sums estimations found by André Weik 


| ((71. (8). 
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MW. Tl. Mbicopcknx. 
MNPEJCTABJIEHHE PE30JIbBEHTBI CYMMbI JABYX ONEPALHMH 


Ilyctb U—anuelinaa omepauua B koMMaeKcHom B-npoctpanctse X. IIpu usyye- 
HMM MYHKUMOHAIDHbIX YpaBHeHHi BTOporo poya 


¢—hUp =f . (1): 
BaxkKHY!0 poJb wurpaet Ppe3sOIbBeHTa Ry one paunn U, ONpeeAACMAA COOTHOMECHHEM 
1+\Ry = (0-20)! (2) 


HAA BCeX PeryAAPHBIX 3HaYeHHH A ypaBHeHus (1). SHayeHue A (BOOOme roBOpA, KOMMMeKC- 
HOeC) Ha3bIBA€TCA PeryAAPHbIM 3HaYeHHeEM YpaBHeHHaA (1) umn onepaunu U, ecu mpv sTOM 
3HaueHHH ypaBHeHHe (1) pa3pemiuMo aa mWO0H mpaBow aactru fe X wu, 4TO TO XE 
CaMoe, cyllecTByeT OOpaTHad ONepayuaA B NpaBok yactu (2). Jaa ympoweHHa 3anvicH MBI 
He OTM€4aeM B OOO3HAYEHHM Pe30AbBeHTHI €€ 3aBHCHMOCTD OT A. 
lyctrb A u B—anunetinpie onepayun B KomMaeKcHom B-npoctpauctBe. [peamo- 
AOKUM, 4TO h— peryaapHoe 3HayeHve onepaynh A, Bu A+B. Yctanopam dopmy.zy, 
Aaloulyo MpeAcTaBJeHve pe3OMbBeHTbI CYMMbI ONepayHi A+ B yepe3 pe3zoAbBeHTbl CKMa-— 
AbIBAeMBIX ONepauuH A u B. 
Mmeem: 
(1 — A) J —22R, Ra) (f — 4B) = (J — 4A) (J — AB) — 2 (TF — A) Rg Rp EB) = 
= (J —}A) (I — XB) — MAB =I—21 (A+ B). 
3yeCcb HCNOAb30BaHbI PaBeHCTBA: 
A=(I—}A)R,, B=Rpg(J—)8B), 
BLITeKalOllHe H3 ONpeeeCHHA Pe3ObBeHTHI. 
Takum o6pa30M, MbI NOayyuAM COOTHOWEeHHE 
T—i(A+ B)=(/—)A) (J — RAR) — 3B), (3): 
B cuay OCHOBHOTO TipeANOO#XeHHA O TOM, 4TO A — peryasapHoe sHayenne A, Bu A+ B,. 
W3 paBeHcTBa (3) BbITeKaeT CyMleCTBOBaHHe OOpaTHOH onmepaunn 


(I—R4 Rg)! 

VW, CACMOBATEAbHO, CYUIECTBOBAHMe pe3OAbBeHTHI y onepaywu AR,ARz. 

Tenepb 43 paBeHcTBa (3) momyyaem 

T= 1(AL A) =U — 3B) 1 PRRs) UA) 
HAH, Mepexoqa K pe3OMbBeHTaM, 
T+ Rapp =U + Rg) (1+ Rirgrg) E+ Ra): (4). 

Orcioga HaxoquM BbIpaxeHve naa Ry, p: : 

Rayp=Rat Rp +U+ Re) RirgRp +ARBRatAU+ Re) RiraRpRa: (Sy 
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Uro6Ovl mpuBpectu mpapyo yacTb sopmysbi (5) K BY, CHMMeTPHYHOMY OTHOCHTCEAbHO 
Au B, Noxaxkem caenyiomee npemnonoxenne. Hyctb P u Q — AMHeHHDIe ONepallun B x 
“ Takve, 470 A ABAMeTCA peryAApHEIM 3HayeHHeM onepaunn PQ. Tora A aBaaeTca pery- — 


JIAPHbIM 3HAYCHHeM OepallHn QP WM WMeCIOT MECTO COOTHOIMWMCHHA 


Rap = QP + QRpeP, iB (6) 
RpagP = PRap- (7) 
JlokaxeM, 4TO MpaBasd YacTb paBeHcTBa (6) yOBAeTBOpAeT COOTHOMEHHO 
: (J — dQP) [7 +i (QP ue AQRpal)| =I, 3 (8) 
leictBputerbHo, P 


(J —2QP) (I + AQP + RQRpgP) = 1 — 2? (QP)* + 2Q (Rpg — PQRpQ) P= 
= 1—22 (QP)? + 2Q (PQ)P =I. | 
CootHowenve (8) noka3biBaeT, 4TO A ABAACTCH peryAAPHbIM 3HAaYeHHeM ONepalAy 
QP w vMeert mecTo papencTBo (6), Ymuoxaa o6e yacTH paBeHctBa (6) caeBa Ha P, TO- 


JY HM 


‘MM papeuctso (7) 20Ka3aHo. 
B cuay papeucts (6) u (7) cymmy ueTBepToro HM MaTore ClaraeMbIX NpaBoOH 4acTH 
45) MOXKHO 3anucaTb Cneqy MMM OOpa3soM: : 


Re Ra +AU +4Re) Rinarpha ~ ReRa +e Ring pga t+ Ring RgRa= 
=Ripp rg t Ra Ring Rg = + Ra) Rare pg: 


opmyaa (5) Tenepb 3anuuleTca B Buze 


Razp=Rat Rea t+U+ Rg) Riz, Rpg t+ Rad Ring Ry: —@) 
‘B uacrHom cay4ae, Korga A u B—unterpaabubie onepayuu, popmyaa (9) Obiaa ycTaHoB- 
wena B {I}. 
| Summary 


‘Let A and B be linear operators in Ranach space. Suppose that A is such that 
there exists the resolvents R,, Rg and R4,, of the operators A, B and A+ B res- 


pectively. Then formula (9) holds. 
| JIMTEPATYPA 


4. V1. 1. Muicoscxux. Mpeactapnenne peSONbBeHTHI CYMMBI AByx amep. Mateo. c6., 46 (88): 


1, 77 — 90, 1958. 


C. H. Pose 
O CXOQHMOCTH METOJIA JI. M. KAYAHOBA 


IIycrb temo c rpanuyeli S caeqyeT ypaBHeHHamM ynpyro-HaacTHyeckol netopmannu 
> 
“M MyCTb Ha YacTH MoBepxHoctH S;,3aqana Harpy3ka F,, a Ha OCTaMbHOl uactu S, — nepe- 


> > 
memeHve uw, Tora MCTHHHOe MepemeleHve uw CcoobmjaeT MMHHMYM MOTeHYMaNbHOH S9Hep- 
THM CHCTeMBI 


¢2 ao eer 
= \[ge+)emrar|ao— |G, t)as, ay 
Vv . SF 


WCTHHHBe HalipmxKenna oj; (i, f= 1, 2, 3) coo6ujaloT MuHMMyM JONOAHUTeADHOH paboTe 
Teja 


3 en j 
r= ||yee+ [einer] do (2) 
V 
MPH YCNOBHU, 4TO 


j CaF. a) as eo: 
e 


Tu eRe te Neg x AN die Nak a a NN a hv eye Wiaeetey aang : Latha ANI 
| Dra ey ct Byerly s SOMP MEAN A Rp aa Sa ae a ' } winy Nes mM ( ; vs ‘hy 
eRe Ss Pos , nes ; Conta Bebe ahs 
4 ou , ® - , t 4 
Me y { f Bue ‘ * ho ae 2 y 
id ; i] ie 


i ‘ We 7 : . } Lah 
ae Kparkve Hayunpie coobuenua aera i | 


Haxox enue amementos, peamusyiomnx MMHUMYMbI STHX PYHKUMOHATOB, MO MeTORY 
| PuTna MpHBOANT K peleHnio HeaMHeliHolt cucTeMbI. 


. JI. M. Kauyanoppim [1] 6ObIn mpennouwen meron NOCTPOCHMA MOCMeNOBaTeNbHOCTH ttCt™” 
SHEMENTOB, aMpOKCHMMpyiOlMNx MpHOmMxKeHHe NO Putuy. ) Lay) 


QTOT METO Ha KAKNOM Wary MpHBoAUT K pewenwo aAMHeliHOl cucTeMn. 3ametu, . 
"TO @yHKWHOHAABI (1) H (2) ABAmIOTCA YaCTHBIMM CayYanMM cbyHKUMOHana it 
4 2 
aa m % (4) 
p(w) = f > f e; (E) dédQ + i qud2; ue M. (3) 
Width @ oy 


3necb aq (u) — KBaqpaTH4uHaa dopMa mepemMeHHbix 
} du 

Ox... xn 

12 OX, 


me 0) + ...+¢, = 1; M—anueitnoe Muoxectso, naoTHoe B L, (Q), rae 2 — onnocaasHan 
o6aacTbh c rpannuei S. 
. B wactoamei pa6ote metoy JI. M. Kayanosa uanaraetca aaa pyHkuMonasa (3), WH 
yCTaHaBNMBaeTCA ROCTATOYHHIN Mpv3sHaK CXOQMMOCTH 9TOFO MeTONA. 

PyHkunOHaAb! THNa (3) paccmaTpHsanuch A. JlaHren6axom ]2], KoTOpHM Opiaa 
ycTaHOBeHa Cileywulad BaxkKHad Teopema. 

Teopema 1. []pednonoscum, 4mo OAA dyxKYyUOHALOE 


<j (u) 
FP; (u) = { 0, (E) d&dQ 
O50 
_ 6YNOAKEHM CACOyIOWUe HEpaseHcmea: 
fed. 
1 1 e uy a ug ;, 
pr, (i Me) = Paty) + Filta) — Fs (A) 3 
Olt uy, Uz6eM ui 1,2, 2... m; 
j (z) v mt See r 
| ( pi (¢) dd@ > 7 | u2a0, Ro la ee 
eyes 2 x 


y? = const > 0 ne 


u nycmb npasocmopoHHe HenpepoleHan HeompuyamenoHan PynKyus pe; (§) yOoszemsoprem 2) 
npu IMOM YCAOBLAM { i eS aye 
pi:(0) = p9 > 0, p’ (6) > 0 t=1,2,..., m. Easton 


| Tozda nocaedosamensnocms {un}, munumusupyinuman gyHKyuoHan (3), e.mecme ye 
| € npouzeodxneimu Oo 1-20 noptOoKa 6K AIOLUMeABHO CUALHO cxOdUmMcA K JNeMeHMY U*. me 
OSnemeum u* onpedeasemcsa npu amom OHO 3HA4HO. 
Merog JI. M. Kayanosa qa tbyHkKynonasa (3) MOXxKHO CiOpMyAMpoOBaTb CMe TyWUMM 
o6pa30m. JY r 
PaccMoTpum KBagqpaTHuHblh @yHKWMoHad 


op) (u) = \ » p; (0) a (u) dQ +4 qudQ. | (4) 
2 


2 i=1 


Muoxecrso M naorHo B mpoctpanctBe L2/(Q). Bri6epem u3 M moanyio cuctemy AMHeHHO 
He3aBucuMbIx cbynKunii {ys}. HayanbHoe mpHOwmxKeHHe Up OyeM HCKaTb MO MeTORY 


-Putya B Bue , 
~~) ‘ 
up = »% Coss: 
s= 


Crenyouee mpr61m2KeHue ; : 


oy 
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nn = 


onpeleasetca 3 YCHOBHA MHHMMAAbHOCTH KBawpaTHaHOrO dyHkuMOHana : a 
m é 

2 Be 

© (uy) = j YB pit? (uy) dQ + f qu,d2, . 

@ i=l 2 j 

rye ; 


Pin = Pi [ ce (w) | . 
Booome, k-oe npHOmmKenne 
n 


up=)) Cress 
s=1_ 
onpeyxeaseTca H3 yCROBHA MHHHMaAbHOCTH KBapaTH4uHOrO PyHKWHOHasa e 


m 
Oo) (up) = J Dd pant? (up) dQ + J qu,d2, 
ie 2 i=l 2 “ 
rye * f o 
pie = 2 [ 7(-4e-1) | - F a 

Koadduunenthl Cp, ONpeNeAAOTCA H3 CHCTEMBI 


n m ; - 
29) Cu | Y) ens (ed (9) d2 + [ ged2=0 1=1,2..., 0. (5) 

jest eet hong 
B naabueliuem cuntaem cuctemy {9;} MOHOH M OPTOHOPMaNbHOH, TO He OrpaHnyMBaeT 


o6mHocTH. 
Teopema 2. Jiycms gyxxyuonan (3) yoOob’semsopaem credywmemy yCAOBUN: 


m 
Yd, J cl on? @ aoa 2 f wag, 
i=12 2 
u, ve M. 
To20amMHoscecmsbo nNocredosamenbHux npubAUseHUt {Ug}, 9, MOCMpoeHHuX nO Memody 
JI. M. Ka1taxosa, komnakmuo. 
Joka3zateabcrtso, B ycaopuax aHHoH Teopembl matpHua Ry cuctemm (5) 
| ABAACTCA NONOMUTEALHO ONpeAeIeHHOH: 
(Rpx, x) > m|| x|@, m= const > 0, 
X — MpOW3B0AbHbIH BeKTOp.. 
CaeqopaTeabHOo, CyuecTByeT OOpaTHad MaTpula Ros mpHyem 
3 


\Rel<—- 6) 


Bena o603HayeHHA 


F : do \" Cc n 
oir) qP 1 3 uC,p= {Cri}i—y 
2 


I=1 : 
cuctemy (5) MOKHO mMepemucatp: 


> 1% 
Cr=R, °F. 
Bocnoab30BaBpwnch HepaBeHcTBOM (6), MoayuuM 
> 1 |b 
IC, | < - |= "const, 


CHEMOBATeAbHO, MHOMKECTBO {Ug} KOMMAKTHO, H H3 HeTO MOXKHO BbIOpaTh CxOmAULyIOCA 
NOMMocHeHOBaTeAbHOCTH {u, |}. OGosHa¥ad mpeyer aTOH NoAMOcAeQoBaTeAbHOCTH Yepe3s 
iy 


u*, wMeeM 


n 
. * 
lim an, =u*= ) C 9s: 


Rk. © 


a] s=l 


Hanmiuem cuctemy (5) aa a H Mepeligqem K npezeay npn kj > co. Momyuum 


! . 
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n m n 
* * 
2 »» ora y; n( oF C, Cot: (91) % eo) 7 (91) 1 (¥)d2 + 
gat E Slims Visa 
+ | ged2 = 0, ye ey Nata (7) 
3 
Hefuulem tenepb cuctemy Putya gaa dyHKuuonana Poy (u): 
m n n 
2 \ y nf ya CiCj%; (9) % eo] oe Cixi (0) 7 (9,) | dQ + 
ON [eine enw fet j= 
+ | qea2 =0 Leh, in! (8) 
{ie 


Jlerko BujeTb, ¥TO cucTempI (7) u (8) coBmayair, 
Teopema 3. B ycaosunx meopemo | nocaedosamenbune npudauncenun, noAy4enH- 
Hote no memody JI. M. Kauanosa, cxodamcsa x es 20e Up — npub auenue no Pumuy. 
Jokasateapbcrso. M3 teopemp | caeqyeT enuncTBeHHOCTD Mpesena Waa BCeXx 
CXOMMMAXCA MOATOCMEROBATeAbHOCTeH, BbIOpaHHbIX H3 {up}. TakKHM O6pa30M, MbI HMeeM 
OrpanuyeHHylo (B CMY KOMM@KTHOCTH HW KOHCYHOMePHOCTH MpocrpaHcTBa, HaTAHYTOrO Ha 


| n 
- {9;}7.1) MocmeoBateabHOCTh, Takyl0, YTO BCe CxOAMUMeCA MOMMOCMeMOBaTeABHOCTU CxO- 
_ MATCH K ODHOMY HM TOMY xe Mpezeny. CaeqoBaTerbHo, MOCAeqOBaTeAbHOCTh {uy} cama 


CXOMMTCA, 


B kayecTbe npumepa, ulmocTpupywulero GOpICTpOTY CXOAMMOCTH BbILMeH310KeHHOFO 
MeTOMa, paCcCMOTPMM 3ayayy yipyrommacTHyeckoro Kpy¥eHHA CTepXKHA KBapaTHoro ce4Ye- 


HHA (2 @— cTOpoHa KBampatTa). 


3aBHCHMOCTb MeX%KAY MHTCHCHBHOCTbIO KaCaTeAbHbIX HaNpsAKeHHH A HHTeHCMBHOCTbIO 
AePopMauwu CABHra xapakTepH3yeTcaA AHHEHHbIM YMPOUHeHHeM 


Te Gol upu TV <0,0025, 
~ | 1940+ 24-103 npn TL > 0,0025, 
MORYab cuBura Go = 8-10° Ke/cn?. 


Sra 3aqaua Opina pemena JI. M. Kayanosbim gaa cayyaa aw = 0,015, rye » — yrao- 
Baa ckopoctb. KoopauuatHple (yHKUHM ObInM BbIOpaHb! CNeAyIOUlMM OOpa3zom: 


91 = (3 — 1) (2 — 1), 
2 = (5 — 1) (4? — 1) (8 + 7), 
re 
oS 

Cy oat 
Ha nespatom ware JI. M. KayanospiM Onl MOYYeHLI CaexylouvMe 3HayeHHA Kosppuunen- 
TOB ce H GE: 

(9) = 0,01739975-10°; C) = 0,00369329.- 10°. 


Se ee ee 


Ne k.1q—5 k 19-5 Ne hk 1q-5 k.4q—5 
npu6a. C,-10 C,-10 npu6a Cy 107... Cy-10 
Ceara eee ee eee eee ren eae LEema TINT TLNIaGI I RE CSS SUNT Scan UIT TTT 
1 0,0701256598 0,0142167558 17 0,0174171448 | —0,0036978272 
2 0,0180226718 —0,0033820822 18 0,0174189902 —0,0036991472 
3 0,0178718986 —0,0037645918 19 0,0174205806 | —90,0037003790 
4 0,0177279558 | .—0,0038018398 20 0,0174219636 —0,0037015066 
5 0,0175541842 —0,0036417728 2h 0,0174231448 —0,0037025316 
6 0,0175513918 —0,0037422022 22 0,0174241668 —0,0037034506 
7 0,0175429202 —0,0038871818 23 0,0174250498 —0,0037042658 
8 0,0174617178 —0,0037578672 24 0,0174258064 | —0,0037049904 
9 0,0174521578 —0,0037 292512 25 0,0174264580 | —0,0037056288 — 
10 0.0174036396 —0,0036996034 26 0,0174270162 —0,0037061862 
11 0,0174005660 —0,0036923128 27 0,0174274962 —0,0037066732 — 
12 0,0174035498 —0,00369 16262 28 0,0174279068 — 0,0037070980 
13 0,0174068752 —0,0036924296 oS) 0'0174282610 | —0,0037074664 
14 0,:.174099386 —0,0036936516 30 0,0174285608 —0,0037077868 
-15 0,0174126626 —0,0036950292 31 0,0174288202 —0,0037080036 
16 0,0174150636 —0,0036964422 32 0,017429041u —0,0037082982 
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Stor we mpuMep O6pla mpocuutaH na Mawune ,Ypan*. Pe3yabTaTH BbIYHCACHHT 
NIpHBeNeHbI B TAOAMIe, OTKYNa BHAHO, ITO Ha TPHAWaTb BTOPOM Ware MOKHO rnin 


BaTb MPpaBHAbHOCTb MATH 3HaKOB. 
B 3aKq04eHHH NOAb3yOCcb cayyaem moOaarogaputp C. I. Muxauua 3 3a BHMMAHHe H 
HHTepec, MpOABAeHHbIe K paooTe. 


Summary 

The solution of problems of the theory of elastic-plastic deformation by Ritz’s 
method leads to the solution of the nonlinear algebraic system. L. M. Kachanov pro- 
posed a method of construction of the succession of elements aproximating Ritz’s app- 
roach. 


In the present work Kachanov’s method is applied to the functional that was con- — 


sidered by A. Langenbakh, and the convergence of the succession of the elements 
constructed by this method to Ritz’s approach is proved. 


JIUTEPATYPA 


Pile MK aadan os. O Ba pHallMOHHBIX MeTOJaX PeWICHHA 3aa4y TEOPHH MAaCTHUHOCTH. 
TIMM, XXIII, Bain. 6, 1959. 


2. A. Jlauren6ax. O HEKOTOPbIX H€JMH HHbIX OMepaTopax pees yupyroctu B ruap6ep- 


TOBOM MpocrpanctBe. Bectuuk Jlenunrp. yH-Ta, Ne 1, 1961 


Jl. A. Kynonen — 


K PEWEHWIO YPABHEHMM JIAMMHAPHOrFO MOFPAHWYHOrO , 
COA HA TYNOHROCbBIX TEJIAX BPALIEHHSA 
B AHCCOWUMWMPYIOLUEM TA3E 


Paecuorpni TYMOHOCOE TeNO BpauleHHA, OOTEKAeEMOE THCCOMMMPYWULMM By XaTOMHbIM 
ra30m. Ocb BpallleHua pacnonoxeHa NapatneabHO HaGerawulemy MOTOKY. YpaBHeHHa 41a- 
MHHapHOro MOrpaHH4HOrO CAO B Oe3spa3MePHbIX MePeMECHHBIX HMEIT CAEAYOUIMH BHT: 


A (pur) , O(pur) 


Oc Owe oy ve A 
de de 0 /p Oe 
Pu xe + PY Oy = ay (5: 3) +> 
Ou ou Op 0 / ou 
i 3 + PO Gy = — ge + ay (“ae 
1) 
oT dp ofr oar ( 
(5 Hae (CRUE 2 eek yee 
[e(Cha—.Cpm) + © onl (0H gy + 6° 95 (7 — 1) Mu a + eae 
U dc OT ou \2 
Lt (Co, Coy) Sheek + (y—1) 42 
tg | pA pM) dy dy (4 m) ® (x 1) Mi: aa? 
Op xp u2 8 BL 
ea a ae Se een plas 
ay Vee’ p(y—1) M2 = (1 + e) eRT, 


s 
re Xx, Y— KOOPAMHATHI, MapatseabHble M MepleHAUKYAApHbIe NOBEpXHOCTH; u, U— KOM- 
MOHEHTbI cpequeli ae Se cKopocTu; r(x)—paccToaHHe OT MOBepxXHOCTH 0 OcK 
BpalmenHua; p, P, ¢, T — NAOTHOCTh, AaBleHHe, CTeMeHb AMCCOWMAaNHu HM TemMepatypa; & — 
aOCOMIOTHAA CKOPOCTh AUCCOMMAHy; Crar Com — YAeabuble TemOeMKOCTH aTOMapHO H 


MOJeKYAAPHOH KOMMOHEHT; Ay, Pe i SHTaIbNuH aTOMAapHOM HW MOMeKyAApHOH 
KOMIIOHEHT; * — KPHBH3Ha MeCPHMOHAAbHOrO Mpoduasg; wu, A— Ko3sPPuUMeHTH BASKOCTH H 
v A oye dD. we a 
TensONpoBozHoctTu; Sc = oDyg 7 THCHO UImugta; Re, Pr, M—xapaxrepubie 4Mcaa Peit- 
: 
HoubACa, [Ipangras, Maxa. 


\ ‘ . sya] | 
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ByemM ucKkaTb peulenue yKa3aHHbix ypaBHeHHii BOAM3H KPHTMYECKOH ToOUKH B BUTE 
CHEAYIOUMMX PAQOB: 


u = Uo(y)x + u,(y)x?+... 
U = Uo(y) +, (y)x+... 
PP eso 1 Po) ows. 

eee 0 =pol(y) +pi(y)x+... (2). 
e =eo(y) +e (y)x+... , 
T=To(y)+TMi(y)x+... 


Byzem ‘cuuTaTb, . 4TO TpaHH4Hble YCIOBHA MOMKHO anMpOKCHMMPOBATb BbIpaxkeHuaAMH 


tuna (2). Torga, pasnaiaa sce dyHkunn, Bxo_auMe B ypaBHeHHa cucTeMBI (1), B panpr | 
THMa (2), MoACTaBAAA UX B STIL ypaBHeHus, COONpas BMeCTe 4AeHLI NPM OAUHAKOBBIX cTe- 


MeHAaX X MW MOCIeCAOBATeAbHO MpUpaBHNBad UX HY, NOMYYMM MOCAEAOBATeAbHOCTH CHCTeEM 
OObIKHOBEHHLIX AndpepenUWadbHbIX ypaBHeHH Bua ONpeseneuua HYAEBHIX, N€PBbIX HT. Re 
KO9(PMHUNEHTOB B psAtax (2). 
Ilyctb HaMH Haliqeno pelleHue cucTembl ypaBHenuti (1) B mpomexytke [0, Ax]. 
Crpoutb pelleHve B OCTaIbHOM O61acTH U3MeHeHUA X Npenmmaraerca mo mMeTOYy 
lipambix. PesyAbTaTbI pellieHHa ypaBHeHui JamMHa Horo MW rpaHu4uMoro Caos B HECXKHMae- 
MOH 2%KHIKOCTH MO MeTOAY MpAMbIX NpHBexeHb! B pab te [I]. ItH pesyaptatTel copmamaior 
C JaHHbIMH, NOAYYEHHSIMM C NOMOUIbIO MOAMPHUMPOBaHHOrO MeTOMa KOMMUECTBA ABHKeHUA. 
[lpumMenutTeabHO K CHCTeMe ypaBHeHHii (1) cxemMa MeTOMa TaKOBa. 
C momoujh pa3zioxKenua dynkunn F (x, y) B pagbt Telnopa OkOT0 TOUKH X%) MOXKHO 
NONYYHTb Clezyoulylo Popmyay: : 
OF 2 4 Pain sug: OF 
oe =TeFlmtda [EPO n— iPod nF) [+ 
B=Xyt Ax X=Xo—Ax 


+ 0 (Ax)... (3): 


3amMeHaad B CHCTeMe ypaBHeHHli (1) AudpepenyManbHble weHLI B HallpaBrenun x 
BbIpPaxKeHHAMM THNa (3) Mpx x = 2ZAx, nonyyum cucTe y OObIKHOBeHHDIX ZHpdepenunab- 
HbIX ypaBHeHHH WA HAXOMNEHMA HCKOMBIX PyHKUMA Mpn x = 2Ax. [Ip omKaa atoT upo- 
Wecc, MOXKHO MUCTPpOHTb pemenve cucTemb! (1) BO BCeH OOnacTH M3MeHeHHA xX. 


Summary 


A method of numerical solution for the flow of a laminar boundary layer over 
blunt-nosed bodies of revolution with account of chemically non-equilibrium dissociation 


and diffusion is proposed. : ; 
In the neighbourhood of the critical point the boundary layer equations may be 


solved by means of expansion of all functions into series. 
In aiher points the solution may be found with the help of the method of lines, 


reducing the boundary layer problem to solving usual differential equations. 


JIUTEPATYPA 


1. H. G. Lew. and T. B. Fanucci. On the laminar compressible boundary layer over 
a flat plate with suction or injection. J. aeron. sci., 22, 9, 589, 1955. 
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1961 | BECTHHK JIEHHHIPAJICKOIO YHHBEPCHTETA _ 


XPOHHKA ee 


Ha6O102eHHa NOnHOrO COMHeYHOrO 3aTMeHHA 15 espana 1961 r. c camoneTa 


Tlonoca nono asp 3atMenusa 15 despansa 1961 r. HayMHanacb B BuckalickoM 3aMBe, 
nepeceKasa pag crpan 1oxHOK Esponsi u BcTynata B mpezesbt Copetckoro Coto3a Ha Kpait- 
HeM 10ro-3anaqHOM moGepexbe UepHoro mops. Ouna oxBaTbiBasia Becb Kppim u, calenya m0 
sauHMM ropogos: Eficx, Pocros-na-Jlouny, Cranuurpag, Kyf6nnues, Ya, Caepanosek, Jy- 
muuka, Hopyabck — 3akaHunBaslacb Ha M-ope Talimpip. C acTpoOHOMMYeCKOH TOUKH 3pPeHHA, 
HanOouee BHITOAHbIe YCOBHA Mid HaOwOReHHH HMeM MecTO B palione PocTosBa, rae NOs- 


Haw casa NpHXOAWJacb Ha _ TMOJIeHb, MMe€Jla MaKCHMaJIbHyt0 MNPpOMOJDKATEJIbHOCTH ~ 


2 mux 45 cex 1 HaOmMOManacb mpu BEIcoTe CowHua 28°. OnHaKO NpocMoTp KjJMMaTOmOrHYe- 
CKUX KapT NOKa3biBad, 4TO Ha TeppuropuHH CCCP B despane ycoBHA MOrosb MO BCel 30HE 
BUJMMOCTH 3aTMCHHA HeOMAONpPHATHHI UM ilaHcbl Ha Oes06auHyio norogzy HeBenuKH. I[lo- 
3TOMY MbI C paOcTbIO IpHHAIM Mpenqmowenne Komuccuv No opraHH3alluu HaOOMeHHH 3a- 
TMeHHuA pu Actponomuyeckom copere AH CCCP (npemcenaterb — M. H. Txespimes) mpx- 
HATb YUaCTHE B HAOMOACHHAX 3ATMeHHA C CamMomeTa cucTeMpI TY-104. 

Mea Hcnoub30BaTb J€TaTeJIbHbIe alnapaTbl AA TOTO, YTOOI B CAyaae NMacCMYypHOlt 
NOTOMb! HaGwOLaTb 3ATMEHHE, NOLHABLUMCh BbIWe OONaKOB, MameKO He HOBa. Kak u3BeCTHO, 
J. VW. Mennenees ra6stofam nomHoe comHeuHoOe 3aTMeHNe 1887 Tr. co ciepuueckoro ag3po- 
erata. KombueoOpa3Hoe 3aTMeHHe 1912 r. B aHaNOrMUHEIX YCNOBHAX HaOMOLAaN WHCCeNb- 
4Sypxey H. A. Mopo3o0s. BnocegcTBun OMbITHI MO HaO/MIOAeCHHIO COMHCUHBIX 3ATMCHHH C Ca- 
MOJe€TOB [eadHcb HeEOAHOKPaTHO. OwHakO «MOTOJOK> azPOMMAaHOB MpexKHUX KOHCTPyKIHi 
Obl.1 HEMOCTaTOUeH, UTOOLI c rapaHTHeH NpOOUNTb OONayHOCTh MpH MNOOLIX YCJOBHAX Norogy. 

PewuTb mpoOmemy HaOJIOMeCHHA 3aTMeHHH C MOcTaTOUHO OOMbIWHX BbICOT CTaMO BO3- 
MOXHO JIMUIb C BBECHHEM COBPCMCHHLIX CKOPOCTHbIX PePMeCTHUCCKHX CAaMOJICTOB, KOTOPBIe 


NOHMMaIOTCA WO BEICOT B 10—12 Km—ypoBeHb, BHIIe KOTOPOrO OOaKa HaOOMaOTCA OYEHb ~ 


peako (H mp TOM TO/bKO NepucTbe). Boswbuiaa CKOpOCTb TakHX MaIUMH, MpHOmMx*KaIwMulaaca 
K 1000 km B “ac, OG6ecneunBaeT OUCH CHOKOMHbIM XOX, YEM OHH BbITOMHO OTJIHUAaIOTCA OT 
TIpexHHX CAMOJICTOB, NOABePXeCHHbIX «OO/ITAHKe», T. €. Kauke, Wemalouleli acTpOHOMUYeCKHe 
HaOJMOACHHA HEBOSMOXKHEIMH. Euke OfHa CyWleCTBeHHaA BHITOMa COCTOHT B TOM, 4TO, NO- 


CKOJIbKY CKOPOCTb CaMOvIeTa y2Ke CpaBHHMa CO CKOpPOCTbIO TepeMelleHHA JTYHHOW TeHH TO 


3e€MHOH NOBeEPXHOCTH, MOXKHO, HallpaBHB Kypc CaMOJIeTa NO HanpaBJeHHiO [BHXKCHHA TeHRH, 
3HAYMTeJIbHO BbIMPPaTb B NPOROJKUTEbHOCTH NOJHOH asbl MO CpaBHEHHIO C Ha3SeMHbIMH 
HaOMOLaTeJbHLIMM TYHKTAMH — OOcTOATeMbCTBO, HMeIOUlee MIA MpakTHKH HaOGIOTeHui 
OPPOMHOe 3HadeHHe. 

Sagaya HaOmo7enHi, BLINOJHABIUNXcH pod. B. B. Waponospsrm nu Kany. cpus.-mMar. 
Hayk JI. H. Pannospot, cocrosa B TOUHOM CpaBHeHHH UBeTa COMHEYHOM KOPOHBI HW MPAMBIX 
COJHCUHBIX JyYeH MeTOAOM BH3yaJIbHOH KONOpHMeTpHH. Takasd pa6ora yxe crTaBHulacb 
B. B. IWaponospim Ha 3aTmenuax 1936, 1941, 1945, 1952 u 1954 rr., tT. e. 5 pas, Kax ab pas 
¢ HeH3MeHHbIM ycnexom. IlostTomy HemocpemcTBeHHaA Werb HadOwmogennii 1961 r. cocrosna 
B TOM, UTOOKI LONOJHHTS MMEBINMHCA MaTepHad HaGMOReHUAMH elle ONHOTO 3ATMCHHA HM TEM 
CaMbIM PaCWIHDUTb WHTepBadl BPeCMeCHH, OXBAYCHHBIN H3MepeHHAMH. 

BusyasbHad KONOPHMeTPHA APKUX MPOTAXKEHHBIX OObEKTOB MMeeT Nepe APyrHMu Me- 
TOWAMU HaOsOMeHHH TO MPeHMYLULeCTBO, 4TO OHA MO3BO/IAeT NOMyUATh BeCbMa TOUHBIH 
pesybTaT (TOUHOCTb He Hue 0,701) C MHHUMaJbHO 3aTpaTOl BpeMeHM UM Tpya Np OTHO- 
CHTCJIBHOH Mpocrore WH HOPTaTHBHOCTH MpAMeHAeMOH anmapatypp. Merog ocobenHo BbIrowen 
TaM, TAC HALO ONPeAeIATh MaVJIbIe Pa3JIMYMA WBeTA, KaK 3TO H HM€€T MECTO B CAy4ae cpaB- 
HeHHA UBeTa KOpPOHbI HM Cova. HenocratoK MeToga COCTOHT B TOM, 4TO MOyyaembIe pe- 
3YJIbTaTbI HE BCer a MOMHO HHTEPIMpPeTHpOBAaTh (PUsH4eCKH C MOCTATOUHOM ONpeeeHHOCTbW, 
NOCKOJIbKY COHOCTABJIACTCA UBET B CTO MCHXOMusHOOrMueCKOM MOHMMAaHNH. 

C rexnuueckoli Croponbl paboTa CocTOHT H3 ABYX 9TANOB: BO-MepBEIX, Hao Mp MoMoO- 
UM BUSYaJIbHOrO KOJOPpHMeTPa H3MePUTb UBeT COMHeUHO KOPOHbI MH, BO-BTOPbIX, HEOOXOAUMO 
BbINOJHHTh CTaHapTH3alMOHHbIe H3MCPeHHA COJIHEYHOTO CBeTa TEM Ke PpHOOpoM, KOTOpHIe 
NO3BOJAT CONOCTABHTb WBeET KOPOHbI C WBETOM MIPAMBIX COJIHCUHDIX syyeH. 


fy 
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nk + s : ‘af 
Hpu padote B HaseMHbIX yCNOBHAX Yonex HaGNOeHNi B 3RaWTeNbHOIi Mepe saBlcnT 


\ . 
OT COCTOAHHA NOrowbl, NOCKOJIbKY CTAHAapTH3sallHA mo COJHEFHOMY: CBeTY,- BbUIOHAeCMAA B 


ACHb 3AaTMCHHA NO HAM NMOCAe YaCTHbIX (a3, BO3MOXKHA JIHIUb B YCNOBHAX MOWHOH CTabMJb- 

HOCTH aTMocHeppl ¢ ONTHYeCKOH TOUKH 3peHua. Mexayy tem, camo ABeHHe 3aTMeHHA HO- 

POR Raer B 3eEMHOH aTMOCHepe Pa3sIHYHOrO Poa H3MeHeHHA, OTParkaloulvecH, B YaCTHOCTH, 

M Ha ONTHYCCKHX CBOHCTBAX BOSAYWHOH TONULHHEI. an 

- yan #adsiozenun c BpicoTh 10000 m MoxHO oxKUaTb, uTO aTMociepHble NOMeXxu 

Oynyf OUeHb HeBeAHKH, NOCKOWIBKY BbILe YKa3aHHOTO YpOBHA aTMocdepa, Kak TpaBHio0 He © 
COMepARHT TEX SHAYHTCABHBIX CKOMICHHH a9po30/IA, KOTOPHIe B OoMee HH3KHX culonx o6pa- 

3Y10T oOulaKa H TyMaH. TlostTomMy MoxHO cUNTAaTb HONYCTHMBIM CONOCTABJEHHE .pe3YbTaTOB 

HaOwoxennH, BbINOJIRCHHBIX B Pa3Hbie HH MH Wake B PasHbIx MecTax TIpH omuHakoBoli 

BbicoTe CovIHIa. : 

B KauecTBe upHoOopa WA HaGwuogenHuii y Hac Obl.l HCMO/Ib30BaH actpodotomerp Posen- 
Oepra, KOTOPHI' uMeeT KOJIOPHMeTPHYeCKy!O CHCTeEMY B BHAe CHHeTO CTeKJIAHHOPO KIMHa, 
MOMeWeHHOrO Ha NyTH aAyyeli Jamnbl cpaBHenus. DotTomerp npuMeHssicA B CO“eTAaHHM CO 
CnemMabHO H3POTOBJeHHOH ‘WIA DaHHbIX HaOOMeNHH HacasKoli, KOTOpaw COCTOANA v3 - 
NPH3MbI NOJIHOrO BHYTPeHHerO OTPaxXeHHA MH KOPOTKOOKycHOro OObeKTUBA, Bpaiwenue 9Toit 
Haca4KH BOKPYr TOPH3OHTaIbHOH OCH (POTOMETPa NO3BOI10 HAaBOAUTB MpHOoOp Ha pasHyio 


sbicoTy. Ha6OwoxeHHs cocToAT B TOM, TO B Node 3peHHa ChoTOMeTpa MPHBOAUTCA HabJIO- 


AaeMbIii OObeKT, Moce vero Noe CPaBHeEHHA, HMeIOULee BU HEOOMDUIOrO KpyKKa; ycranaB- 
AmBaetcA Ha ero one. HaOmogarenp, nelicTBya ABYMA PyKaMM OHOBPeMeHHO, Bpallaer 
NOJAPH3aWHOHHYIO CHCTeMy, MepeMellaeT CHHHH KWH uM YCTaHaBJMBaeT O6e CHCTeMBI TAK, 
uTOODI NOJIe CpaBHEHUA Ka3aOCb OAMHAKOBbIM C OObEKTOM HM HO APKOCTH HM MO UBeTY. 

B 9Tom nojoxennu H OepetcH orcuer Mo ulkase KMHa. Tluranne samme cpaBHeHHa 
OCyIeECTB.1AIOCh oT GaTapeii cyxHx 2emeHToB. TlocroaucTBo Hakasa KOHTPOMMPOBatOcb 
ammepMerpom. IIpu nHa6mogzeuun c camouieta TY-104 cboromerp Opin ycraHoBseH Ha epe- 
BAHHOH MOACTABKe IIPOTHB OJHOTO H3 HAWOMMHATOpOB, O6pmHoe cTeKIO B ITOM HVJIJOMI- 
HaTope (KaK HW BO BCeX ApyruX) OblIO 3AMe€HCHO NMOCKOMAPAMeAbHLIMH DHCKaMM U3 ONTH- 
yeckoro crekla. HaOslogatetb NoMenlaica COOKy OT HJWOMMHATOPa, ero MOMOMLHHK, KOTO- 
pblli C1e€Qu.1 3a TOKOM, Opaa OTCUeT KAMHa HM 3alIWCbIBaJ, HaXOAAcb MPOTHB H/WHOMMHaTOpa. 

Jian cranapTusauuu oO COviHeNHOMY CBeTy ObIyla H3POTOBIeHa CnellMavbHad HacalKa, 
YKpelABWaACH HeMOCpeACTBeHHO Mepex O6beKTHBOM. Ona cocTosna n3 Hadmo0,aemoro 
UpecBeT MOJiIOUHOrO CTeKJa, yCTaHOBMeHHOTO Ha He. 3auluTHOrO TyOyca, KOTOPbIN BHYTpu 


“BBIMepHeH H CHaO7KeH HEOOXOAMMbIM KOJIMYCCTBOM KOJIbILEBLIX HadparM, ycTpansABINX pac- 
C@HHHDIM CBeT. \ 


IIpeqpapurembHoe HichbITaHve WM HaJlaxkKuBaHHe KOMOHHalMN MmpHOopa, npeanasnayen- | 
HOH J.J H3M@PeHHA KOPOHHI, ObiIO BHIMOTHeHO B JleHMHrpagxe NyTem HaOmOoReHH Jlynbl 
B dasax, OnH3KHX K MepBol uerBeptH. K coxaneHHi0, BLINOMHHTh aHaJloru4yHoe UCHbITAaHHe 
COJHCUHO! HacawKH HE YLaJOcb U3-3a OTCYTCTBHA ACHOM NorogH. 5 tbeBpaia mpHOoppl Opin. 
octapsenbl B MockBy jJ1d ycTaHOBKH Ha CaMoOuJerTe. ; 

JlerHaa rpyina mo HaOOAeHHIO 3aTMeHHA BKJOUAIa B ceOe MpeAcTaBHTeeH MHOPHX 
Hay4HbIX yUpexKMeHMH pasHbIx ropoxzoB CCCP. [apo skcnequuMn Opisia yueHbIH CeKpeTapb 
Komuccun no uccsiexopanvio Cosmnma Acrpocosera H. Bb. Eroposa, ee 3amecTHTeaMu M M0-. 
MOWHHKamu — B. ©. Ecunos u JJ. B. Ulernop. Bonputyio NOMOWb B OpraHu3allHH NOeTOB 
oKa3aja mpHKoMaHanpoBanHaa or HHH YFB® nauanbunk orgena aspootocbemKt 
H. II. Jlapposa. 

B casone mpexzocraBseHHOro WIA SKCHeAMIMM =MaccaxkupeKoro camoaeta TY-104 
Neo 42 498 Oba yaena YacTb Kpece.l H BAOAb MpaBoro Sopra pasMeleHbl YCTAHOBKH, KaxK- 
aA MPOTHB COOTBeTCTBYIOWLerO UJOMMHaTOpa. Y HeKOTOPbIX HJWNOMHHATOpOB JeBoro 
Gopta, KOTOpbIii BO BpeMA 3aTMeHUA Obi OOpaleH B CTOPOHY, MPOTHBOMOAOKHYW Coanny, 


“ObIIM MOMeLeHbI yCTaHOBKM Teo*H3HKOB, MpewHasHayeHHble 1A HadOAeHHA HeOeCHOTO 


cBOMa BO BPeMA HOJHOM (pa3bl. 
Vecnpitauue anmapatypbi Obito mponsBezeHo BO BpemA MpoOHoro noweta li espa, | 
NpoxOAMBWero B YacbI HM pH BhICoTe Conia, GH3KHX K TEM, KOTOPbIe LOJDKHI ObIJH HMET 


_MecTo BO BpeMA NosHol asp 3aTMenua. Haima rpyna Ha cBoeH yCTaHoBKe H3Mepaa BCT 


6e306s1auHOoro He6a ua BbIcote 10000 m u npoBog~Naa mpobuble HaOMOAeCHHA CcOMHeMHOTO 
cBeTa CO cTaHapTusalHOHHOH HacazKoi. BriacHus0cb, YTO YCTOMYHBOCTh CaMOVeTa BITOJIHE 
MOCTATOUHA> WIA BITO.THCHHA HaOmOMeHNI| HeOeCHbIX CBeTH/1 KOPOTKO*OKYCHbIMH MACTPY- 
MeHTAMM, HO COAHeUHAA HacaaKa POTOMETPHYeCKN OTPeryAMPOBaHa HEOCTATOYHO, Tlocaen- 
nee ABHJOCb cleaCTPHeM TOrO, TO MpoGHble HaGmOAeHHA CouHa B Jlenwurpaje -BbIna- 
HeHbI He ObIIH. 

Ycnex Kak mpoOHoro noseta, Tak HU MOCAeLOBABWIETO B AeCHb 3aTMeCHHA TAABHOTO NO- 
ylera B 30HY NOAHO! Pasbl Spi OGecMeyeH BbICOKHM MaCTePCTBOM M BHUMAHHeM K 3afayaM 
3KCNeRHILHH SKHMaxKa camoweta (KoMangup TI. A. Huxuopos, stopoit nunor H. Maauuunu, 
witypMan C. Exscwxos, paauct JI, Baxorpagos, HHxKeHeD A. Besos). : 

Bospwoe 3HayeHHe MMe BHIOOP NyHKTa OTNPaBAeHHA IKCMEAHUAH B HOTOCY MOON 
ba3bl B Web 3aTMeHNA. CrapT caMouleTa BO3MOX%KCH TOAKO MPH Ha.THYBH AOCTATONHO 6a1aro- 
IPWATHBIX MeTEOPOOPHYeCKHX. YCAOBHH, MH MOTOMy <HeweTHAA» Noroda MOKeT cOpBaTb 
AIPOIKCHEMUUMIO COBEPUIEHHO TAK We, Kak OONAYHOCTS OOBINHBIX- THNOB CpbiBaeT HaSeMHYI0 
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SKCICAHUADO. KoMaHOBaHHe JI€THBIM OTPAQOM, WOCMe TWaTe/IbHOrO H3YYCHHA ITpOrHOsSoB | 


NOrOAbl H KOHCYAbTaluii ¢ MeTeoposioraMH, B Ka¥ecTBe MecTa cTapTa H30pao ropod 
T6n.1KcH. 

Yrpom 14 despaaa sce yuacTHHKu 9KcNeAMEMAH COOpasuch y CaMOIeTa, MOCAe HEOOXO- 
JIUMbIX IIPHPOTOBACHHI 3aHAIM CBO MecTa H OKOWIo 12 4 Bpimerean u3 Mockspl No HanpaB- 
senwnio Poctos — Munepasbutie Boat — TOuancu. Ha scem mytuH go campix Munepabupix 
Bog MbI BHLeaH TOM CcOOoOl cNAOMIHy!O O6a4HOCTh H ¢ TpycTbio cooOpakKadH, CKOb HE- 
CUACTAHBO MO2XKeT C.IOKUTLCA CyYHbOa HaSeMHbIX 9KCHeAHUM Ha cnexyioulMi wens. Ho Ha 
TOl BbICOTe, THe Wen Hall CAMONeT, KOHEYHO, ObIMO COBepmeHHO Oe3061a4HO HW CBeTHIO 
oclenuTetbHO apKoe Counie. YuacTHHKH SKCHe AHHH BPeMeHH AapOM He TepPAIM H BbIMO- 
HATH pagHUHble HaOMIOMeHHA Kak TPCHHPOBOYHOrO, TaK M Hay4HOrO XapakTepa. 

B yacruoctn, Hala rpynma wa yuactke myrH Mocksa—Pocrtos u3Mepsia WBeT 6e3- 
o6mauHoro HeOa. Ha yaactke Pocros—Munepanpupie Bogzbl CaMOseT Wes TaKHM KYPCOM, 
UTO HJIMIOMHHATOPbI MpaBoro Oopta Onin OOpalileHbt K COJHILy H MbI HMeCJIH BOS3MOMKHOCTb 
NOBTOPUTb MPHBA3KH K COAHEYHOMY CBeTY, KOTOPbie Ha STOT pPa3 ObIIH BbINOJIHeCHLI BROKE 
ycnelmHo. f 

B Mockse OblsI JerkHii MOpO3 uM rayOoKuk cHer. B TOnaucu Hac BCTpeTHa mpekpacHast 
Temsad WM COMHeYHaA' Moroga, HacToAulad BecHa, B ropoye MbI CBA3aJIHCb C PEKTOPOM YHH- 
Bepcutera, KpyiHeiuiuM acrpoHoMom [Tpy3uu E. K. Xapayse. Xora npHOsiTHe Hallet 
3KCNEXHUNA ObINO AA Hero MOHeEHIeEH HeOKULAHHOCTbIO, OH Cpa3sy %Ke ycTPOW Hac Ha 
Howler B KOpiycax .cTyMeHyecKuX OO6MexKUTHIT YHHBepCHTeTCKOrTO ropoyKa Hu BoodKe 
IpOAMBJAJ K HAM MaKCHMaJIbHOe BHUMAHHE H 3a00TY: : 

Yrpo 15 desppaia ocraByao yYacTHHKaM 9SKCMeLHWHH HeMAJIO BOJIHEHHH: azsponopT 
OKa3aJICA OKYTAHHBIM TYMAHOM HM OTHpPaBJeHHe CaMOJeTOB ObIO0 mpeKpallleHo. Bpl.1 MOMeHT, 
KOr4a Ka3amocb, YTO JKCHeAMUHA cpblIBaeTcA. OnHaKO K 9 YacaM TYMaH Haya OpICTpO 


pacceHBaTbcA HW B 9 4 15 MUH, B COOTBETCTBHH C MAaHOM, CaMOJIeT JKCHeEAHWAH BIE 10 ‘ 


Ha3HayeHHio, cileqya Mapiipyty TO6unuca—Munepanpupie Bogni—Poctos. Or Poctosa Opt 
B3AT KYPC TOUHO BAONb WeEHTPaJIbHOH JIMHHH 3aTMeCHHA HABCTpeyy JIYHHOH TeHH, T. e. B Ha- 
mpapaenun ua Kppim. Cuelyer 3aMeTHTb, 4TO, MOCKOJIbKy OCb KOHYCa TeHH pacnoO*KeHa 
K TOPH3OHTY HaKJIOHHO, MpoeKUMA Ha 3eCMHYIO MOBeEPXHOCTb JIMHHA WeHTpasIbHOrO*3aTMeHUA 
aaa BpicoTs: 10000 u He coBmafaeT c JMHHeH WeHTpawbHOrTO 3aTMCHHA, YyKa3aHHOH Ha 
KapTe. CmellHaJIbHble paC4eThl, THWLATeCIbHO BBINOJIHeHHbIe 3a6/1arOBpeCMeHHO, MOKa3aJH, 4TO 
B palioHe, HAMeCYCHHOM Id HaOJOQeHHH, MPOCKUMA JIHHHH WeHTpadbHOTO 3aTMeHHA A 
caMOJleTa NO OTHOWICHHIO K Ha3CMHOMY MOJOXKeHHIO 9TOH MHHUN ObIa cMelleHa Ha 20 Km™ 
K wro-BocToky. B cooTBeTCTBHH C 9THM Hi OBI BbINOJHeEHbI aYPOHABHTalHOHHbIe pacuerTHl, 
UMeBIIMe 3afaueli OOecNeYHTh BO BPeMA NOJHOH Ga3sbl TOUHOe C1eMOBaHHe CaMOJeTa 10 
WeHTpasIbHOH JIMHHH 3aTMCHHA Ha TOM yuacTKe MocNe Hel, re NPOLOIMKHTeIbHOCTh NOMHOL 
(asp Oniia HaHOONbUeH. “ 

Jloiiaqa mo 3apaHee HaMeYeHHOM TOUKUM Tpaccbl, caMOeT H38MeHHA Kypc Ha 180° x 
nome Hag A30BCKAM MOPe€M BAOJb JHHHM 3ATMCHHA, HarOHAeMBIM KOHycoM TeHH. Buusy 
paccTHMalach CHOWHaA OOJaA4HOCTb, H MbI HE MOTH HE MOCOYYBCTBOBATb MHOFOUHCJICHHBIM 
Ha3€MHBIM SKCHeAMUHAM, COCPeEHOTOYeHHbIM B palone Poctosa. Jaa Hac HeOo mo-npexkHeMy 
ObINO COBepUIeHHO Oe300ayHbIM H MOCKOJIbKy Telepb HIOMHHATOPHI MpaBoro Oopta Ona 
oOpailenbr K Cony, HaOoLaTeiM HaBeMH CBOH yCTaHOBKH Ha Y3Kui COuHeYHbIH cept. 

Tlomecrus meped OObeKTHBOM CBOeH yCTAHOBKH MJOTHHI ceppiii cBeTOHAbTp, a HMeA 
BO3MOXKHOCTb TIPpHBeCTH H300paxeHue cepna B MOMe 3peHHA MoToMeTpa H CJIeAMHTb 3a era 
ObICTpbIM H3MeHeHHeM. Bpemsa, ocrapuieeca no II] KoHTaKTa, cooOulasocb roocoM No penmpo- 
Ayktopy. 3a 1 mun ObIna BKAMIOVeHAa NamMna ctoToMeTpa. 

3a 10 cex no II] KonTakTa A CKHHYA TeMHBIH CBETOPUALTP H HMeJI BOSMOXKHOCTH 11060- 
BaTbCA ABJICHHeEM «OPHJWIMAHTOBOTO KOVIbIla>. HanoMHiO, 9TO ABJIGHHe COCTOMT B TOM, 4TO 
BHYTPeCHHAA KOPOHa, OJlaroapsA CBOel BLICOKOH APKOCTH. MOABAAeTcA eule Wo II KoHNTaKTAa, 
oOpasyx «cepeOpaAHoe KOMbIO>, B TO BPCMA Kak OCTAIOULMHCA He. 3aKPbITHIM HeOO/bINON 
yuacToK kKpad COJIHeYHOrO ANCKa OOpasyeT - <OpHIMaHT>, OCJIeENMHTeEMbHO CBepKarolLAli 
B MOSHIMOHHOM yrvly KoHTakTa. Ha 3arMenuu 15 cbespata KapTuHa 93Ta Obla ocobeHHU 
aPPekTHOH, MOCKOJbKY B 3O0HE KOHTAKTA Gb BUCH OFPOMHBIi NpoTy6epanl, KOTOPHIA HMeA 
BU JWIMHHOH | PHOMETOBO-pO3OBOH MOJIOCKH, OXBATHIBABLIeli 3HAYUTeIbHYIO Lyry coHeyHOorO 
_MMOa HW COCTABJIABIUHH Kak Obl <onpaBy OpHHaHTa>. 


C wactymeHHem nouHOl aspi cTao BHAHO BcIO Kopony. Ha stor (mecToi mo cuety) 


pa3 ee BHYTPpCHHHe YaCTH MHe MOKaSaJIHCb Apye, YeEM Ha MpeAbIMyWHX saTMeHHAX (OBITS 
MOXKET, BCeACTBHeE OOee BLICOKOM MpospayHocTH aTMoOcdepbl), HO MepHibepwyeckHe 30H, 
HallpOTHB, MeHe€e€ APKHMH, 4M OOBIYHO, KaK eCIH Obl XOM APKOCTH BAO pamuyca Git 
Goee KPyTbBIM. XapakTepHBIe IA KOPOHbI MPOWINIX SsaTMeHHii eTaqH B BHAe JVWMHHBIX 
cTpyH M My4KOB Jly4eH Ha STOT pas He Obl 3aMETHBI, TaK 4TO KOpPOHA mpemcTaBAAmach 
Ooee HIM MeHee CHMMCTPHYHOH, HMeIouleH MpHMepHO OKpyrsble OYEPpTAaHUA HM He OeH 
mMpoKolH. B moje 3peHHa mpHOopa ee H306paxKenne, Onarogapa OcTaTOuHOMY PbICKaHHIO 
caMOoJeTa, Hilylllero NO aBTONHIOTY, Me/IeHHO TepeMellaocb, ONHCbIBAH Kak Obl TOPH3ON- 
TaJIbHBIC BOCbMePKH, UTO BH3YaIbHbIe H3MePeCHHA WBETA HHCKOMbKO He 3aTPyAHAUO. 
@akTuyecKad MPOMOMKHTeMbHOCTh MOAHOH asst B HalllHX YCNOBHAX cocTaBHaa 
226 cek, TaK 4YTO NO CpaBHeHHIO C HASCMHBIMH CTaHIMHAMH, Te MOAHOe 3aTMeHHe AHMAOCE 
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*KCHHA CaMOweTa BhIHTpann 61 cek. Camoner 3a 
Tpaccbl Mea ay Efickom xu Pocrosom. 


Hee COCTaBJI€CHHOH TIporpaMMe, B TeYeHHeE NepBO NOAOBHHE! noHOll 


Pasbl H3MepeHuA BEITOAHAN B. B. IWaponos, a 3anuch orcyeros pena JI. H. Panaosa; . 
8 CepeAHHe MOMHOTO 3aTMeHHA HaGMOLATeIM NOMeHATHCh MecTaMH. H fambue Ha6uofzana 
. H. Pagnosa. H 


SMCpeHHA UWI OY€Hb YBePeHHO, UBETOBOe PaBHOBECHE NOMyyaNoch OTAHU- 
HBIM gBecero : | 


3a BPeMA NOHO asbl CHHUM KIHHOM O6b110 chemaHo 29 HapeneHHit. 
Tlo okonyaHun nomHOn 


BCKOpe H TIpHOblIH, a OTTYMa Ha naccaxKu 
BMecTe CO BCeMH IpHOopaMH B JleHHHrpag. 

OcHOBHLIM pe3yJbTATOM BBITOMHEHHBIX HaGmOMeHHI sABaReTcA BeCbMa HajerKHoe 
SHAYCHHe BETA BHYTPeHHeH SOHbI COJHeYHOM KOPOHbI, BbIPAaxKeHHoe B @opme pasxoctu D 
HOPMAJIbHBIX NOKa3aTeseH Beta KopoHD! nu Comnua. Xora HaGsOqeHNA COMHeUHOTO cReTa 
ObIH BbINOJIHeHBI He B LeHb 3aTMeHKA (Kak 9TO Jemanoch Ha mnpesLAyuHx 3aTMeHHAX), 


{65 cex, Mbl 3a cyeT ABH 
—OKo0 50 KM yuacTKa 


3TO BpeMA pore 
Coraacuo sapa 


PpcKOM CaMouveTe 4 B TOT We AeHb BOSBPaTHACH - 


CAy4ae LOWMKHbI ObITh MeHbIe, YEM WA NPOUWIBIX ONpezereHHii, MOCKOJbKy BEICOKaA m1po- 
3PauHOCTh H CTAaOHVIbHOCTS c10d aTMocdepsHI, 1ex%Kallero BHIIe yposHa 10000 m, ycTpaHaert 
MHOrHe HCTOYHHKH Norpewinocten. ne 7 

OcHosHoit BenHYHHO Wan pacueta xapaktepuctukn D sapaserca cpemHee u3 oTcueToR 
nO UiKaJleé KIHHa BO BpeMA HaOJIOeHHH KOPOHEI, KOTOPOe TOKO MO MOHM HaOsIOMeHHAM 
‘cocTaBHo 23.14 mm. CpeqHnii oTcyeT AIA CTaHapTHsalHOHHBIX Ha6mOLZeHHH CcomHeYHOrO 
cpeta (4 cepun no 10 orcuetos Kaas), BbINOJHEHHBIX MPH TOM 2Ke 3CHHTHOM paccTOAHHU 
ConHWa H NpH TOH 2%*e BbICOTe CaMOveTa Hay 3emueii, coctaBHa 26.18 ma. BBoga B Hero 
ompefenenHyio B JleHHHrpage nonpasky — 1.05 mm 3a ceneKTHBHOCTh HacayKH HM cBeTO- 
(HJIbTPOB, Gepx pa3SHOCTb cpeHHX oTCYeTOB Ad ComHa WM KOPOHBI H yMHOMKaA ee Ha 
UBeTOBYIO KOHCTaHTy CHHerO KJHHa 0.0524 enHHuUbl MOKa3aTesA WBeta Ha WM (CHcTeMa 
Kuura), nonyyaem D = +0.104. 

STo 3HaveHHe HHTepeCHO CONOCTABHTb C TEM, 4TO ObIWIO MOyYeHO TeM Ke HaGmuoMaTe- 
<JI€M H TEM Ke mpH6opom Ha Mpe Abi TyulAx 3aTMCHHAX: 


3aTMeHHe Mecto Ha6momeHna : D 

£936 -VI°19 Baptat +0.05 
1941] IX 2l Auma-Ara +0.01 
1945 VII 9 JlaxeHuoxba +0.01 
1952211 25 TluTHak +0.10 
1954 VI 30 © Eick / -+0.14 
LOGI TEAS Camovsier +0.10 
CpenHee +0.07 


TakuM O6pa30M, OTJHUHE WBeETA KOPOHbI OT WBeTa MIPAMBIX COJHEYHBIX JIyyeH Hanpa- 
BJIGHO B XKEITYIO CTOPOHY H COCTABJIACT HECKOJbKO COTHIX CHHHIUbI NOKasaTeia Beta. 

3a BpeMA MOJeTOB, CBASAHHBIX C 34TMCHHEM, HEOAHOKPaTHO H3MePAJICH HaCbILeHHO- 
CHHHH WBer HeOecHoro cBoga c BEIcoTH! 10000 1, H pesybTaTbI CpaBHHBasHCb C WBeTOM: 
acHOrO HeGa y 3€MHOH NOBeEPXHOCTH HM WBeETOM PaBHOMePHO WacMypHoro He6a. O6o3sHayaa 
3HaYeHHA MoKa3aTeel WBeTa Avid AcHOro HeOa Ha BeicoTe 10000 ™, y 3e¢MHOH MoBepxXHOcTH 


W Ip NacMypHom moroge, cooTBeTcTBeHHO, Yepes Cipoqo, Co H Cm mpH sbicore Comma — 


25—30° uw Waa TOUKH HeOa, pacnouox%*KeHHOH Ha BHICOTe 45° B a3HMyTe, MPOTHBOMOMOKHOM 
COJIHEUHOMY, Oy eM, HMeTD: 


C0000 — Cp =—1,28; Co — Cn = —0,67; Ci0000 — Co = —0,60. 


Ojuako raBHbIM pe3Y/IbTaTOM MpoOBeAeHHOH paOoTbl CueMyeT CHHTATb TO, YTO BO3- 
MOXKHOCTb H OJIHad IeecooOpashOcTh HaOsIOJeHHA COJHEYHbIX 3aTMeHHH C COBPeEMCHHBIX 
BbICOTHBIX CaMosleTOB WoKa3aHa. MooxKHO ciemaTb BEIBOA, UTO Werke SKCHeAHUAM Hee, 
WIHMH KOPOTKO(bOKyCHbIMH HHCTpyMeHTaMH (KaKHe Mbl PpaHbile CHapAKaNn AA Ha bec 
CONHEYHBIX 3aTMeHHii) WeecooOpasHO Bcera MPpOBOANTb B JICTHHIX YCJOBHAX, Tl TY 
3TO 3HAYHTeAbHO SKOHOMHT BpeMaA (a cyIeMOBaTe/IbHO, HM cpemcTBa) HM oOGecteuNBaeT y 
HaOMOLeHHH mpH OOOH MeTeOPOOrH4eCKOH OOCTAHOBKe. BB Wego 


(basbl-camoner ot Pocrosa cpa3y nouler Ha Mocxsy, Kya Mb 


a HakanyHe, aTMOochepHsle BAMAHHA, KOTOpble HCKaKAaIOT pesyBTaT H3MepeHuii, B LAaHHOM — 


Peaaxrop B. A -Crysoea 


mee peaaxrop It H. Kuceavoa AS 


Koppekropnt CoiKs Ulkoaonuxosa 
“wy: A, Mopeen — its 


Cnano B Ha6op 1-VIT- 1961. M06 
Fognucano kK meyatH 9-X- 1961 ou 
— Yu.-n3a. a. 20,06. Tleu. nm. 11,75 (yca. I. 16,09). 
— Bym. a. 5,88. ®opmar ym. LON es sete 
Tapa 1825. 93. + 25 ora. orr. 
SARAS: Goal Cs 


“Puen paca JIOITY. “Hennarpan 
-Yunpepcnrerckas 1a6., 719 
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OTKPBIT nPHEM OMNUCKH = x 
HA HAY4HO-TEOPETHYECKMM OKYPHAI oe 


»BE C THHK _ IEHHHT PALL CK Or O07 _YHHBEPCHT TE T ra o 
Ha 1962 200 


ron US MAHMA CEMMAMILATS FD | 


B 1962 roy *KypHad auinycKaerca B mectTH cepusx: i 


ie oy, ‘Maremaruxu, MexaHUKM M acTpoHoMmun, 2. Vicropuu, S3bIKa— oe 
i auTepatyppi; 3, Buoorun: 4, Oy3uKu uw xuMuu; 5. QKOHOMUKH, 


unocopuu u mpasa; 6. Teonoruu u reorpagun. Beero B 1962 fr 
_ BpllimeT 24 HoMepa xx ypHavia, lo 4 HOMepa Kaxkon Cepun. Sars 
B «Becruuxe JlennurpancKoro yHuBepcuTeta> nyOauKyioret a 


-UCC/I@MOBaHUA Kak TeopeTM4ecKoro, Tak H 9KCiepHMeHTasbHOrO oe 
_Xapakrepa. JKypHan NoMelllaeT npoOvemHbIe 4 AMCKYCCMOHHBIC 


-CTATbH, PasMebl MOKTOPCKUX UM KAHAMMAaTCKUX MuCccepTauHu, O6- 
a 30pbI ae ea nea HayHylo 3KH3Hb i? YHHBEPCH 
“Teta. 

Ha crpanunax *KYypHana BbICTyTIaioT ‘akanemuKn, mpodecco- 


_ -—pa, Hay4nble coTpyANUKM, NpelowaBatTenu, acnupanTbl uw cTYMeH- 


tbl JleHHrpaacKoro yHuBepcutera. B xypHame NpHHMMaloT yua-— 


3 erme! akan, M. IT, Anexceee, akan. B. H. Cuupnos, uaeu-wopp. Ae 
ee CCCP A. J. Auexcandpoe, unen-Kopp. AH CCCP H. Ata 
 cees, unen-Kopp. AH CCCP C. B. Kanecuux, unen-xopp. AH 


CCCP 20. B. Jlunnuk, unen-Kopp. AH CCCP C. 3. Ppuu, npod. 


oe C. Kysneyoe, npod. B. A. JTapux, npod. B. B. Maepodux,npob. 


oo IO Tloasnckud, upod. C. H. Tiononanoe, ppd B. B. open 


ee xu W ipyrue. oak 
: PKypHad paccunran Ha mpodeccopos, Tipetionanateaeli, aciu- Soop 
. patos H CTYM€HTOB BY30B, Hay4HbIXx PpaOOTHHKOB | HayyHO-Hccye- 


HOBATebCKUX MHCTHTYTOB, HayUHBIX yupexkneHuit uw oOulecTB, co- 


TPYAHUKOB paopuano- “SaBORCKUX laOopaTopHit, — PeOMOrHYCCKHX | ~ 


‘WapTun W SKCUe MILA, npenomwapateen - ae HIKOA. 


lloanucka npoussomures Ha NOH BI roqosoii KOMILIEKT 
¢wypPHaNa MW Ha OTIeJIbHbIe. cepun - 


-  MOMMIHCHAA HEHA: 


Hoaneti KOMILIEKT Ha roy (24 Homepa) — — 24 ne 
Ha nouroma (12 Homepos) — 12 pyo. 
OrTeibHaa cepun Ha rom (4 Homepa) —2 ‘py6. 
Ha nouroja (2 Homepa) — 2 pyo. 

Ihena OTACALHOLO Homepa — — u Bye. : 


Tonner npwuuMaerca 


scemu one henvaun Comsnexamu, pric reae oe : 
CEHSU U oOuecmecHHet mu Riel AGhtae as oc 


